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FOREWORD TO SOMMERFELD’S COURSE 
P. P. EWALD 

POLYTBCOaNIO InSTITXTTB OB BROOKLYN, NbW YoEK 

The author of this Course on Theoretical Physics, Arnold Sommerfeld, 
was one of the central figures in achieving the transformation through which 
ph 3 rsics passed in the two decades from 1910 to 1930. Without his inspired 
and untiring efforts both the tumultuous advance and the wide-spread 
dissemination of the quantum theory of the atom would not have been what 
they were. Sommerfeld’s Institute for Theoretical Physics in Munich became 
a school fipom which issued a steady stream of research papers by German 
and foreign, young and mature students of atomic theory. His famous 
book “Atombau und SpektraUMen,” followed later by the companion 
volume “ Wellenmechanik,” was for a long time the only full and authori¬ 
tative accoimt of this fundamental subject; its successive editions unroU an 
impressive survey of the rapid development of atomic theory following 
Niels Bohr’s first papers. ^ 

Both by his training and previous research Sommerfeld was fiumly rooted 
in the mathematical methods of classical physics, and to this fact he owes 
much of his mastery of the newly created methods of quantum physics, 
especially after the advent of Schrodinger’s wave mechanics in 1926. It 
was therefore natural for Sommerfeld to give his students a thorough training 
in classical methods, all the more so since he himself took great delight 
in the aesthetic beauty of classical theory. The harmony between mathe¬ 
matical formalism, its physical interpretation, and experimental materializa¬ 
tion was oast in relief in Sommerfeld’s lectures and deeply impressed his 
students. 

Sommerfeld was over seventy, and retired after forty years of academic 
teaching, when he committed his lectures to paper. He did it with a sense 
of double obligation: to preserve through a crisis the achievements that had 
carried physios to great triumphs and to bequeath to the young generation of 
physicists the valuable analytical tools that had been shaped on the classical 
problems. Sommerfeld had taken an active part in perfecting these tools 
from 1895 onwards, when he wrote his doctoral thesis on Arbitrary Functions 
in Physics. Among his earliest brilliant work was the construction of a 
strict solution for the diffraction of a wave by an edge ; he extended the 
methods that Riemann used in the theory of functions, with the result 
that a solution of the diffraction problem by an image method in multi-valued 
space was obtained. The reader will find this discussed in Volume V on 
Opics. Extending from Sommerfeld’s early period in Gottingen to the 
beginning of the quantum period in Munich, and in co-authorship with the 
great mathematician Felix Klein in Gottingen, the preparation of the four 



volume standard work on the theory of rotating rigid bodies, Theorie des 
Ereiads, proceeded. This work was intended to demonstrate the intimate 
connection between “pure” and “applied** mathematics by bringing 
a great variety of mathematical topics, such as the theory of functions, 
elliptic functions, quaternions, Klein-Caley parameters, etc., to bear on this 
problem of dynamics of a rigid body. "While holding the chair of Technical 
Mechanics at the Technisohe Hochschule in Aachen, 1899-1906, Sommerfeld 
became deeply interested in engineering problems. His papers on the hydro- 
djmamics of lubrication, on the interaction between electrical generators 
worldng on the same power line, on the braking of trains, and on other 
topics all adopt a general approach that gives them lasting value. With the 
advent of wireless telegraphy a series of papers by Sommerfeld and his 
pupils began on the mode of emission and of propagation of radio waves. 
They offer excellent examples of the mathematical methods in which 
Sommerfeld was a master. In particular, the diffraction problem of these 
waves round the earth was brought down to the discussion of complex 
integrals, which form a strict solution (see Volume 6, Chapter 6). 

It would be out of place to elaborate a full list of the achievements with 
which Sommerfeld enriched physical theory. The reader may be referred 
to some of the articles listed below. But a few words may be added on 
Sommerfeld as a teacher, and on the significance of the course of lectures 
now being pubKshed in translation. 

The courses of theoretical physics held in Munich were of two kinds, 
general ones and specialized ones. The former were given four hours, or 
more precisely periods of 46-^60 minutes, a week through a 13-week winter 
semester and an 11-week summer semester. These six courses form the 
subject of the present six volumes. Each served as an introduction for 
students who had taken the demonstration courses on experimental physios 
(given, in Munich, by Rontgen, later by W. Wien). In experimental 
physics the student acquired a factual survey of the phenomena and of their 
quantitative evaluation, based on a fundamentally non-mathematical 
treatment. In the courses on theoretical physics the elementary ground 
was gone over again, but with a view to developing the mathematical 
handling and to constructing an integrating theory which could then be 
extended to advanced problems. The latter might change from one series 
of courses to the next, and the inclusion of topical subjects in the second 
halves of these courses made them most interesting even to advanced students 
who had already gone over the subject in their previous work. In addition 
to the lectures, two hours a week were devoted to discussing problems. 

The specialized courses were two-hour-a-week lecture courses on subjects 
which could be dealt with only briefly in the general course, or had topical 
interest. Those given by Sommerfeld were usually connected with his own 
current research and often contained parts which appeared a little later as 

vi 



original papers. The interpretation of the Lorentz transformation os a 
rotation in four dimensional space (Volume 3, §26), the transition from 
wave optics to geometrical optics (Volume 6, §35), the discussion of 
the signal velocity in a dispersive medium (Volume 5, §22) are some 
examples. In later general courses such subjects were often included, to 
the exclusion of other less interesting parts of previous courses. 

Besides the lecture courses, a seminar and colloquium offered instruction 
in advanced topics ; here the students had to review the assigned subject 
and to deliver the talk, which meant several weeks’ intensive study. 

From the student’s point of view the great attraction of Sommerfeld’s 
lectures lay in their clarity : the approach from the physical side, the for¬ 
mulation of the mathematical problem, the simple and yet general explana¬ 
tion of the mathematical methods used, and the thorough discussion of the 
result again in terms of physical experiment. His jSrm, well-distributed 
writing on the blackboard, and the evidence of his diagrams, helped the 
student to survey at the end of each period all the subjects that had been 
covered. Besides, the standard of the course was high enough to tax the 
powers of the better students and to demand vigilant cooperation. This 
was all the more important in a university system where there was no check 
on attendance and only a voluntary one on performance. In giving an 
original discussion of a problem in the exercises even the beginner would 
attract the attention of Sommerfeld or of the assistant in charge, and he 
would be stimulated by the appreciative understanding his effort received. 

Sommerfeld had an extraordinary flair for genuine endeavor and per¬ 
formance, irrespective of the age of his students. That is why scientists of 
the rank of Debye, Pauli, Heisenberg (to name only those who now are 
Nobel prize men) became attached to him in their early years of study. 
But also the good average student was well looked after and given smaller 
problems or small responsibilities to exercise his forces. The indolent student 
soon turned away on his own account. Thus Sommerfeld’s students formed 
in a way a select group, but their number remained large enough to create 
a breeze that helped the inexperienced newcomers rapidly to unfurl their 
own sails. May the translation of Sommerfeld’s lectures carry some of this 
breeze afield and assist other groups m preparing to sail the ocean of 
discovery. 


SoMB Abticlbs ok tbb Autkob’s Wobx 
Anon., Current Biographies, 1950, pp. 537-538 (with portrait). 

P. Kirkpatrick, Am, J, Phyaioa (1949). 17, 5, 312-316. (Presentation of the Oerstedt 
Medal to Soxmnorfeld by the American Association of Physics Teachers.) 

M. Bom, Proc. Boy, Soo.t London, A, (1962). (Obituary.) 

P. P. Ewald, NaM/re (1951). 168, 364-366. (Obituary Notice.) 

W. Heisenberg, NcOwwiaoonachafteri (1951). 38, 337. 

M. y. Laue, Natnrwiaamachaften (1951). 38, 513-618. (A full appraisal of Somixierfeld’s 
work.) 




PREFACE TO THE FIRST EDITION, SEPTEMBER 1942 


The encouragement of some of my former students and the repeated 
suggestion of the publishers decided me to publish my general course on 
theoretical physics which I gave regularly for thirty-two years at the 
University of Munich. 

This was an introductory course, and was attended not only by the 
physics majors of the University and the Polytechnic Institute (Technisohe 
Hochschule), but also by candidates for teachers’ degrees in mathematics 
and physios, by students of astronomy and some few of phyiaical chemistry— 
all usually in their third and fourth years. The lectures were held four 
times a week and supplemented by a two-hour problem period. Special 
courses on modern physics, which were given concurrently with these, have 
not been included in this series of books; their subject matter found its way 
into my scientific papers, summarizing articles, and other books. While it is 
true that quantum mechanics always hovers in the background and refer¬ 
ence is made to it now and then, the actual substance of these lectures is 
classical physics. 

The order of the courses, which has been kept in their publication, was 

1. Mechanics 

2. Mechanics of Deformable Bodies 

3. Electrodynamics 

4. Optics 

5. Thermodynamics and Statistical Mechanics 

6. Partial Dififerential Equations in Physics 

The courses on mechanics were given in alternate years by myself and 
by my colleagues in mathematics. Concurrent courses in hydrodynamics, 
electrodynamics, and thermodynamics were taught by younger members of 
the staff. Vector analysis was given in a separate course so that its systematic 
development could be omitted from my lectures. 

In print, as in my classes, I will not detain myself with the mathematical 
foundations, but proceed as rapidly as possible to the physical problems 
themselves. My aim is to give the reader a vivid picture of the vast and 
varied material that comes within the scope of theory from a suitably 
chosen mathematical and physical vantage point. With this in mind I shall 
not be too concerned if I have left some gaps in the systematic justification 
and axiomatic structure of the work. In any case I do not wish to frighten 
the hearer of my lectures with drawn-out investigations of a mathematical 
or logical nature and distract Ms attention from what is physically interesting. 
It is my belief that this attitude proved its worth in my courses ; it has 
therefore been retained in the printed lectures. Whereas the lectures of 
Planck are irreproachable in systematic formulation, I believe that I can 
claim for mine a greater variety of subject matter and a more flexible handling 



of the mathematical apparatus. Moreover, I gladly refer the reader to the 
more complete and often more thorough treatment of Planck, especially in 
thermodynamics and statistical mechanics. 

The problems collected at the end of each volume should he regarded as 
supplementary to the text. They were handed in by the students and then 
presented orally during the problem periods. Elementary numerical 
problems, to be found so prolifioally in texts and collections of problems, have, 
in general, not been included. The problems are numbered by chapter. 
Sections are numbered through in each volume and equations m each 
section. Eeferences within each volume to earlier equations can thus be 
made merely by giving the section, and equation numbers. To make it 
simpler to find a given section the upper inside comers of every pair of 
pages bear the section and chapter number. 

Looking back on my years of teaching I wish to acknowledge with grati¬ 
tude my special indebtedness to two men, Rontgen and Felix Klein. Rontgen 
not only created the external conditions for my professional activity by 
calling me to a privileged sphere of action; he also stood by my side and act¬ 
ively furthered the increasing scope of my work over a period of many years. 
Even earlier Felix Klein had imparted to my mathematical thmkmg that 
turn of mind which is best adapted to applications; through his mastery in 
the art of lecturing he exerted a strong indirect influence on my own teaching. 
In particular let me mention that the last part of this course was announced 
for the first time while I was stiU instructor in Gottingen and imbued with 
the mathematical tradition of that university symbolized in the three names 
Riemann—^Dirichlet—Klein. At that time my course was less comprehensive 
than the present Volume VT, but it found much resonance in the audience. 
When the course was repeated in later years my students often told me 
that only here had they reaUy grasped the handling and application of 
mathematical results, e.g., Fourier methods, applications of the theory 
of functions, boundary value problems. 

In conclusion, let me send out these volumes with the wish that they 
arouse the reader’s interest in our beautiful science and give him as much 
pleasure as the courses gave to those attending them and to me during my 
many years of teaching activity. 


Munich, September 1942 


Arnold Sommerfeld 
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INTRODUCTION 


Mechanics is the backbone of mathematical physics. Though it is 
true that we no longer require physios to explain all phenomena in 
teams of mechanical models, as was common during the last century, 
we are nevertheless convinced that the prmoipies of mechanics, such as 
those of momentum, energy, and least action, are of the greatest importance 
in all branches of physics. 

We call this book “ Mechanics,” not “ Analytical Mechanics ” as the 
mathematicians are wont to do. The latter name has its origin in the 
great work of Lagrange (1788), who attempted to mold the whole system 
of mechanics into a consistent language of mathematical equations and was 
proud of the fact that “ one would not find a single diagram in his work.” 
We, on the contrary, shall draw as much as possible on illustration and 
comparison. The reader will find in this volume many concrete applica¬ 
tions m astronomy, physics, and even to some degree in engineering, which 
should help to make the principles dearer. 

The exact title of the book should be ” Mechanics of Systems of a Knite 
Number of Degrees of freedom ”; that of the second volume would accor¬ 
dingly be ‘^Mechanics of Systems with an Infinite Number of Degrees of 
Freedom.” Since, however, the concept of degrees of freedom is not too 
well known and can here be explained only at the beginning of the second 
chapter, we shall be satisfied with the customary title ‘^Mechanics,” a 
title hardly subject to misimderstanding. 

We commence with Newton’s fundamental analysis in his ” Philosophiae 
Naturalis Principia Mathematica ” (London, 1687); not that Newton lacked 
important predecessors, such as Archimedes, Galileo, Kepler, and Huygens, 
to mention only a few. It was, nevertheless, Newton who first created 
a firm foundation for general mechanics. Even today, apart j&om some 
changes and reinforcements, the foundation laid down by him provides 
us with the most natural and didactically simplest approach to general 
mechanics. 

We shall at first investigate the mechanics of the single mass point 
or particle. 




CSHAPTEK I 

MECHANICS OF A PARTICLE 
§ 1. Newton*s Axioms 

The laws of motion will be introduced in axiomatic form; they 
summarize in precise form the whole body of experience. 

First law; Every material body remains in its state of rest or of uniform 
rectilinear motion unless compelled by forces acting on it to change its stale?' 

We shall at &st withhold explanation of the concept of force introduced 
in this law. We notice that the states of rest and of uniform {rectilinear) 
motion are treated on equal footing and axe regarded as natural states of the 
body. The law postulates a tendency of the body to remain in such a 
natural state; this tendency is called the inertia of the body. One often 
speaks of Galileo’s law of inertia instead of Newton’s first law in referring 
to the above axiom. We must say in this connection that while it is 
perfectly true that Galileo arrived at this law long before Newfcon (as a 
ItmitiDg result of his experiments with sliding bodies on planes of vanishing 
inclination), we find it characteristic of Newton that the law holds top 
position in his system. Newton’s word body ” will, for the time being, 
be replaced by the words particle ” or mass point.” 

To formulate the first law mathematically we shall make use of definitions 
1 and 2 preceding it in the ‘‘ Ptincipia.” 

Definition 2; The quantity of motion is the meagre of the same^ arising 
from the vdocity and the qvaniity of matter conjunctly? 

The “ quantity of motion ” is hence the product of two factors, the 
velocity, whose meaning is geometrically evident,® and the “ quantity of 

^ We mention here, and in oozmeotion with what is to follow, the book Die Mechamh in 
ihrer Eniwu^ehmg (8th ed., F. A. Biookhaus, Leipzig, 1923; translated into English 
nnder the title The Science of Mechamca, Open Coxirt Publishing Co., LaSalle, 
111., 194:2) by Ernst Maoh. Ihe study of this excellent critical history is recom¬ 
mended to all students of mechanics, especially siace in our book we must restrict 
ourselves to the concepts of mechanics in a form ready for \3se and cannot delve 
into the origin and g:^ual clarification of these concepts. This should not be 
interpreted to moan, however, that we agree with Mach’s positivistic philosophy as 
it is developed in Chapter IV, 4, of his book, with its attendant overemphasis of 
the Economy Principle, the denial of atomic theory and the preferenoe for formal 
continuity tlieorios. 

* Newton's Prindpia, translated by Andrew Motte.— Tbajsslatota, 

” Evident, that is, once a reference system has been chosen in which the velocity is to 
be measured. 
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Mechanics of a Paarticle 
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xnatter,” which is to he explained ph 3 rsioally. Newton attempts the latter 
in his definition 1, in which he says that the quantity of matter is measured 
by its density and volume conjunctly. This is obviously only a mock 
definition, since density itself cannot be defined in any other way than by 
the amount of matter in unit volume. In the same definition 1, Newton 
also states that instead of ‘‘ quantity of matter ” he will use the word mass, 
"We shall follow him in this, but shall postpone the physical definition of 
mass (as well as that of force) until later. 

The quantity of motion accordingly becomes the product of mass and 
velocity. Like the latter it is a directed magnitude, a vector. We write^ 

(1) p=mv 

and formulate the fibrst law of motion in its final form: 

(2) p=constant in the absence of forces. 

We shall put the law of inertia thus formulated at the head of our 
mechanics. It is the result of an evolution extending over many centuries, 
and is by no means as self-evident as it appears to us today. The philosopher 
Kant, for instance, says in his paper, “ Thoughts on the True Estimation of 
Living Forces,” written m 1747, long after Newton: “ There exist two kinds 
of motions; those which have ceased after a certain time, and those which 
persist.” The motions that in Kant’s opinion cease by themselves are, 
according to modem ideas — and those of Newton — motions which are 
attenuated by frictional forces and finally destroyed. 

The expression “ quantity of motion ” is unfortunately chosen in. that 
it does not take into account the vector character of my. Thus a bettor 
term would be the word “ impulse,” which conveys the idea of a push of a 
certain magnitude in a definite direction that the given mv is able to impart, 
by collision, to some body initially at rest. Since the term ** impulse ” 
is, however, used in a somewhat different sense in mechanics, we shall 
have to retain the name “ quantity of motion,” or, in modern language, 
mommtum for the vector p. Instead of the law of inertia and Newton's 
first law of motion we can then speak of the lo/w of conservation of morneriisim. 
We shall now discuss Newton’s second law, the real law of motion: 
TT^ change in motion is proportional to the force acting and takes place in the 
direction of the straight line along which the force acts. 

^ We assume that the reader is familiar with the elements of vector algebra, g^inoo, 
however, vector operations originated in close association with moolionics (includ- 
the zneohamos of fluids), we shall often have occasion to explain vector concoT>tH 
simultaneously with mechanical concepts. 

As regards nptation, vectors will be designated throughout by bold-faced letterH; 
thus <0 for the angular velocity when regarded as a (axial) vector. In diagrams* 
overhead arrows will occasionally be used. * 
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By ‘‘ change in motion ” Newton xmdoubtedly means the change with 
time of the previously defibaed momentum p, hence the vector p (the dot 

is Newton’s notation for the “ fluxion ” p=^). If we designate the force 
by the letter F, our second law can then be written as 

(3) P = F. 

Since we called p the momentum, this law expresses the manner in which 
momentum changes with time, and can, for brevity, be called simply the 
law of momeMum. 

Unfortunately the law is often, especially in the mathematical literature, 
designated as “ Newton’s law of acceleration.” It is of course true that 
if we treat m as a constant, (3) combined with (1) is identical to 

(3a) 7nv=F; Mass • Acceleration—Force. 

But mass is not always constant; it is variable in the theory of relativity 
for example, where Newton’s formulation (3) prophetically turns out to be 
the correct one. We shall treat a series of examples with variable mass in 
§ 4, where we shall have a closer look at the interrelation between formula¬ 
tions (3) and (3a). Incidentally, the mechanical system which is next 
in simplicity to that of a single mass point, namely, the rotating rigid body, 
leads us to an equation of motion along the lines of (3), in the form “ rate 
of change of moment of momentum (angular momentum)=moment of force 
(torque) a description in terms of angular acceleration, similar to (3a), 
is not possible. An effect similar to the non-constancy of mass in relativity 
must be taken into account: the moment of inertia, here replacing the 
mass, changes with changing location of the axis of rotation in the body. 

We must now seek to get a clear idea of the concept oi force. Kirchhoff* 
wanted to degrade it to a quantity defined by the product of mass and 
acceleration. Hertz*, too, tried to eliminate and replace it by coupling 
the system under consideration with other, generally hidden systems 
interacting with the former. Hertz carried out this program with admirable 
consistency. BKs method, however, hardly produced fcuitful results; and 
it is especially unsuitable for the beginner. 

We are of the opinion that we have at least a qualitative notion of 
“ force ” which we acquire quite directly through the feeling we experience 
when using our muscles. In addition the earth has provided us with the 
comparison standard of gravity, with which we can measure all other 
forces qmntitativdy. For this purpose we need merely balance the effect 

* Gustav Kirohlioff, Vol. I of his Vcrleaungen Uber maihematiache Phyaik, p. 22. 

* Heiorioh Hertz, MiaceUcmeaua Papera, Vol. HI, Prvrwiplea of Meohanioa, Maomillan, 

New York, 1896. 
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of a given force by a suitable weight. (By means of a pulley and string 
we can let the vertical force of gravity act in a direction opposed to the 
given force.) If, in addition, we procure a number of equally heavy bodies, 
a set of weights,” we obtain a tentative scale with which to measure 
forces quantitatively. 

The same is true for the concept of force as for all other physical con¬ 
cepts and names: word dej&nitions have very little meaning; physically signi¬ 
ficant definitions are obtained as soon as we prescribe a way of measur¬ 
ing the quantity in question. Such a prescription need not contain the 
details of practical procedure, but merely state a way to measure the 
quantity in principle. 

The above prescription, making use of gravity, has given a concrete 
content to the right member of our law of momentum (3); it has thereby 
become a real physical statement. It is true that the left member still con¬ 
tains the mass m, up to now undefined. This does not mean that the defini¬ 
tion of mass is the only content of the law. For the law brings out that 
it is p, not p itself or perhaps p which is determined by the force. We shall 
see in § 4 how the definition of mass is obtained in case it is variable, the 
relativistic mass serving as example. 

Third law; Action always equals reaction, or: the forces two bodies exert 
on each other are always equal and opposite in direction. 

This is the principle of action and reaction. It says that for every 
pressure there is a pressure in the opposite direction. Forces always occur 
paired in nature. The falling stone attracts the earth just as strongly as 
the earth attracts the stone. 

This law makes possible the transition from the mechanics of single mass 
points to that of compoxmd systems ; it is therefore fundamental to the 
entire field of structural statics, to name but one example. 

We shall call the rule of the parallelogram of forces our Fourth law, 
even though in Newton it appears merely as an addition or corollary to 
the other laws of motion. The fourth law states that two forces applied 
to the same mass point compound to act like the diagonal of the paral¬ 
lelogram formed by them; forces add like vectors. This seems self-evident 
since we equated the force F to the vector p in the Second Law. Actu¬ 
ally, however, the Fourth Law, as Mach emphasizes, contains the axiom 
that each force acting on a mass point causes it to change its motion as if 
this force were the only one acting there. The parallelogram of forces 
hence establishes axiomatioaUy the independence of the effects of several 
forces acting together at the same point, or, more generally, the principle 
of superposition of forces. Of course the last statement as weU as the 
laws of motion preceding it are nothing but an idealization and a precise 
formulation of our whole body of experience. 
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Having introduced the concept of force, we shall at this point introduce 
that of work with the definition 

(4) dPr=F • d8=jP da cos(F, ds). 

Thus the work does not equal “ force times distance ” as often stated, but 
“component of force along path times path length” or “force times 
component of path length along force.” 

From the statement, “ forces add vectorially,” follows immediately the 
complementary statement that “ work adds algebraically.” Indeed 

Fi+Fa+-- - =F 

leads to 

(5) Fi-ds+F 2 -ds+- =F-ds 

by scalar multiplication with the distance ds. Here F is the resultant 
force. The definition of the scalar product contained in (4) automatically 
sees to it that, for example, in the fiLrst product of (5) only the com¬ 
ponent of the distance in the direction of the force F^, occurs. Hence we 
can also write instead of (5) that 

( 6 ) ‘ 

as stated above. 

Related to the concept of work is that of power) power is the work done 
in xuiit time. 

In concluding these introductory remarks we shall have to agree on 
how to measure the mechanical quantities that we have introduced. Here 
we have a choice of two systems of units, the physical (or absolute) and the 
practical (or gravitational) metric systems. The difference between them is 
that in the absolute system the gram (or kilogram) serves as unit mass^ 
whereas in the gravitational system the kilogram (or gram) serves as unit 
force. In the latter case we speak of a kilogram-weight and write 

1 kg-weight=gr . kg-mass. 

The gravitational acceleration g is, however, a function of the location 
on the earth, being greater at the poles than at the equator because of a 
smaller distance from the center of the earth as well as because of diminished 
centrifugal force. Hence the kg-weight is dependent on location; a kg- 
weight sample cannot be transported. The gravitational system is therefore 
unsuitable for precise measurements. The physical system has, in contrast, 
been distinguished by the title, “absolute system of units.” We have 
nevertheless become so accustomed to the gravitational system that in many 
cases where we should really say “ mass,” the word “ weight ” has once 
and for all made its way into our scientific language. Thus we talk of specific 
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weight when we should say specific mass or density; and of atonado and 
molecular weights — which surely have nothing to do with the acceleration 
dne to gravity. 

Gauss, the originator of absolute measurements, decided in favor 
of the absolute system after some hesitation. Initially he, too, was in 
favor of introducing force as the basic unit, since it played a more direct 
role than mass in his measurements of terrestrial magnetism. On the other 
hand he wanted these measurements to encompass the entire surface of 
our globe; he therefore saw himself forced to adopt as unit a quantity 
whose value would not depend on location. 

Below we have put the two systems next to each other and at the same 
time introduced the derived units dyne, erg, j oule, watt, and horse power (HP): 

Ahsohute system (CQ8) Ora/vitational system (MK8) 

cm, g-mass, sec kg-weight, m, sec 

1 kg-weight=9.8M0« g cm sec“* 1 g-mass= — sec® m-^ 

-9.81*10«dyne ^ 

1 erg=l dyne • 1 cm 1 unit of work=l kg • 1 m 

1 joule=10^ erg 
1 n3kg-weight=1000*gr«100 erg 
= 9.81-107 erg 
=9.81 joule 

1 watt=1 joule seo"i 1 unit of power= 1 kg m seo“i 

1 kilowatt=1000 joule sec-i 1 HP= 75 kg m sec“i 

=5^=1.36 HP =76-1000*100-981 erg seo-i 

=76’9.81 watt=0.736 kw 

It ^ould be noted that according to a decisionof the pertinent international 
commi^ons the CGS system was to be replaced by an absolute MTCP! system 
beginning with the year 1940. In this new system the meter takes the 
place of the centimeter, and the kilogram that of the gram as xinit of mass, 
while the second is retained as unit of time. This is in agreement with a 
proposal of G. Giorgi, which shows its advantages fully only in electro¬ 
dynamics with the addition of a fourth independent electrical unit (see 
Vol. in of this series). In mechanics the proposed change would have the 
advantage that in the definition of the joule and the watt the bothersome 
powers of ten are eliminated. With the new larger units M and K the 
units of work and power become 

1 M®KS-®=107 cm® g sec-®=l joule, 

1 M®KS"®=107 cm® g sec“®=l watt. 
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The unit of force in the new system, called the newton, is thus 
1 newton=l MK8~®=10® cm g seo"'^=10* dyne. 

This, too, can be regarded as an advantage of the Giorgi system, since now 
the new Tinit of force is brought closer to the convenient gravitational 
unit, the kg-weight, whereas the old unit of force, the dyne, is inconveniently 
small for most practical uses. 

§ 2. Space, Time and Reference Systems’’ 

Newton’s views about space and time seem to us modems quite unreahstic 
and appear to contradict his declared intention to base his analysis on 
fact alone. He states: 

“ Absolute space, in its own nature, without regard to anything external, 
remains always similar and immovable. 

“ Absolute, true, and mathematical time, of itself, and from its own 
nature, flows equably without regard to anything external, and by another 
name is called duration.” 

From these two quotations one woxdd conclude that Newton worried 
but little where absolute time was to be taken from, and how an immovable 
absolute space was to be distinguished from one moving uniformly with 
respect to it. This is all the more surprising since he put the states of 
rest and of uniform motion on the same footing in his first law. On the 
other hand Newton tried to clarify the distinction between absolute and 
relative motion by his famous pail experiment.® In this experiment a 
pail is suspended from a twisted thread and filled with water. The pail 
is then suddenly released and as the thread untwists acquires a rotation 
about its axis of symmetry. The surface of the water remains at first 
level, although the relative velocity between pail and water is great. 
Gradually the water is set in motion by friction with the walls of the pail, 
climbs up the wall, and its surface assumes the familiar hollow paraboloidal 
shape. Finally a steady state is reached m which the relative motion 
between pail and water is zero; the “absolute ” motion of the water in 
space has, on the other hand, increased to a maximum, and with it the 
curvature of the surface. 

Actually the experiment only shows that the rotating pail does not 
furnish a suitable reference system from which the motion of the water 
can be understood. Is the earth such an unsuitable reference system ? 

^ Tho begitmor to wliom the following somewhat abstract considerations seem mx- 
faimliar may postpone the study of this section and of § 4 imtil a later time. 

* “ I have performed this experiment myself,” says Newton, probably with reference 
to the natural philosophers, perhaps his compatriot Francis Bacon, who was wont 
to describe the results of experuuents he had not performed. 
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It, too, rotates and furthermore describes an orbit around the sun. In 
general, what are the requirements that an ideal reference system has to 
satisfy in mechanics? By a reference system is meant a frame in space 
and time which will enable us to read off the position of mass points and 
the passage of time; we might take a Cartesian system of coordinates 
X, z, and a time scale, t. 

In practice we shall have to rely on the astronomers for this choice. 
The fixed stars furnish sufficiently constant directions for our coordinate 
axes, and the sidereal day furnishes a sufficiently constant interval of time. 
Theoretically, on the other hand, we are forced to recognize a disagreeable 
tautology: that reference frame is an ideal one in which the Galilean law 
of inertia holds with sufficient accuracy, for a sufficiently force-free body. 
Thus the first law is degraded to a formal identity or to the rank of definition. 
The only positive, not purely formal content that the law retains is the 
assertion that reference systems of the required properties do exist. All 
our experience indicates that one such system is approximated by astro¬ 
nomical determinations of position and time. 

We mean essentially the same thing when we say that the laws of 
mechanics presuppose the existence of an inertial frame, i.e., an imaginary 
structure whose axes are trajectories of bodies moving purely under inertia. 

The question now arises to what extent this ideal system of reference 
is determined. Is there only one such system a;, y, z, t, or are there perhaps 
infinitely many such systems ? Newton’s first law gives the answer at 
once, for it states that any two systems x, y, z, t and x\ y', z*, V are equivalent 
if they differ only by a uniform translational motion. In mathematical 
form 

( 1 ) y'=y+Po^ 

z'==z+y^t 

We can generalize the transformation (1) by performing a rotation on the 
spatial system x, y, z about its origin, which amounts to replacing x, y, z 
in (1) by new space coordinates rj, I such that 

( 2 ) ^+ri^+l^^x^+y^+z\ 

This condition defines an arbitrary orthogonal tranefornadion. With 
yki direction cosines, it yields 



X 

y 

z 

1 


«2 


’? 

A 


Pz 


Yi 


yz 


(3) 
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This scheme can be read equally well from left to right as from top to 
bottom. Because of (2) the a, jS, y satisfy the well-known relations 

w 2“*^*- 

If now we replace the x^y^zia the right member of (1) by the rj, J of (3), 
we obtain the generalized transformation scheme® 



The fact that the primed system a?', y', z\ f is just as good a reference 
frame for the purposes of classical mechanics as the unprimed system x, y, z, t 
is called the principle of relativity of classical mechanics. In what follows (6) 
will be called a Oalilecm transformation. It is a linear transformation in 
the four coordinates; it is orthogonal in the first three, and leaves the 
time coordinate invariant (f=t). The last statement means that the 
principle of relativity of classical mechanics leaves intact the absolute 
character of time as postulated by Newton. 

A new situation arises, however, in the field of electrodynamics, particu¬ 
larly in the electromagnetic theory of optical phenomena. Maxwell’s 
equations, which form the basis of this field, require that the process of 
the propagation of light m vacuo with the velocity c be independent of the 
frame of reference from which this process is observed. The front of a 
spherical wave whose source is at the origin of coordinates is given by the 
equation 

(6) or x'^+y'^+z'^=c^t'^ 

respectively, depending on whether we are describing the wave front in 
the unprimed or the primed system. It is now convenient to change the 
names of the coordinates in the following manner: 

W y=^2^ z=x^, ict==x^, 

where i is the imaginary unit; we introduce a corresponding change of 
notation for the primed coordinates. Equations (6) then read 

( 8 ) 

® Note that this table can be road from loft to right but no longer from top to bottom, 
since the transformation is no longer orthogonal.—TBAKSiiATOB. 
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and the fact that the propagation of light does not depend on the choice of 
reference frame demands that^® 

( 9 ) 2 *'*“ 2 **‘ 

1 1 

Whereas Eq. (2) was an orthogonal transformation in three-dimensional 
space, we are dealing in (9) with an orthogonal transformation in four¬ 
dimensional space. True, the fourth coordinate is imaginary. This, 
however, will not affect the existence of equations analogous to (3), (4) 
and (5). The relation between the and the x'j^ arising from (6) is in 
general called a Lorentz tramformaiion, after the great Dutch theoretical 
physicist Hendrik Antoon Lorentz. We write it in the form of the general 
scheme 


( 10 ) 


This table shows at once that the time coordinate (in the imaginary form 
is now involved ha. a change of reference system to the same extent as the 
space coordinates. As a necessary consequence of the invariance require¬ 
ment (9) the absoluteness of time is now destroyed. 

More instructive than the general Lorentz transformation is the special 
one which we obtain when we leave two space coordinates, say and x^^ 
unchanged, and transform only x^ and x^. 

Then all the of the first and second rows of columns in (10) must 
vanish, except for 

aii= 0^22= 1, 

because x*^^x^ (as read from left to right as well as from top to 

bottom). Furthermore we have the conditions analogous to (4), 

(11) '>|8+“|4““m+'=4=“«+“|4=‘^4+*L=1> 

and therefore 

“ 48 - 

Letting 8= ±1, -we can -write 

(11a) * 84 =Sa*® 

For one of the Bqs. (8) must be the consequence of the other. In view of the linearity 
of the relation between them, one of the expressions (8) must be proportional 
to the other. Since the relation is a reciprocal one, the factor of proportionality 
must be unity. 




Space, Time and Reference Systems 


13 


1.2 


and we must tken put 


(11b) 

because of the other orthogonality condition We now 

make use of (11a, b) to solve for the primed coordinates in terms of the 
unprimed. At the same time, vith the help of (7), we go back to our original 
ooordinates z, tj z\ t' to obtain 


!' = -8a8s(<+i* 


The first of these equations shovre that 


(12a,) -»8 cSE"=» 

must be identified with the velocity with which, the 2;'-a3ds moves parallel 
to the : 2 -axis in the positive direction of the latter, as observed from the 
unprimed system. Wth the help of (12a) Eqs. (12) become 

^'=-Sa3g(^-^z). 

Finally we must determine ocgj. To this end we use Eq. (9) which, in the 
original ooordinates, now simplifies to 2 ;'®—Let us introduce 
here the values of z' and t' from (13). The factor of 2vzt Tanishes on the 
left. Comparison of the factors of and on the left and right yields 

2 1 

“sS-l-vV' 

In the limit c 00 (13) must of ooxmse reduce to the Galilean transforma¬ 
tion (1) with ao=jfo~^ yo==“"^- must put 8—— 1 

and must choose the positive sign of ocgj. We then obtain the characteristic 
two-dimensional Lorentz transformation 


« — Vi 


(U) 


t'=- 


t--J 


(!-/?>)*’ 

’There (i_^)i>0. 

The relatiTization of the time in (14) and the change of scale of the 
space coordinate z, as embodied ia the denominator (l—are, as 'we 
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have seen, a result of the fact that the velocity of light c is finite, a fact 
vdth which the principle of relativity of classical mechanics is incompatible. 

If it be true that all electrodynamic effects are propagated with finite 
velocity c, it follows that for such eflfects the Galilean transformation must 
always be replaced by a Lorentz transformation, either in the general 
form (10), or the specialized form (14). We call this fact the ^principle of 
relativity of elec^od/yrvamica. It is evident, however, that mechanics too 
has to adapt itself to the fact of the finite propagation velocity of light. 
Now aU velocities ocburriog in ordinary mechanics are quite small com¬ 
pared to c. This is the reason why for the purposes of mechanics we can, 
as a rule, neglect the change of scale of the space and time coordinates 
indicated by (14). 

The wealth of physical facts embodied in the Lorentz transformation 
will be discussed in the third volume of this series. Here we shall only 
investigate the changes that we have to make in the concept of the funda¬ 
mental quantity p, the momentum, as a result of our new relativity principle. 

We have called p a vector. This means that the three components of 
p transform just like the coordinates themselves [i.e., the components of 
the radius vector r=(a:, 2 /, »)] in a change of the system of coordinates. 
We therefore say that p is covariant to r. 

This is valid only from the viewpoint of the Galilean transformation, 
where the time is regarded as absolute. Prom the viewpoint of the Lorentz 
transformation the radius vector is a four-component quantity, a four-vector 

( 16 ) x=(a;i, 

Our relativistic momentum will similarly have to be a four-vector, i.e., 
must be covariant to x, if it is to have a meaning in relativity theory. We 
arrive at this four-vector in the following maimer: 

(а) (16) being a four-vector, the coordinate distance between two 
neighboring points 

(16) dx=(da;i, dx^, dx^, dx^^{dx<y, dx^, dx^, icdt) 
is also a four-vector. 

(б) The magnitude of this distance is certainly invariant under a Lorentz 
transformation. Apart from a factor ic, it is given by 

(17) dT=[dt^-l,(dxl+dxl+dxl)Y 

We follow Minkowski in calling dr the element of proper time ; in contrast 
to dt it is relativistically invariant. We shall factor out dt in (17) and 
introduce the ordinary velocity v of three dimensions, to obtain 
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(c) Division of the four-vector (16) by the invariant (17a) yields 
another four-vector; we call it the four-vector velocity 


(18) 


(1 


1 (djXx • \ 


(d) Earlier we derived the momentum vector p by multiplying the 
velocity three-vector by a mass m independent of the reference frame. We 
shall similarly deduce the momentum four-vector p from the foxir-vector 
(18) by multiplication by a mass factor independent of the frame of reference. 
We shall call this mass factor the rest mass ttiq and obtain 


(19) 


P = 


^0 

(1 —dt dt J 


It is proper to call the quantity in front of the parenthesis the moving 
mass (since it reduces to the rest mass for j8==0), or simply the mass. We 
therefore assert that 


( 20 ) 




mp 

(l->^)*’ 


This eapression was first derived by Lorentz in 1904 under very special 
assumptions (deformable electron). The derivation from the principle of 
relativity makes such special assumptions unnecessary. Eq. (20) has been 
confirmed by many precision experiments with fast electrons. Together with 
optical experiments, notably that of Miohelson and Morley, it forms the basis 
of the theory of relativity. Here we have preceded in inverse order and 
deduced Eq. (20) from the principle of relativity in what appears to be a 
very formal procedure. This is not only logically admissible, but especially 
serviceable in view of the brevity of these introductory explanations. In 
§ 4 we shall discuss what changes in the further application of Newton’s 
laws of motion will have to be made as a result of the velocity-dependence 
of mass. 

At this point we should, if only sketchily, bring to a conclusion the 
question of the permissible frames of reference; to this end we must pass 
from the special theory of relativity treated so far to the general theory of 
relativity (Einstein, 1916). In special relativity there are allowed reference 
systems which are obtained from one another by Lorentz transformations, 
and forbidden ones, such as, for example, those that are accelerated with 
respect to the former. In general relativity aU possible frames of reference 
are admitted. Transformations between them need no longer be linear 
and orthogonal as in (10), but can instead be given by arbitrary functions 
Zj, xf). Hence we are dealing with systems which are moving 
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and are being deformed with respect to each other in any way desired. As 
a result space and time lose any vestiges of the absolute character which 
they held in Newton’s fundamental analysis. They become merely classifi¬ 
cation schemes for physical events. Euclidean geometry no longer suffices 
for this dassifioation and must be replaced by the much more general metric 
geometry advanced by Riemann. The task then arises to give such a 
form to physical laws that they will remain valid in all frames of reference 
here considered, i.e., a form that remains invariant under arbitrary point 
transformations ‘ ^ 4 ) of four-dimensional space. The positive 

content of the general theory of relativity is precisely the possibility of 
this task. We cannot m this volume delve into the mathematically very 
involved form which the laws of mechanics take on in their invariant 
formulation. Suffice it to say that the general theory leads to a derivation 
and a more precise formulation of Newtonian gravitation. 

We conclude with a remark about the name, theory of relativity. The 
positive achievement of the theory is not so much the complete relativiza- 
tion of space and time, but the proof that the laws of nature are independent 
of the choice of reference system, i.e., that events in nature are invariant 
under any change in the observer’s view point. The names, ‘Hheory 
of the invariance of natural events,” or, as occasionally proposed, “ view¬ 
point theory,” would be more appropriate than the customary name, general 
theory of relativity. 


§ 3. Rectilinear Motion of a Mass Point 

Let the motion of the particle take place along the a:-axis. Only the 
a;-oomponents of any forces present will have any effect. Let X denote 
the resultant of these components. 

We have v = v= ^ and = • Then 

( 1 ) 

and, with constant m. 


( 2 ) 





We wish to study the integration of this equation of motion for the 
three oases : X is given as a pure function of the time, [JC 5 =X(^)], of 
the position, [Z=X(a:)], or of the velocity, [Z=X(!;)]. 

{a) X=X{t), 

Immediate integration yields 

t 

*0 


( 3 ) 


v — v. 
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Heio Z{t) is by definition the time integral of the force and equals the 
change in momentum during the time from ifQ to t, 

A second integration lea^ to the equation of the trajectory, 


(4) X — —^o) “1“^ 

(6) X==X{x). 

This is the typical case of the force fidd given as a function of position. 
Integration is achieved by use of the principle of the conservation of energy. 


We multiply (2) on both sides by 


( 6 ) 


dxdh: 
d6 dt^ 


■^dz 


The left member is now a complete differential, 

d r\ 

dit\2\dt) J 

In agreement with the general definition of (1.4) we write for the right 
member AW^Xdx and call dW the work done over the path dx. The 
equation thus arising says that the chcmge in Mndic energy eqvxAa the work 
dom. 

For we define 


( 6 ) 

as the hvneiic energy or energy of motion of the mass point; the older name, 
live force (Leibniz), shows the ambiguity of the word force (he distinguished ^ 
live force, via viva^ i.e., kinetic energy, and motor force, via matrix, our 
present-day force; even Helmholtz, as late as 1847, entitled a treatise 
dealing with the conservation of energy Concerning the Conservation of 
Force ”). 

To the definition of the kinetic energy we add that of the potential 
energy F, 

(7) dV=^’—dW=—Xdx, F—JZdir. 


In one-dimensional particle mechanics this definition sufiS.ces; in the case 
of two- or three-dimensional force fields the existence of F depends on 
the character of the fields (cf. § 6, Part 3). According to (7) F is deter¬ 
mined only to within an additive constant. 

With these definitions the integrated Eq. (5) yields the law of the 
conservation of energy, 
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(8) y+ y = constant=j®. 

Here E is the energy constant or total energy. 

The principle of the conservation of energy possesses not only an 
exceedingly great physical importance, but also remarkable mathematical 
power. For it performs, as we have seen, not only the first integration of 
the equation of motion (hence its alternate name, ‘‘ integral of energy 
but at once makes possible — at least in the present case (6) — a second 
integration as well. If we write (8) in the form 


we can solve for di. 





Thus < is a known function of a;, and therefore x can also be expressed in 
terms of L (9) is then the completely integrated equation of motion. 

(c) Z=Z(i;). 

Now the equation of motion reads 

mf = Z(«) 

which we rewrite as 


di = 


mdv 

"T 


thereby at once obtaining 


V 

( 10 ) t—tQ^mj ^—F(v). 

Vo 

This also allows us to solve for v in terms of t, v==/(^), so that 



t 


from which we conclude that 
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Examples 

1. Feee Fall I^eab Eabth’s STravAOE (Falling Stone) 

We take the positive ay-direction as vertically upward. The force is 
constant, 

( 11 ) —mg, 

i.e., independent of t, x, and v. Here all three methods of integration (a), 
(6), (c) can be applied. 

We shall carry out (a) and (6), and postulate explicitly that the “ gravita¬ 
tional mass ” and the “ inertial mass ” be equal, 

(12) ^ert = ^grav 

is the mass defined by the Second Law; 1® mass occurring 
in the law of gravitation and hence also in our force equation (11). 

Bessel recognized the necessity for testing Eq. (12) experimentally, 
by means of pendulum experiments.^ A much more precise experimental 
proof was furnished by Eotvos with his torsion balance. Later on, Eq. (12) 
gave the first impulse to Einstein’s theory of gravitation. 

(a) S=—g. With suitable choice of the integration constants {v—0 
and for f=0) we end up with 

{b) Since dW——mgdx, V=mgx and T+mgx^E. If v=0 at x—h, 
we must have therefore 

^^’\‘mgx= mgh. 

From this we get for the particular value a;~0 that ^—2gh, or 

(13) v^(2gh)^. 

Inverting this equation we obtain 

(13a) 

which is the height to which an arbitrary mass must be raised m order 
to attain, falling through this height in the gravitational field, a specified 
velocity v. The introduction of this height h instead of the velocity v is 
convenient, especially in certain engmeeritig problems, such as the 

Incidentally we would like to direct the reader’s attention to an interesting sentence 
occurring in Kewton’s Mechamca, At the beginning of this work, under Definition 1, 
Newton says: “ Through very carefully performed experiments with peixduJa I 
have verified that mass and weight are proportional.” 
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height to which water rises in a Pitot tube ,^2 the pressure head in a centrifuge, 
etc. The height to which the water surface climbs in Newton’s pail experi¬ 
ment is similarly given by (13a). 


2. Pebu Fall Peom a Gebat Distance (Meteor) 

Now the force of attraction is no longer constant. Instead we must 
use the law of gravitation 


(14) 


dh mMQ 
- 


where m is the mass of the meteor, M that of the earth, 0 the gravitational 
constant. Instead of the coordinate x we have introduced the distance r 
of the meteor from the center of the earth. Since the force is now a function 
of r, method of integration (6) should be used. 

In particular, for the surface of the earth, with a the earth’s radius, 
(14) yields 


so that mMG can be eliminated from (14), 


With this notation (7) yieldB 

dV=-dW=mga'p 

so that the potential energy, with zero level at infinity, becomes 
(16) 7(r)=— 

Eq. (8) therefore gives 

m/drY mpo* 

r JB ’ 

where B is some hypothetical initial distance firom the earth’s center at 
which the falling mass was in a state of rest. We thus obtain 

and, oorreq>oiiding to (9), 


(16a) 




dr 



A hoUo-w tube used in Euid Eow to measure the dynamio pressure. It is often used on 
airplanes as an airspeed indicator. Cf. Glazebrook, Dicttcmafry of Applied Physics 
V, p. 2.—^TaANSLATOB. 
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We need not do the integration indicated in (16a) in detail, since only- 
two special cases of (16) are of interest to ns: 

(a) 72=00, r=a. 

The meteor reaches the earth with the velocity 

i.e., a free fall in the earth’s gravitational field fipom infinity results in the 
same velocity at the surface of the earth which would he achieved by a 
free fall &om a height equal to the earth’s radius under a constant 
acceleration due to gravity g [cf. Eq. (13) ]. 

(&) 22=a+A. h^a. r=a. 

Here we are concerned with a first order correction to the velocity of 
fall (13), taking into consideration the decreasing gravitational acceleration, 
but assuming that the meteor falls from not too great a height. Erom 
(16) we derive 


1= (2j7a)*g-^. H-)* 

a> 


3. FBxm Pall r^r Aia 

We shall assume that the air resistance is proportional to the square 
of the velocity. This assumption, introduced by Newton, agrees quite well 
with experience if the falling body is not too small and its velocity is neither 
comparable to that of sound, nor vanishingly small. The resultant force 
is then 


X{v) ——mg+av^y 

where the signs indicate that the air resistance opposes the force of gravita¬ 
tion. Here method (c) of p. 18 applies, and the equation of motion becomes 


(17) 


dt 


— ^ + —V®. 
^ ' m 


If we put —=6 ®, it goes over into 

mg ^ 

dv 
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From this we obtaia the analogue of (10) with <o=0, 



1 

1 — 6t> 


TTb^' 



n +&t;\ 


SO that 

^ + — £- 26 a< * 

1 — 

and 


(18) 


bv = 




sinh bffi 
ooshbgt 


= —tanh bgty 


where sinh, cosh, and tanh. are the hyperbolic functions. |6t;| hence grows 
monotonically firom 0 at i=0, and approaches the value 1 as cx). The 
limiting value of v itself is 



This can also be read at once out of Eq. (17), since for the above limiting 
value ^ becomes equal to zero. 


We make use of Eq. (18) to obtain the jSbPSt order correction due to air 
resistance which must be added to the formula derived for a free fall in 
vacuo. From the series expansion 


tanh a = 


sinh g 
oosha 



we obtain, according to (18), with (x.—bgt, 


v = 



4. HaBMOIHO OSOUIiATIONS 

Harmonic oscillations occur whenever a restoring force X proportional 
to the displacement x acts on a mass point m. We call the proportionality 
factor k, so that 

Z=—fca? 

and the equation of motion with constant m is 

(19) m^ = -kx. 

Since the force is a given function of the coordinate [case (6) of p. 17], 
•we make use of the rale given there and apply the integral of energy. 
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We must therefore first determine the potential energy of the harmonic 
binding force. We have 

dW = Xdx=-\d{x^), 

so that, according to (7), with a suitable choice of the zero of F, 

X 

■ 7 - jdW^lx^. 

0 

The equation of energy is then 

mv^+hx^ = 2E. 

As our initial conditions we may choose 
(19a) at ^=0: 

As a result 2E takes the value and 



\m/ (o*—aj®)* 


A quadrature, incorporating the initial conditions (19a), yields 

(20) sin-i g -1) with «= g)*- 
An inversion finally gives 

(21) sin^a;^ + 0=a cos cot. 

The physical meaning of the abbreviation cd is therefore clear. It is the 
circular frequency, i.e., the number of vibrations in 27r units of time; T 
being the period of oscillation, v the firequency^®, we have the relation 

( 22 ) o) — ^ = 27rv. 

With the help of this abbreviation (19) can also be written 

(23) 2+<a®a;=0. 

The equation of energy has the advantage that it always leads to the 
desired end, no matter how the force X depends on x. In our case, however, 
where X is linear in x, another much more elegant method exists. It is 


{ x—a 
i;=i=0. 


As opposed to i; is the frequency, the number of vibrations in \mit time. 
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based on the immediately plausible rule that a homogeneous linear diflfer- 
ential equation with constant ooefiS-cients of any order {x being the 
dependent, t the independent variable) can always be solved by putting 

(24) 

provided A is chosen to be one of the roots of an algebraic equation obtained 
from our differential equation. This furnishes a ^particular solution. The 
general solution is obtained by a superposition of all such particular solutions 
in the form 

(24a) 

The algebraic equation in A is obtained by substitution of (24) in (23), and 
is here of second degree, 

A2 +< 1 )^ = 0 with the roots A=±:ia). 

The general solution is therefore 

(24b) 

Constants Oi, are determined by the boundary conditions (19a): 
i=0 , Ciico-^O^wi^O: <7i==(72. 

x = a , a = (7i+(72 =20i: Ci = |- 
The final solution of the problem is, in agreement with (21), 

a; ~ a cos wt. 

We shall later (Chapter m, § 19) make extensive use of this method for 
damped, forced, coupled, etc., oscillations, provided these can be described 
by linear differential equations. The title, “ harmonic oscillations,’’ which 
we have given to this part, calls attention to the fact that the restoring 
force is linear in the coordinate, so that the resulting motion can be repre¬ 
sented by a single constant frequency co. The method fails m case the 
binding force is anharmordc, i.e., non-linear; in that event one has to 
resort to the less elegant method of the energy integral. 

6. CoLLisioisr OF Two Pabtiolfs 

Before the collision (of. Kg. 1) let the masses m and M have velocities 
Vq and Vq respectively; after the collision they proceed with velocities 
V and V. 
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Fio. 1. Collision of two masses M and m; velocities before collision and Fq, after 
collision F and v. 

No matter what the nature of the collision, whether elastic or inelastic, 
Newton’s axiom “ action=reaction ” must be valid for the forces trans¬ 
mitted between m and Jf, and also for the time integral Z of these forces. 
Therefore, according to Eq. (3), 

(26) = ~ Jf (F- Fo), 

and hence also 


(26a) mv+MV 

This equation states that the total momentum of the system is conserved. 

Let us now introduce in (25a) the coordinate of the center of mass of 
the system. 


(26b) 




m a; -|- MX , 


We obtain 


This result says that the collision has no effect on the velocity of the center 
of mass. 

Thus the center of mass of a shell fired in continues undisturbed 
in its parabolic path, even if at some point along the path the shell bursts 
into splinters each of which seems to follow an independent trajectory 
of its own. 

So far we have two unknowns, t? and F, and only one equation (26a). 
In order to find the complete solution of the collision problem a second 
relation is evidently necessary. We define an eZa^ic coUiaion as an inter¬ 
action in which the kinetic energy as well as the momentum is conserved. 
We then require 

( 26 ) = 


or 


But from (26) 
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Division of these two equations yields 

« + »0= '^^0+^. 

or 


(26a) — (Fq — t?o). 

This equation states that the relative velocity of one mass -with respect 
to the other after the collision is equal and opposite to that before the 
collision. 

The combination of Eqs. (26a) and (26a), 
mi;+F = mvo 

i;--F = “t;o + Fo 

now completely determines the velocities after the collision, 


_ m , 2 M ^ 

~+ Jkf m + Jf0 

Tr_,, 


Notice that the determinant A of this “ transformation ** from initial 
values Vo, F© to final values v, F has the absolute value 1. Por 


m-M 2M 

w + Jkfm + Jf_ AmJf _, 

m-\-M m + Jtf 

This means that if we allow the initial velocities to have a certain range 
of values, the transformed surface element in v-F space has the same area 
as the initial surface element; the transformation is a/rea-jprea&rving (of. 
Pig. 2a). This law is important in collision processes in the kinetic theory 
of gases and is related to IdouviUe’s theorem (of. Vol. V, this series). 



Fio. 2a. Velocity domaias before and 
after colUsion. The mapping is area- 
preserving. 


Fio. 2b. In the case of tv70 equal masses, 
m=M, the mapping is not only area- 
preserving, but also angle-preserving. 



1.3 


Rectilinear Motion of a Mass Point 


27 


Let us consider the case of two equal masses such as two billiard balls, 
m=Jf. Eqs. (27) become 

(27a) 

Now the transformation is not only area-preserving, but angle-preserving 
as well; of. Pig. 2b, in which the transformed rectangle is obtained from the 
initial one by interchange of its sides. In particular, if, in a central collision 
(head-on collision), in a billiard game, one ball is initially at rest, then the 
other one transmits aU its velocity to the former and thereby comes to rest 
[cf. (27a) with Fo=0]. 

If, on the other hand, one mass is very great compared to the other, 
the large mass retains practically all its original velocity after the 
collision, while the small mass follows the large one with a velocity equal 
to that of the large one minus the original relative velocity. Por with 
m<^M the Eqs. (27) can be simplified to 

(27b) = —Vo+2Fo= Fo —(Vo— 

To complete the discussion of collisions we shall briefly go into inelastic 
collisions. In atomic physics one investigates inelastic collisions colli¬ 
sions of the second kind ”), in which the colliding particle, say an electron, 
loses part of its energy in order to ‘‘ excite ’’ the atom with which it 
collides; such an excited atom has been raised from its ground state to a level 
of higher energy. Since in this type of process part of the initial energy is 
lost as far as the motion after collision is concerned, this motion can no 
longer be calculated using the formulas of elastic collisions. (Gf. problems 
I.l to 1.4.) 

We shall here limit ourselves to the “ completely inelastic collision,” 
which is often considered in engineering problems. Such a collision is 
defined by the condition 

V— F, 

i.e., after the collision both masses m and M proceed at the same velocity, 
as if rigidly coupled together. The equation of momentum, as emphasized 
earlier, retains its validity under all circumstances; it becomes 

(28) (m 4- M) V = mvo +MVq 

and alone is sufi&cient to determine the sole unknown v. We would like to 
know the energy lost in this collision, which is 

^ + M fl 

2 ^^ 2 0 2 ^ ’ 

or, after a simple elimination of v with the help of (28), 

(28a) f(««-F„)2. 
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The loss of energy equals the kinetic energy of a certain red/uced mass p, 
which moves with the original relative velocity, p is defined by 

(28b) - = therefore = 

The theorem contained in Eqs. (28a, b) was first advanced by General 
Lazarus Carnot. (General Carnot was a mathematician and the organizer of 
universal military service during the Erench Eevolution, as well as the 
father of Sadi Carnot, whose name has become famous in thermodynamics.) 

§ 4. Variable Masses 

The illustrations cited below will aid us in a critical evaluation of Newton’s 
second law. We put this law in the form (1.3), change of momentum 
equals force,” rather than in the less general one (1.3a), “mass • accelera¬ 
tion equals force.” We shall now learn how the rate of change of momentum 
is to be understood. We shall show that even in the case of variable mass 
the general form (1.3) may under certain circumstances reduce to (1.3a). 

Let us consider a familiar example: a sprinkler wagon wets the asphalt 
on a hot summer day. The power of the motor is Wely great enough 
to overcome the combined friction of the ground and wheels, of the air, and 
in the axle bearings. The vehicle therefore behaves as if under no forces. 
Let m be the mass of water in the tank at any iustant-l-the constant mass 
of the empty vehicle. Let the amount of water squirted out per unit 
time be ■—m, its exit velocity toward the rear, q as seen from the wagon, 
or V—5? as seen from the street, v being the speed of the vehicle. 

If we were to use the formula (1.3) mechanically, we would obtain 

(1) p=ji=^(wif;)=0 
from which would follow 

(la) mv=pv. 

The acceleration of the wagon would then be independent of the exit 
vdooity q. This is paradoxical, since one would expect the recoil (cf. gun) 
from the outgoing water jet to have some effect. 

Actually we have not used the correct expression for the rate of change 
of momentum meant in (1.3), for it should consist not only of the member 
taken into account in (1), but also of a term giving the momentum contained 
in the water jets. This latter is p{v — q) per unit time. Explicitly, 

mi?^, (m-{-dm)(v-{-d/v)-\-pdt{v — q) 

so that the corrected rate of change of momentum becomes 

(2) jp = |(7»v)+^(t;-g) = 0, 
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or, remembering and simplifying, 

(3) 

Prom the vie-wpoint of (L3a), the recoil of the water leaving the vdiiole 
acts as an accelerating force on the latter, just as in the reaction water wheel 
used in rotary lawn sprinklers. 

Instead of the sprinkler wagon we could have chosen as our example 
the interplanetary rocket, with which one might reach the moon. The 
rocket would be propelled by the expulsion of explosive gases. See problem 1.6. 

We generalize this result in two statements which are equivalent to 
Eqs. (2) and (3), respectively, of our illustrative example: 

Either we take the viewpoint of (1.3), where we must then add to the 
change in momentum contained in the body in question the momentum 
oonveotively given off or added per unit time. The latter is to be calculated 
in the same frame of reference as the momentum of the body under investiga¬ 
tion; the sign of m takes care of the correct sign for this term. The equation 
of motion then becomes 

(4) ^^(mv)—mv' = F, 

where v' is the convective velocity- In our case we had —and 

Or we take the viewpoint of (1.3a), in which case we must, however, 
add the recoil momentum gained or lost per unit time as a kind of external 
force. We then obtain the equation of motion in a form analogous to (3), 

(6) mv = F+mVjrt. 

Vj^ is the relative velocity of the convective momentum with respect to 
the body under observation, measured positive in the same sense as v. 
In our example we had and again —m=ft. 

Two special cases deserve our attention: 

{a) v'=0. The elements of mass gained or lost have zero velocity 
and therefore do not carry any momentum. In that case the equation 
of motion has the Newtonian form p=F. Examples: water drop, chain, 
problems 1.6 and 1.7. 

(6) v'=v or, equivalently, Vj^=0. The equation of motion has the 
form, mass • acceleration=force, in spite of the fact that the mass involved 
is variable. Example : rope hanging over the edge of a table, problem 1.8. 

In case (6) the Carnot energy loss, Eq. (3.28a), is zero; therefore the 
equation of energy applies in the usual form. In case (a) the form of the 
energy conservation law valid for a given problem is not obvious and must 
first be investigated. 
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We conclude these instructive remarks with the problem of the relativistic 
variation of mass. We shall talk specifically about the electron, even 
though equation (2.20) is of course valid not only for it, but for all 
masses. Here the variation of mass is a purely internal affair of the 
electron; there is no question of any momentum gained from or lost to 
the surroundings. As in case (u) the equation of motion is therefore p = F, 
i.e., in view of (2.20), 


( 6 ) 


d / WqV \ .p 


Let us first consider the rectilinear motion of an electron; F acts longitudi¬ 
nally, that is, in the direction of v, so that and y=v. 

We shall change Bq. (6) to the form “mass • acceleration^force,” a 
customary procedure in the early part of the century, though unnecessarily 
complicated. To this end we carry out the differentiation on the left. 


(6a) 








Now /3=«/c so that 

)5=| and hence 


Consequently Eq. (6a) becomes 


(6b) 


(, I j8« \ _ wi, 

('*’1-W (1-/? 


(1-/?*)S 


V = J 


long' 


The longiiiidinal mass multiplying the acceleration v is therefore 

If, on the other hand, F acts transversely, i.e,, normal to the trajectory, 
only the direction, not the magnitude of the velocity is altered. In that 

case is zero; (6) simply yields 

For this reason one introduced at the time a transverse mass different fi:om 
the longitudinal mass and given by 

( 8 ) 

In view of these complications we emphasize that the above distinction 
between two kinds of masses becomes unnecessary if we use only the 
rational form (6) of the equation of motion. 
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Mext 'we 'wish to de'termine 'the fontx of 'the expiation of energy in 
relativity theory. Let us therefore multiply (6) by ^=®=j8c. In the 
right member we obtain 

(9) done, or power. 

In the left member we have 


We cjan at once convince ourselves that this is a total derivative in viz., 

( 10 ) 


ad 


0 


Since (10) must be equal to (9), the rate of doing work, (10) must be the 
time rate of change of the kinetic energy T, We therefore have 

We must put the constant equal to — 1, because T, by its nature, must 
vanish as p vanishes. Hence the relMiviatio hmetic emrgy is 

In view of (2.20) we can also write this as 
(12) T = c2(m—rMo). 

In words: the difference in energy between a moving electron and one at rest 
(which is nothing but the kinetic energy or live force ”) equals the difference 
between the masses of the electron in motion and at rest, multiplied by 
c^. Thus wo have verified for the simplest case the law of the equivalence 
of mass and energy (law of the “ inertia of energy ’*). This important law 
is fundamental to the whole field of atomic weight detenninations and to 
nuclear physics and its applications to cosmology. 

For the sake of completeness we point out that for small j8, (11) can 
be expanded in a series which yields to a first approximation the elementary 
expression for T, 

y=moC*(^i8* + |iS*+ • • ■) =!^cV*(l+|i8*+ • * • ) 
as is to be expected. . . . 
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§ 5. Kinematics and Statics of a Single Mass Point 
in a Plane and in Space 

Kinematics deals “with the geometry of motions regardless of their 
physical realization. Statics^^ is concerned with forces, their composition 
and equivalence, without regard to the motions caused by them. 

(1) Plane Kinematics 

We shall begin by writing down the formulas for the decomposition 
and composition of velocity and acceleration in Cartesian coordinates. 



Fig. 3. Deoonaposition and composition of velocities in a plane; intrinsic coordinates 
8 and n. 


Velocity: 

( 1 ) 

( 2 ) 

AcoderaUon: 


(3) 


|v| = (i*+sf®)*=». 

v=(»*. «„) = (§ ={x,y)l 


(4) |T|=(i*+y®)» 

Instead of decomposing velocity and acceleration in Cartesian coordinates 
we can also decompose them in terms of the intrinsic coordinates of the 
curve described by our mass point. Let s be the length of arc, subscript s 
denoting the path direction varying from point to point along the curve. 

The name statics is actually not appropriate, for it refers only to equilibriinn, whereas 
the content of statics applies to problems of motion as well as of equiUbritun. The 
correct name would be dynamics. This term has been in historic^ usage for the 
study of motions caused by forces, and is therefore not available for the field which 
its name implies, i.e., the analysis of forces. 
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subscript n denoting the direction normal to a at any point of the curve. 
We then have 


(5) ««=±«. 

This is trivial. The decomposition of v into v^ and is, however, significant. 
If we let a be the angle between the tangent to the path and the a;-direction, 
we have 


(6) a+^^ySm a 

for the tangential acceleration, and 


(7) Vn= — sma+ Vj,oos a 

for the normal acceleration. 

Now 


cos 


a = ^=5 = &, 
da 8 V 


sm 




SO that 

(?) ®.= IKK+^v^v) = h,% (*'*+"») 




This equation states that the tangential acceleration is the change 
m magnitude of the velocity, no matter what its change in direction may be. 
Eq. (7), on the other hand, 3 delds 


(9) 


®n= 5 =5 ■ 


agy ""y a? 


^1, 

p’ 


where i is the curvature of the path.^® 

The normal acceleration therefore does not depend on the change of 
velocity, but only on the velocity itself and on the shape of the trajectory. 

An 

If, in particular, ^=0, the acceleration is normal to the velocity and hence 
to the path. 

We shall now derive the same relations in a direct, differential-geometrical 
fashion by means of the hodogra^'h^^ introduced by Hamilton. 


Cf., for example, I^aziJdin, Treatiae on Advanced Odhuluaf p. 295.— ^TnaKSLATOB. 

The name hodograph=spath writer is misleading; it should really be called velocity 
writer, or better, polar diagram of velocity. 
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Fio. 4a. Hodograph of motion in 
a plane. Velocities and are 
laid off from the pole 0 in the polar 
diagram. 



Fia. 4b. Trajectory and radiias of 
curvature of motion in a plane. 


The meaning of the hodograph becomes clear when we compare Pigs. 
4a and 4h. Pig. 4b shows the trajectory in the cry-plane. The velocities 
at two of its neighboring points, Js apart, are indicated as tangents to the 
path; their inolnded angle is Jc. The same angle Jc also occurs at the 
center of onrvatiire Jf, p being the radius of curvature, 

(10) Ja—pJe. 

The same two velocities are plotted in Pig. 4a from a common origin 0, 

with directions preserved. Consider the two neighboring vectors 01 and 

02 with as their iaoluded angle. Projection of 1 on 02 gives point 3. 

Jv=12 is decomposed into Jv^=32 and Ji;^=13. We therefore obtain, 
in agreement with (8) and (9), 



the latter by recalling (10). 


— _ — t?! __ jdv_(h 

At A dt^ 

iS _ __ ^ 

At At ”■ p’ 

Cf. problem 1.9. 


(2) The Concept of Moment in Plane Statics and Kinematics 

The moment of a vector quantity E about a given point of reference 
0 is dejSned as the vector product of the radius vector r from 0 to the point 
of application P of the vector E by the vector E itself, i.e.. 


(11) 


N=*rxE. 
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Fio. 6. Moment of an arbitrary vector quantity E about an arbitrary point 0. 

N is therefore represented by the area of the parallelogram formed by r 
and E together with the sense of rotation of r into E as indicated by an 
arrow in Pig. 6. In magnitude, 

(11a) lN| = Z|E|=r|E|sina, 

where Z is the “ lever arm ” of E about 0. If we take for E a force F, we 
obtain the moment of the force F, or torque 

(12) L=rxF. 

The moment of a force F is a fundamental concept of statics, whose discovery 
goes back to Archimedes himself. Let us denote the Cartesian components 
of F by X and P. Elementary vector algebra readily gives 

(12a) L^^xJ-yX. 

The concept of moment is of importance in kinematics and kinetics 
as well. Let mb still restrict ourselves to problems in a plane, and form 
the moment of velocity =»rxv 
the moment of aoceleration=rxv 

the moment of momentum=angular momentum=rxp=m(rxv) 
In Cartesian coordinates, with (12a) as a model, we have 

(13) rxv=ajy—yi, TXy=xy—yi. 

Between the moments of velocity and acceleration, there exists the 
relation 

(14) rxv=^(rxv). 

It derives from the fact that ^ =v and vxv=0, so that 
(14a) 5 (rxv)=rx^+vxv=rxv. 

D 
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The customary proof by means of decomposition into coordinates runs 
exactly parallel to Eq. (14a): 

(14b) ^(aiy—yi)= o^+i^—yx—yx=7^—yx. 

If in Fig. 6 one thinks of the velocity v of point P replacing the arbitrary 
vector E, with P describing an arbitrary path, one can read off another 
simple relation, now between angular momentum and the so-called orcoZ 
vdocity. Indeed the infinitesimal element of area dS swept out by the radius 
vector r with origin at 0 is equal to one half the area of the parallelogram 
rxds, so that the areal velocity 

dS 1/ 

S = 2(rxv). 

We therefore obtain the relation between areal velocity and angular 
momentum 

(16) rxp=2m^- 

(3) Elnematics in Space 

We decompose vectors along the three directions s (tangent), n (principal 
normal) and b (binormal) of the three-dimensional trajectory to obtain the 
foUowing components: 

v=(v,0,0), 

v=(»,7,0). 

p is the radius of curvature introduced in (9) or (10), now constructed so 
as to lie in the osculating plane of the trajectory. 

If we pass to the moments of velocity and acceleration, we keep 
the definitions rxv and rxv, but note that Fig. 6 must now be thought 
of as three-dimensional. In addition to magnitude and sense of rotation 
the parallelogram drawn there also h^ position m space. Because it is 
helpful in visualizing this point it has become customary to indicate the 
position by a normal to the plane of the parallelogram. By convention 
that side of the normal is chosen which points in the direction of advance 
of a right-handed screw rotated in the sense of rotation of the moment 
(from r to V or V through an angle less than tt). The vector picture of the 
moment then becomes an arrow pointing along this normal, its length 
being equal to the magnitude of the moment. In Fig. 6 one should, therefore, 
think of the moment aa directed out of and perpendicular to the plane of 
the paper. We shall postpone a thorough investigation of this procedure 
and of the difference between axial and polar vectors to Chapter IV, § 23. 
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So far we have described the moment about an arbitrarily chosen point 
of reference 0. In the following subsection we shall explain what is meant 
by the moment about a given axis. 

(4) Statics in Space; Moment of Force About a Point and About 
an Axis 

The moment of a force F about a reference point 0 is completely defined 

by 

(16) L=rxF, 

where r is the radius vector from 0 to the point of application P of F, 
(16a) r^{x,y,z) 

if 0 is taken as origin of coordinates. L can be represented as a vector 
by the rule just given for moments (rule of the right-hand screw, with 
length of vector equal to |L|). We now ask: what are the components 
of L along the coordinate axes ? We can define them as the projections of 
the moment vector on these three axes; for instance, 

(17) 4=|L|cos(L,^) 

But |L| is the area of the parallelogram having sides r and F. The right 
member of (17) is therefore at the same time the projection of the area 
of the parallelogram on the rc-y-plane. The latter has sides 

^proj~ y )» ^)> 

SO that, with the help of (17), we obtain as m (12a) 

(17a) L.^xY^yX, 

and similarly 

(17b) Ly^zX-xZ. 

The components Ly, of L can be called the moments of the force F 
about axes a;, y^ z. Of. problem I.IO. 

What has been said of the coordinate axes also applies to any arbitrary 
axis a. The moment of a force F about an axis a is defined, just as in 
(17), by taking the moment about a point 0 located on a and projecting the 
corresponding moment vector on a. Or it can be formed as in (17a, b) by 
projecting the area of the moment about 0 on a plane perpendicular to a. 
A third method consists in finding the shortest distance from the point of 
application of the force to a, which we shall call the lever arm Z. In this 
case F is decomposed into three components, F^^ parallel to a, Fj in the 
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direction of Z, and in a direction perpendicular to both a and Z. We 
then have 

(18) i^(F) = L^{F^) + L^{F,) + L^[FJ . 

The first two terms on the right must vanish; for there can arise no moment 
of force about an axis a if the force is either parallel to a or if it intersects a. 

There remains the third term which results from a force perpendicular 
to a acting with a lever arm Z. Instead of (18) we have, therefore, 

(18a) L,(F) = i^(JJ=J^*Z. 

At this point it may be weU to say a few words about the different 
notations for the products of two vectors. The following list shows that 
unfortunately these notations vary widely, both in historical and national 
usage. 


Naane of 
product 

This book 

German Ed. 

SmMTMTB'R.Tnr.T.Ti 

Gibbs 

Hbavisidb 

Italiatsts 

GBASSHAJm- 

Scalar or 
ixuier .. 

A • B 



SI SB 

SlXSB 

St|8 

Vector or 
outer.. 

AXB 

[^iB] 


VSliB 

SIA» 

SlSBorlStaJ 


Some explanatory remarks follow. The great thermodynamioist Willard 
Gibbs made a short summary of vector analysis, then still little known, 
for the use of his students. His notation is still followed (with slight 
variations) by many American and British authors. Heaviside’s notation 
for the vector product, in which F stands for vector, was thereupon generally 
abandoned. The Italian notation originated with Maroolongo. Hermann 
Grassmann, in his ‘‘ Ausdehnungslehre ” (Extension Analysis, 1844 and 
1862), had developed a logical system of calculation with segments and 
points. According to him the simplest relation between two directed 
segments a and 6, is the “ planar magnitude ” {Plangrosse), i.e., the parallelo¬ 
gram formed by a and 5, which he therefore denotes by db (though occasion¬ 
ally also by [ab] ). The vertical line in Qrassmann’s notation for the vector 
product means “ complement ” {Erganzmg), that is, denotes passing to 
the vector arrow perpendicular to the planar magnitude. 

§ d. Dynamics (Kinetics) of the Freely Moving Mass 
Point; Kepler Problem; Concept of Potential Energy 
(1) Kepler Problem with Fixed Son 

The simjdest example we can think of in connection, with ap freely 
moving mass point is, at the same time, the most important for our picture 






1.6 


Dynamics of the IVeely Moving Mass Point 


39 


of the universe, namely, the motion of the planets. It is a two-dimensional 
problem, and motion takes place in the ecliptic it* the planet in question 
is the earth. We assume the sun to be fixed in position and justify this 
by its large relative mass. 

Sun 330000, Jupiter 320, Earth 1, Moon 

We shall deal with the problem iaoluding the sun’s motion in Part 2 of this 
section. Let M be the mass of the sun, m that of the planet. The Newtonian 
attraction is 

|F| = 5 (?=gravitational constant, 

or, veotorially, 


( 1 ) 


F=~(? 


mM T 

;• 


It passes through the fixed point 0 at the center of the sun, which serves as 
origin for the radius vector r. 

It follows that rxF~0 and therefore, by the Second Law, 
rxp=0 and in view of (6.14), rxp==const. 

The angular momentum about the sun is constant, therefore also the areal 
velocity of Eq. (6.16) is constant. This is the second Kepler law: 

The radius vector from the sun to the planet sweeps over equal areas in 
equal times. 

Let the constant areal velocity multiplied by two be called the areal 
velocity constant ” O, 

( 2 ) 2f=0. 


X 
M 

Fio. 6. Polaor ooordixiatos for the Koplor problem with sun as origin; area swept out 
by the radi\3s vector. 

We now introduce the polar angle the true anomaikp'^ of the astronomers 
(cf. Fig. 6), and obtain 

True anomaly is here doihied as tho angular distance of a planet Irom its aphelion, 
as seen from the sun.—^T bansiatob. 
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so that 

(3) 




In order to derive the first Kepler law, the equation of the trajectory, 
we decompose the forces along Cartesian coordinates. After division by 
m the equation of motion becomes 


dx QM . 
_ oos^ 


(4) 


dy QM , . 

i=—;rsmf 


If we mtiltiply both sides of both equations by ^ and recall (3), we obtain 

dx <3M^^ . 

dy QM . , 

These can now be integrated. Let A and B be constants of integration. 
The result is 


( 6 ) 


«= —^sin <i^ +4 
y= 


This means that the hodograph of planetary motion is a circle, 

(5a) {i-Af + (y-3f = {^y- 

We shall return to this point in problem I.ll. Let us transfonn the left 
members of (5) into polar coordinates, 


so that 


a;=r cos y=rsm<j>, 

i=r cos sin ^= —^sin <I>+A 
y=T sin ^+r ^ cos ^cos 

We now eliminate r by multiplication of the first equation by —sin the 
second by cos and subsequent addition. We obtain 

• QM , . 



1.6 


Dynaauics of the Freely Moving Mass Point 


41 


or, recaUing (3), 

(6) sin^ + ^cos^. 


This is the equation of a conic section in polar coordinates whose origin 
coincides with one of the foci of the conic section. We therefore obtain the 
jfirst Kepler law: The planet describes an ellipse with the aun vd, om focus. 
In this connection we note that two equally possible trajectories, the 
hyperbola and the parabola, evidently do not apply to the planets, but 
only to comets. We shall not discuss them here, but refer the reader 
to problem 1.12. 

The derivation of the first Kepler law given here differs from that 
offered in most texts. The latter starts out with the equation of energy, 
which we shall now derive. We turn back to Eq. (4), where we replace 

cos ^ by -, sin ^ by - in the right members. We then multiply the first 
of Eqs. (4) by i, the second by y, add the two, and get 


I §(**+»*) 




r* di 


An integration with respect to t yields 
(7) 


The left member is the kinetic energy divided by m; the first term on the 
right is, apart from sign, the potential energy divided by m (cf. Part 3 of 
this section); E is therefore the total energy divided by m. Our Eq. (7) 
has the same form as the equation of energy of one-dimensional motion, 
(3.8). 

In order to pass from (7) to the equation of the path (6) in the simplest 
possible manner, we recall that in polar coordinates the square of the 
element of line is 


+ dy^ = dr* -f 

We therefore have 


or, in view of (3), 




If w® put «=-, this becomes 


C« 


(fa\S 
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so that ottr equation of energy (7) is transformed into 

Differentiation 'with respect to ^ gives 

Since ^ 9 ^ 0, the bracket must vanish. Thus we obtain a linear homogeneous 

09 

differential equation with constant coefBloients of second order in 5 , 

The general solution of such an equation consists of a particular solution 
of the inhomogeneous equation plus the general solution of the homogeneous 
equation. Evidently 

. . GM 

8 = constant = 

is a particular integral of the inhomogeneous equation. The general 
solution of the homogeneous equation is the sum of sin <j> and cos We 
can now take AJC and BJC as our constants of integration and finally obtain 

-^5—•gsin ^ + goos 

which is precisely the previously obtained Eq. (6). 



Fio. 7. Kepler ellipse with major and minor axes; perihelion, aphelion, eccentricity. 

We shall now specialize this equation in such a way that the line ^=0, 
which starts out from one focus, passes through the other focus as well, 
i.e., that it forms, together with the line ^=7r, the major axis of the ellipse 
(cf. Pig. 7). On this axis are located the points P, “ perihelion ” (closest 
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to the stin) and A, “ aphelion ” (farthest from the sun), at which r must 
be a mininnum and a maximum respectively. We therefore impose the 
condition 


1=0 for ^={2 

which, from (6), requires ^=0. 

If, in addition, € is the eccentricity of the ellipse. Fig. 7 shows that at 
perihelion, r=SP=:a (1—e), ^==7r, 
aphelion, r^jSA = a (1+c), ^=0. 

According to (6) we then have at 

V 1 OM B 

perihelion, q% g’ 

aphelion, = ^+g • 


From these we obtain by addition and subtraction 


GM I B 

0“ a(l-Vj 


respectively. 

We shall fiLnally express the areal velocity constant C in terms of the 
period T, From (2) we immediately obtain 

0 = ^ with S^7rdb==: 7ra®(l—e®)* 


as the total area swept out by the radius vector. It follows that 
(9) = 


If we introduce this in the first of Eqs. (8), we have 


( 10 ) 


r* 


47r* 

''QM' 


Since G and M are the same for all planetary trajectories, (10) is the 
expression of the third Kepler law: the squares of the periodic times 
are proportional to the cubes of the major axes. 

Kepler greeted the discovery of this law with the enthusiastic statement^®: 
“ Finally I have brought to light and verified beyond all my hopes and 

Harmonice mundi, 1619. The two first Kepler laws hod been, published in the 
Astronomia Nova, 1609, 
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expectations that the whole Nature of Harmonies permeates to the fullest 
extent, and in all its details, the motion of the heavenly bodies; not, it is 
true, in the manner in which I had earlier thought, but in a totally different, 
altogether complete way.” 

Actually the third Kepler law in the form (10) is not yet quite 
exact. It is valid only as long as one can neglect the planetary mass m 
in comparison with the mass M of the sun. We shall now drop this assmnp- 
tion, thereby passing to the two-body problem proper of astronomy. This 
problem is not significantly more difSicult than the one-body problem 
treated so far. 


(2) Kepler Problem Including Motion of the Sun 

Let cci, be the coordinates of the sun 8 ; a? 2 > y% those of the planet P. 
According to Newton’s third law the force on 8 must be equal and 
opposite to that on P, so that the complete equations of motion are 


. for the sun, 

d^Xy mMO j 
M ^=-7r-cos^; 


for the planet, 




mUQ 




nr mMO . , 

^ W ==.-75-8111 




mMO 


sin 


We now introduce the relative position coordinates 
(lia) Xi—x^=x, yi-yi=y, 

and furthemore the center of mass coordinates 


(11b) 





Pig. 8. Kepler problem with motion of sun taken into account. 
Subtraction of the equations of motion gives 


(12) 


dt^^ 

d*y 


(M+m)0 , 

- —;r^oos 


(M + m)0 


sin^; 
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vhereaa addition yields 

(13) ^=0, 




= 0 . 


Comparison of (12) with the earlier Eqs. (4) shows at once that the 
first two laws of Kepler remain intact, i.e., are valid for the relative motion 
as well. The third law takes the form 


(14) 


T* 47r* 


The ratio T^ja^ is therefore no longer a universal constant, but in principle 
is somewhat diflferent for every planet. Because of the preponderance of 
the sun’s mass the deviations from (10) are, however, exceedingly slight. 

Eqs. (13) farther show that the mass center of sun and planet moves 
with constant velocity. If we do our calculations in terms of a coordinate 
system in which the mass center is fixed at the origin, this velocity must 
be put equal to 0; the same applies to the coordinates rj of the center 
of mass themselves. 

Eqs. (11b) are simplified accordingly. With their help and that of 
Eqs. (11a) the coordinates of the sun and the coordinates a? 2 , y^ of 
the planet can now be expressed separately in terms of the relative position 
coordinates x, y: 

*1, vi — y)> 

M , V 


It follows that in the center of mass system the trajectories of the sun and 
planet are also ellipses; that of the planet is almost identical to the ellipse 
considered in Part 1 of this section. That of the sun is a very dwarfed 
ellipse, traversed in the same sense, but out of phase with the planet’s 
trajectory. 

If we change the law of gravitation to 
(16) F=kr^ • n arbitrary, 


the second Kepler law will hold unchanged; the trajectories, however, 
become transcendental curves which are, in general, not closed. It is 
only in the case 7i== 1 that we obtain ellipses just as in the case of gravitation, 
71=-2. (Of. problem 1.13). 


(3) When Does a Force Field Have a Potential? 

In one-dimensional motion we were able to define a potential energy 
V connected with a force X without any difificulty—see Eq. (3.7). M 
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mentioned at that time, this is possible for two- or three-dimensional 
motions only if certain conditions are met. If Z, T, Z are the Cartesian 
components of the force F the definition of potential energy for the three- 
dimensional case analogous to (3.7) would be 

ayz 

(16) 7- j (Xdx+Tdy+Zdz). 

K 7 is to be a quantity independent of the path of integration and dependent 
only on its endpoint (the choice of the initial point merely gives rise to an 
additive constant which remains arbitrary in any case), the expression 

Z dx+ T dy+Z dz 

must be a perfect differential] i.e., Z, 7, Z must be the derivatives with 
respect to x, y, z of a “ field function.’’ In our case the function is just 
— 7, and we say that F is ‘‘derivable firom the potential 7.” The well- 
known conditions for this are that 

Q7X 

^ dx dy ^ dy dz ^ dz dx^ 

It is only if these conditions are fulfilled that a field function V{x, y, z) can 
be defined for each point x,y,z; 7 is called the potential energy or simply 
the potential. 

In the two-dimensional case, where Z^O and Z, 7 are independent 
of z, the three Eqs. (17) are reduced to the first one of these. 

Vector analysis (which has been relegated to Vol. II of this series since we 
need only vector algebra in this volume) shows that the conditions (17) 
have an invariant meaning, i.e. are independent of the choice of coordinates. 
In Vol. H these conditions will be summarized in the vector equation, curl 
F=0 (this is often expressed by saying that the vector field F is irrotaiioncd). 

Evidently one can without diflGlculty write down expressions for Z, 7, 
Z in terms of x, y, z which do not satisfy conditions (17). On the other 
hand we see that these conditions are satisfied for the gravitational field 

Z= 7=0, Z= ^mg 

and lead to 

V=^mgz, 

The same is true of the general gravitational fields based on Newton’s 
law and the mathematically similar fields of electrostatics and magnetostatics. 
^ a matter of fact fields that are irrotational and simultaneously time- 
independent ( potential fidds ”) occupy a unique position in nature. 
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They will play a special role in the general developmeats of Chapters VI 
and Vin. 

A mechanical system in which only forces deriyable from, potentials 
act is called a amaervative system because its energy is csonserved; other¬ 
wise we speak of non-conseryative or iiasijpative systems. 
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MECHANICS OF SYSTEMS, PRINCIPLE OF 
VIRTUAL WORK, AND D’ALEMBERT’S PRINCIPLE 

§ 7. Degrees of Freedom and Virtual Displacements 
of a Mechanical System; Holonomic and 
Non-holonomic Constraints 

The single mass point has one degree of freedom if its motion is restricted 
to a straight line or a curve, two degrees of freedom if it is made to move 
in a plane or on a curved surface; the mass point moving freely in space 
has three degrees of freedom. 

Two mass points connected by a weightless, rigid rod have five degrees 
of freedom; for the first point can be regarded as freely moving, in which 
case the second is restricted to the surface of a sphere described about 
the first, its radius equal to the length of the rod. 

The number of degrees of freedom for n mass points which are coupled 
by r relations between their coordinates is 

( 1 ) f^Zn—r, 

If there is an infinity of mass points connected by infinitely many conditions 
such an enumeration is of course not feasible. The procedure to be used 
in that case will now be shown, the rigid body serving as example. 

(a) Freely Moving Rigid Body 

We single out a point of the rigid body. It has three degrees of freedom. 
A second point, at a constant distance from the first (definition of “rigid”I), 
can move only on a spherical surface about the first point as center. This 
gives two more degrees of freedom. Finally a third point can describe a 
circle about the axis connecting the first two points, thus contributing 
one more degree of freedom. Once the motions of these three points have 
been specified, the paths of all other points of the rigid body are uniquely 
determined. It follows that 


/=3+2+l=6. 

(6) Top on a Plane Surface 

We assume that the bottom of the spinning top terminates in a point, 
^d tahe this as the fbrat point of our enumerationj it has two degrees of 

48 
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fieedom. A second point can move on a hemisphere about the first, and 
a third one on a circle about a line connecting the first two. Thus 

/=2+2-f-l-6. 

(c) Top with Fixed Point 

Now the two degrees of freedom of the first point are lost, so that 

/=2+1-3. 

(d) Rigid Body with Fixed Axis—Pefnduhim 

Here 

/= 1 . 

If the center of mass of the body does not lie on the axis we speak of a 
physical or compound pendAiVum, From this we obtain a mathematical 
or simple pendulum if the body shrinks to a point. The spherical pendidtm 
— a mass point restricted in its motion to the surface of a sphere — has 

/= 2 . 

(e) Infinitdy Many Degrees of Freedom 

For a deformable solid body or a liquid 

/-oo. 

In that case the equations of motion become partial differential equations. 
By contrast a system with a finite number of degrees of freedom n is deter¬ 
mined by an equal number n of ordinary differential equations of second 
order. 

(/) MacMne with One Degree of Freedom 

Such a machine consists of a series of nearly rigid bodies coupled to each 
other either by links or by means of guides of various types. The classical 
example of such a machine is the drive mechanism of a piston engine 
(Fig. 9). If the machine is provided with a centrifugal governor (also 
called Watt governor because it was first proposed by the inventor of 
the steam engine), it acquires a second degree of freedom. 

In the aforementioned examples the number of degrees of freedom 
equals the number of independent coordinates which are necessary to 
determine the position of the system. The coordinates need not bo Carte¬ 
sian. In case of the drive mechanism we can equally well specify either 
the coordinate x determining the position of the piston or the angle ^ giving 
the position of the crank pin on the shaft. In general we shall call the 
independent coordinates of a system of / degrees of freedom 

( 2 ) 


(r2 • •. «/• 
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They can, mthin certain limits, be chosen arbitrarily. The t conditions 
among the coordinates referred to in Eq. (1) can be satisfied identically 
by suitable choice of the so that they drop out of the subsequent treatment 
of our S 3 rHtem. 

The mechanics of Hertz mentioned on p. 5 has the important merit 
of having called attention to aynditiom of differential form, to v^hioh the 
foregoing cannot be applied. Such a condition can be written as 

(3) 

Here we assume that the do not all have the form |£, so that (3) is not 

the total diflferential of some function ^ (^i.. . sy), and we assume, more¬ 
over, that it cannot be converted into a total differential by means of an 
integrating factor. 

In agreement with Hertz we shall call conditions of the form ...?/) 
— const. holoTumic (halos in QreelL= integer in Latin* whole=integrable); 
conditions of the form ( 3 ) which cannot formally be integrated will be 
called non-hoUmomic.^ The simplest example of a non-holonomic condi¬ 
tion is famished by a sharp-edged wheel rolling on a horizontal plane, 
cf. problem II. 1 (the sleigh and the flexible coupling mechanism of a bicycle 
also belong in this category). Such a wheel is restricted to move always in 
the direction it may have at any given instant. Nevertheless it is able 
to reach all points of its supportmg plane, even if at times only by pivoting 
about its sharp point of contact. It therefore possesses more degrees of 
freedom in flnite than in infinitesimal motion. In general, if a system 
svbject to r 7im-h>h7homic amditions has f degrees of freedom in finite motion, 
it has only f—r degrees of freedom in infinitesimal motion. Tito point will 
be investigated in problem II.l. 

The foregoing distinction is important for the concept of virtual dis¬ 
placements. A virtual disjfiacemeni is an arbitrary, instantaneous, infini¬ 
tesimal change of the ^position of the system compatible with the conditions 
of constraint. Whereas we shall denote real displacements due to given 
forces under given conditions by 

... dqj, 

the symbols 

82 i, Sgrj... 82 / 

■win be 'osed 'to denote Tiitual displacements. The 82 ha've nothing to do 

1 A. Voss made a general study of such conditions in 1884, long before Hertz; cf. 
Math. Arm. 25. 
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with the actual motion. They ai-e introduced, so to speak, as test quantities, 
whose fimction it is to make the system reveal something about its internal 
connections and about the forces acting on it. 

For purely holonomic constraints the 8q are independent of each other, 
one 8q corresponding to each degree of freedom. A larger number of 8q 
must be introduced for non-holonozmc constraints ; in that case the Sq 
are related by differential conditions of the form (3), or, for virtual dis¬ 
placements, 

(4) 2-Fs(?i...ff/)8grft=0. 

Here / is the number of degrees of freedom for fraite motion. As previously 
emphasized, this number is greater than that for infinitesimal motion. 

§ 8. The Principle of Virtual Work 

liCt US consider a mechanical system in equilibrium under applied forces. 
The forces may have any desired direction, may act on various parts of the 
system, and need not have the positions required for the equilibrium of a 
simple rigid body. Whether the forces lead to the equilibrium of the system 
under investigation depends as much on the system as on the forces. 



In the spirit of elementary particle mechanics we would ask for the 
reactions which are exerted by one part of the system on another due to 
the applied forces. This procedure would, for instance, be used by a 
mechanical engineer in the analysis of the crank mechanism (Fig. 9). The 
steam pressure P acting on the piston is transmitted by the piston rod to 
the crosshead jST, whence it is passed on as longitudinal compression to the 
connecting rod of length 1. The connecting rod acts on the crank pin Z 
with a thrust which has the direction of the rod. In order that the system 
be in equilibrium only that part XJ of the thrust which is perpendicular 
to the crank, therefore tangential to the crank circle, need be opposed by 
an equal applied force. The component in the direction of “fee crank, 

E 
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i.e., toward the center of the crank shaft, is absorbed by the rigidly fixed 
shaft bearing, 0. It only puts a stress on the bearing and is irrelevant 
to the question of the equilibrium of the system. 

It is therefore the reactions within the system which make equilibrium 
possible. To investigate them individually is possible in simple cases, 
but tedious in general. We can, however, assert without knowing them 
in detail that they do no work on the system. In our case the guide pressure 
at the guide rails is perpendicular to the motion of the crosshead, and that 
part of the force acting on the crank pin which is transmitted to the crank 
shaft acts through the fixed point 0 of the crank shaft bearing. We 
establish this assertion in the general case by giving the system a tentative 
virtual displacement from its position of equilibrium. The “ virtual work ’* 
of the reactions in such a displacement is found to be zero. 

Let us verify the principle in detail on the simple rigid body. We 
must imagine that every point i is related to every point h of the body by 
means of reactions Rj^ and acting on i and k respectively. If we 
single out two such points, we have the system of two mass points mentioned 
at the beginning of § 7, the two masses being connected by a weightless, 
rigid rod. The reactions acting in this rod must satisfy Newton’s third law, 

( 1 ) 

Just as m § 7, in the enumeration of the degrees of freedom, we shall now 
decompose the virtual displacement into a translation Ss^ common to both 
points and a rotation 8s^ of point k about the already displaced point f, 
this rotation being a motion normal to the rod. Then 

8Sfc=8s<+88„ 

Sor the virtual work of translation we therefore obtain, in view of (1), 


8s<=0; 


for that of rotation, for which i remains fixed and k is displaced normal 
to the rod. 


88 ^= 0 . 

This example illustrates that Newton’s law of action and reaction is the 
salient point in the transition from particle mechanics to the mechanics 
of systems. 

We shall now expand what we have learned with the help of the fore¬ 
going examples into a general postulate: in any mechanical system the 
virtual work of the reactions equals zero. Rar be it from us to want to give 



II.8 


The Principle of Virtual Work 


63 


a general proof of this postulate.® Rather we regard it practically as 
definition of a “ naeohanioal system.” 

It is now only a small step to the general formulation of the principle 
of virtual work. We argue as follows: every physically given force acting on a 
system in equilibrium is in equilibrium with the reactions induced at its 
point of application; the work done by such an applied force plus that done 
by its reactions in any virtual displacement of the point of application is 
therefore zero. The same is true of the sum of aU applied forces and the 
sum of all the reactions induced by them. Now the reactions, taken by 
themselves, do no virtual work (by the previous paragraph). Therefore 
the virtual work done by the applied forces keeping a system in eguilibrium 
must equal zero as well. The tedious investigation of the reactions is thereby 
eliminated. 

This is the principle of virtual work, often called Prinzip der virtuellen 
Verruckungen oder Verschiebungen (principle of virtual displacements) in 
the Gfermian literature. This name is not as fortunate as the one used in 
English-speaking countries, which was taken over from the IteMaxi principio 
dei lavori virtualL The term, principle of virtual velocities, which is often 
used in the mathematical literature and was first proposed by Jean Bernoulli, 
seems unsuited to us. 

Historically the principle was already sketched by Galileo. It was 
farther developed by Stevin, Jacques and Jean Bernoulli and d’Alembert. 
It achieved its dominating position as the most general equilibrium principle 
only with the “ M6canique analytique ” of Lagrange. 

Whether the constraints of the system are of the holonomic or the 
non-holonomic variety affects the application of the principle of virtual 
work but little. Indeed, a condition of the form (7.4) can be introduced 
in the expression for the virtual work by elimmation of one of the 8g, regard¬ 
less of whether this condition is integrable or not. 

Instead of forces of reaction we can use the more descriptive term, 
forces of geometric origin. For they are given by the geometric relations 
between the various parts of the system, or, as in the case of the rigid body, 
between its individual mass points. 

Antonymous to forces of geometric origin are the “ forces of physical 
origm ” or applied forces. The commonly used term external forces ” 
is less clear and will not be used here in this sense. Applied forces are 
caused by physical effects, such as gravity, steam pressure, cable tensions 
acting on the system from the outside, etc. They betray their physical 
origin by the fact that their mathematical expressions contain specific 

* Lagrange attempts this in the introduction of his Mioarngue AnaJ/ytigus (of. p. 1) 
by means of certain blooh and tackle oonstruotions. 
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constants (gravitational constant, readings of the scale of a manometer or 
barometer, etc.) which can be determined only experimentally. In § 14 
we shall talk about the force of friction, which must sometimes be coimted 
among the forces of reaction, sometimes among the applied forces. It is a 
force of reaction if it occurs as static friction; an applied force if it occurs 
as sliding or kinetic friction. Static friction is automatically eliminated 
by the principle of virtual work; kinetic friction must be introduced as an 
applied force. An external indication of this is the occurrence of the 
experimental constant /a in the law of sliding friction (14.4). 

§ 9. Illustrations of the Principle of Virtual Work 

(1) The Lever (Archimedes) 

The lever possesses one degree of freedom, /=1, therefore only one 
displacement Sq which corresponds to the virtual angular displacement 8^. 

Equilibrium exists if, and only if, the virtual work done in a rotation 
8<l> of the lever is zero. Let 8a^, 8$^ be the virtual displacements of the 
points of application P and Q of the forces A and B respectively. We then 
demand that 

A 8sj^ -f-*® 

But from Fig. 10a 85^=—6 8^. Therefore 

{Aa-Bb) 8^=0 

and consequently 

Aa—Bb. 

The moments of the forces about the fulcrum 0 are equal, i.e., their 
algebraic sum is zero. 



Eia. 10a. hever -with arms o and 6 under 10b. Lever under obUque load, 

verfacal loads 4 and S, showing the reaction of the fulcrum 

on the li^eaaii. 
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If, as in Pig. 10b, the force A is not perpendicular to the lever ann, 
we can decompose it into a component in the direction of the arm, 
and A 2 perpendicular to it. With point 0 fixed, A^ has no effect, so that 
we have 

A^a=\B\b. 

In order to obtain the load at 0, we must introduce an opposing force 
acting on the arm; in Pig. 10a it is directed vertically upward and has 
magnitude Q=.4+J5; the load on the fulcrum is equal and opposite to this 
force Q. In the case of Pig. 10b we have the vector equation 0—A+B; 
here, too, the force on 0 is the opposite (i.e., “ equilibrant ”) of 0* Icl 
posing these questions, we actually transgress the limits of the principle 
of virtual work. The fixed position of the pivot 0 is characteristic of the 
mechanical system of the lever. Its virtual displacement, and the virtual 
work done on it, are therefore zero. In order to obtain C or 0 by means 
of our principle we should have to consider an altogether different mechanical 
system: we should have to provide O with two degrees of freedom and ask 
for the condition of equilibrium when we add a virtual translation of the 
whole lever parallel to itself to the rotation so far considered. 

(2) Inverse of the Lever: Cyclist, Bridge 

Consider the bicycle of Pig. 11a. The earth opposes the weight in the 
two points jB (rear wheel) and F (front wheel). The rear wheel is exposed 
to the greater pressure, since the weight Q of bicycle and rider lies closer 
to jB than to F, Accordingly a cyclist pumps his rear wheel to a higher 



Fig. 11a. Distribution of weight on 
front and rear wheels of a bicycle with 
rider. 



Fiq. lib. Distribution of load on 
the two supports of a sohematio 
bridge. 


pressure than his front wheel. The load on the rear wheel is 
that on the front wheel, B==—^0- 

G "T" 0 

The same situation obtains with a bridge loaded off center (Pig. 11b). 
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(3) The Block and Tackle (also known to the Greeks) 

Let n be the number of pulleys at both the upper and the lower end of 
the tackle. Q is the load to be lifted, P the force required at the loose end 
of the rope. In a virtual displacement of the system let 

P move a distance Sp, 

Q move a distance Sq, 

the positive direction of motion being indicated by the arrows of Fig. 12. 
Equilibrium exists if 

( 1 ) F8p-Q8q^0, 

If now Q is lifted an amount 8q, the 2n rope lengths between the upper 
and lower pulleys are shortened by each, the total shortening therefore 
being 2nSq. The loosely hanging rope at P must lengthen by precisely the 
same amount. Thus 


8p^2fn,8q 

and, in view of (1), 

(Q^2nP) 8g-0. 

We then obtain 


( 2 ) 


P=:^- 

2n 


We have here treated the block and tackle 
as an “ ideal ” mechanical system, i,e., we 
have neglected the friction between ropes 
and pulleys and the friction in the pulley 
bearings. 

This simple example can of course also 
be treated by the elementary method of rope 
tension, which in this case affords perhaps a 
more concrete picture of the interplay of 
forces. 

Let 8 be the tension m the rope, taken 
over its total cross-section. If we neglect 
all frictional effects, the tension must be the 
same at every point of the rope; no matter 
where the rope is out, one encounters the same tension S, which in 
both severed ends acts away from the point of severance. Let us out 
the rope once on the left side, above P. The severed piece, in which P 



Fig. 12. Block and tackle. 
Yirtual displacements of load 
and force. 
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acts downward and 8 upward, gives 

P=)8f. 

Next we cut all the ropes in the right part of the figure, thereby exposing 
2n cross-sections on each side of the cut. The equilibrium of the forces 
actiag on the severed lower right part demands 

Q=2n8. 

We therefore have again 



In addition, a consideration of the upper part of the system yields the loading 
of the beam from which the block is suspended. Evidently it amounts to 

P+Q- 

(4) The Drive Mechanism of a Piston Engine 

As in Fig. 9, P is the total force due to the steam pressure exerted on the 
piston, so that the virtual work done on the piston is PBx, Let Q be the 
equilibrant of the peripheral force U on the crank, i.e., the force causing 
P to be in equilibrium. The virtual work done by Q is — Q r 8^. Our 
principle requires 

(3) erS^=P8a;, <3=P-^- 

The calculation of Q therefore reduces to the purely kinematic task 
of determining the relation between Bx and 8^. 

According to Fig. 9 (projection on the aj-direction), 

(4) r cos ^+l cos const—a?. 


so that, differentiating, 

(4a) r sin ^ 8^+? sin ^ 80= 8a:. 

The triangle OZE gives 



If we introduce this in (4a), we obtain 
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This relation fnnuBhes the Idnematio quantity-^^^. Substitution in (3) 
now gives 

Thus the peripheral force J7 = Q transmitted by the crank pin Z is determined 
for every crank position Its precise knowledge is essential for an evalua¬ 
tion of the amount of cyclic fluctuation of the machine, and hence for the 
determination of the flywheel required. Since rjl is a small proper fraction, 
(6) can be expanded into a rapidly converging series in r/Z. Of. also problem 

n.2. 

Finally, for the sake of a later application we shall calculate the piston 
position a; as a power series in r/Z. According to (4) and (4b) we have 

(6) x+r ^cos ^ ^ j sin® ^ =const. 

(5) Moment of a Force About an Axis and Work in a Virtual Rotation 

Let a point P be at a distance I from an axis a. Let a force F of arbitrary 
direction act at P. In a virtual rotation 8^ about the axis a, P is displaced by 


88p—l8<f>. 

What is the work SPT done by F in this displacement ? 

We decompose F into the mutually perpendicular components Pj, 
just as for Eq. (6.18). The work done depends only on for 


8 W=P^ P^Z B<l>. 


A comparison with (6.18a) will allow us to make a general statement: 

The momeM of a force ahovi an axis can be regarded as the virtual work 
of the force in a rotation of its point of application about the axis, divided 
by 8<f>, 

The concept of moment, basic to statics, is thereby brought into relation 
with the concept of virtual work basic to all questions of equilibrium. 

Let us remark in this connection that the dimensions of moment (force* 
lever arm) are the same as those of work (force • distance). This is in agree¬ 
ment with (7) if, as is customary, we regard the angle meajsui:^ in radians 
as dimensionless, 
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§ 10. D*Alemberfs Principle ; Introduction of 
Inertial Forces 

As we have seen, all bodies have the tendency to remain in a state of 
rest or of uniform rectilinear motion. We can think of this tendency as a 
resistance to changes in the motion, an inertial resistance, or, for brevity, 
as an inertial force. The definition of inertial force F* for the single mass 
point is therefore 

(1) F*s-p 

and the fundamental law p=F takes on the form 

(2) F*+F=0. 

The inertial force is in vectorial equilibrium with the applied force. 

While F is a force given by the physical situation, F* is a fictitious 
force. We introduce it in order to reduce problems of motion to problems 
involving equilibrium, a procedure that is often convenient. 

Inertial forces are familiar to us from everyday life. When we set the 
heavy revolving door of an hotel in motion, it is not the force of gravity 
or friction, but the inertia of the door that has to be overcome. A similar 
example is that of the sliding doors of street cars and trolleys.® On the 
forward platform the door opens in the direction of travel, ^^en the car 
brakes, the door tends to move forward and can therefore be opened easily. 
When the oar accelerates after a stop, the open door seeks to retain its 
position of rest; it therefore tends to move to the rear and can be closed 
without effort. It is easier to got on and off at the front platform than 
at the rear, where the door opens in the reverse manner. 

The best-known form of an inertial force is the ceTvtrifugal force, which 
is noticeable in any curved motion. It, too, is a fictitious force. It 
corresponds to the acceleration v^ normal to the curve, which is a cenlripelal 
acceleration, i.e., directed toward the center of curvature. According to 
(6.9) the centrifugal force is given by 

(3) |C|=mI-v„|=m^. 

where the minus sign refers to the outward direction. 

The Coriolis force (cf. § 28) and the various gyroscopic effects (cf. § 27) 
also come under the heading of inertial forces. 

Incidentally the operation of railroads furnishes a very vivid example 
of the fact that the fictitious ” centrifugal force has a very real existence. 

* Tho translator does not guarantee that the following is applicable to trolleys in the 
United States. It applies at least in part to the streetcars of San Francisco, which 
belong, however, to a breed rapidly approaching extinction, 
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On a crurve the rail bed is banked in such a way that the outer rail is higher 
than the inner. The difference in height is always such that for some 
mean velocity of the train the resultant of gravity and centrifugal force is 
perpendicular to the rail bed. This procedure eliminates not only the 
danger of overturning about the outer rail, but also a harmful unequal 
loading of the rails. 

Strangely enough, the great Heinrich Hertz raises objections to 
the introduction of the centrifugal force in the unusually beautiful and 
beautifully written introduction to his “ Mechanics ” (Collected Works, 
Vol. Ill, p. 6): 

We swing a stone attached to a string in a circle; we thereby con¬ 
sciously exert a force on the stone; this force constantly deviates the 
stone from a straight path, and if we alter this force, the mass of the stone 
or the length of the string, we discover that indeed the motion of the stone 
occurs at all times in agreement with Newton’s second law. Now the 
third law demands a force opposing that which is exerted by our hand on 
the stone. If we ask for this force, we obtain the answer feimiliar to every¬ 
body, that the stone reacts on the hand by virtue of the centrifugal force, 
and that this centrifugal force is indeed equal and opposite to the force 
exerted by us on the stone. Is this mode of expression admissible 1 Is 
that which we now call centrifugal force anything but the inertia of the 
stone ? ” 

We answer this question with a flat no; indeed the centrifugal force, 
by virtue of our definition (3), is identical to the inertia of the stone. But 
the force opposing that which we exert on the stone, i.e., really on the 
string, is the pull which the string exerts on our hand. Hertz further remarks 
that “ we are forced to the conclusion that the olassiflcation of the centri¬ 
fugal force as a force is not suitable; its name, just like that of live force, 
is to be regarded as a heritage passed down from former times; and from 
the point of view of usefulness the retention of this name is easier to excuse 
than to justify.” In regard to this we would like to say that the name 
centrifugal force needs no justification, for it rests, like the more general 
term, inertial force, on a clear definition. 

Incidentally, it is precisely this alleged lack of clarity of the force concept 
which induced Hertz, in an interesting but not very fruitful attempt, to 
construct his mechanics entirely without the notion of force (cf. § 1, p. 6). 

We now come to the achievement of d’Alembert (mathematician, 
philosopher, astronomer, physicist, encyclopedist; “Traitd de Dynamique,” 
1768). 

If a mass point A;, part of an arbitrary mechanical system, is acted on 
by an applied force F, Eq. (2) must be changed to read 
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i 

Here is the reaction which the mass point i connected with k exerts 
on k. According to our general postulate of p. 52, the taken together, 
do no work in an arbitrary virtual displacement compatible with the (here 
internal) constraints. It follows that the virtual work of the sum of all the 
F*+F is zero as well, 

( 6 ) 2(V+Fife)-88;fc=0. 

k 

Recalling now the principle of virtual work, we can express Eq. (5) by 
saying that the inertial forces of a system are in equilibrivm with the forces 
allied to the system, A knowledge of the reactions is not required. 

This is d^Alembert^s principle in its simplest and most natural form. 
In order to obtain another interesting formulation of the principle, let us 
look at the quantity 

It is that part of the force Fjj. that cannot be converted into motion of the 
point h. We can call this part the ‘*lost force’’ and can therefore re-frame 

(5) by stating that the lost forces of a system cure in equilibrium. 

A formulation of d’Alembert’s principle widely used in textbooks is 
that expressed in Cartesian coordinates. We call the components of Fj^., 
those of Ssjjj, Syj^f hzy,. Furthermore, we stipulate that 
the masses involved are constant; for a system consisting of n mass 
points we can then replace (5) by 

n 

(6) 2 OTfc2fc)8zj}=0. 

It is here required that the hzp, be compatible with the constraints 

of the system. Let us at once consider the general case of non-holonomio 
constraints. There relations of type (7.4) exist; if we replace the 
general coordinates q of (7.4) by Cartesian coordinates, these relations 
become 

(6a) 2 .. . zJSz^]=0. 

1 

If/is the niimber of degrees of freedom for mfioitesimal motion, there must 
be 3n—/ such relations for the 8®, 8z (of. p. 60). In the oase of holonomic 
constraints the Gp,, Hfi are deriratives of one and the same fonotion 
■with respect to x^, y^, z^. 
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Let the reader be warned emphatically not to look for the true content 
of d’Alembert’s principle in the clumsy formulation (6), (6a). Equation (6) 
or the statement of equilibrium equivalent to it is not only more readily 
useful, but also, by virtue of its invariant form, more natural. 

§ 11. Application of d^Alemberfs Principle to the 
Simplest Problems 

(1) Rotation of a Rigid Body About a Fixed Axis 

Here we are dealing with a single degree of fi^dom, viz., the angle 
of rotation We let ^=a) be the angular velocity, the angular 

acceleration. For the present we are not interested in the axle bearings. 

We suppose that arbitrary applied forces F act on the body. According 
to § 9, Eq. (7), their virtual work is given by the sum of their moments 
about the axis of rotation, i.e., by 

( 1 ) = 

where is the sum of the moments of the F about the axis of rotation a. 
We also wish to know the work done by the inertial forces F*. For this 
purpose we subdivide the body into mass elements dm. In view of (10.3) the 
inertial force acting on dm directed normal to the path is the centrifugal 

force dm —=dmwv. (In circular motion the radius of curvature /> is of 

course equal to the distance r from the rotation axis, the velocity v of each 
element of mass therefore becomes rcu, and its acceleration v along the path 
is r-ci). But the centrifugal force does no work. Along the path direction, 
on the other hand, the inertial force is 

—dm —dm rci. 

The total virtual work of the inertial forces is therefore 

(2) 8^ = —J f® —8^ci J, 

where 

(3) 1= ji^dm 

is the moment of inertia of the body. The dimensions of I are JfL®, therefore 
g cm® in the absolute system, g cm sec® in the gravitational system. 

By virtue of (1) and (2) d’Alembert’s principle takes the form 


8t^(L^-J<i)=0 
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so that we obtain the basic equation of rotational motion 

( 4 ) 

Let us compare this equation with the basic equation of translational 
motion of one degree of freedom, say in the aj-direction, 

We see that in rotational motion I takes the place of m. 

The same substitution holds in the expression for the kinetic energy. 
The kinetic energy of rotation of a rigid body is 

( 6 ) = 

and therefore corresponds exactly to the elementary expression of particle 
mechanics, 

(6a) 

In the case of a rigid body with fixed axis, I is time-independent; in 
mechanisms with flexible joints and in living beings it is, however, variable 
in a characteristic manner. In § 13 we shall see that all athletic activities, 
in particular apparatus gymnastics, are based primarily on the ability of 
the human body to change its moment of inertia. 

An investigation of the manner in which the moment of inertia of a 
rigid body depends on the position of the axis of rotation will be deferred 
to § 22. 

Finally we shall turn to the connection of the kinetic energy with the 
basic equation of motion. Just as, in the case of constant mass, we can 
obtain the equation of motion mx=Fg, from the law of kinetic energy in 
particle mechanics, i.e., 

f = ^ mth 

we obtain, in the case of constant J, the equation of motion (4) for rotation. 
We need merely make use of (6) in 

f dW=L^d4> [Eq. (9.7)]. 

The moment of inertia occurs also in the expression for the moment of 
mommtvm or angvlar momentum of the rotating body. If we let M be the 
angular momentum of the body, we evidently have 

M==^dmvr==a)^dmr'^^o)I. 


( 6 ) 
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(2) Coupling of Rotational and Translational Motion 

Think of the coal basket in a mine, or of an elerator. The cable carrying 
the elevator is wornid around a drum and driven by a force P. Let r be 
the drum radius. The tw^o vhrtual displacements that take place (cf. 
13) are related by 

(7) 8«=r8^. 

d’Alembert’s principle requires 

(7a) (-Q-Jlf*)8s+(rP-Jti)8^=0. 

It is convenient to “ reduce ” the mass of the 
drum, so to speak, to the periphery of the drum, 
i.e., to replace I by a “ reduced mass ” defined by 

( 8 ) 

By virtue of (7), Eq. (7a) can then be rewritten in 
the form 

(P— Q—Mz 8z=0. 

Since r<a=z, roi’=‘Z, we then obtain the equation of motion 

(9) {M+M^z=P-Q. 

The inertia of the drum therefore adds a term to the mass of the 
elevator. 

(3) Sphere Rolling on Inclined Plane 

Here again we are dealing with the coupling of translation (motion 
down the incline) and rotation (about an axis through the center of the 
sphere perpendicular to the plane of the paper in Pig. 14). The component 
of gravity efFeotive in this case is P=ifefg sin a; the static friction I indicated 
on the diagram does not enter d’Alembert’s principle, since it acts at the 
point of contact which is instantaneously at rest. The c o nditi o n for pure 
rolling motion is 

(10) i=r< 0 , or, written for virtual motion, 8«=r8^. 

With d’AJemhert we now require that 

(11) 8«(Jfg sin oc-Jfs5)+8^(-Iw)=0. 

The calculation of J is a problem of integral calculus. We shall state 
without proof that the moment of inertia of a homogeneous ellipsoid of 



Pig. 13. Coupling of 
translational and rota¬ 
tional motion (elevator, 
coal basket). 
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semi-axes a, 6, c about axis c (and correspondingly about a and h) is 


(12) J.= f(a*+6*). 

As a special case we obtain for the moment 
of inertia of a sphere 

(12a) 



As in (8) we introduce a mass reduced 
to the distance r, which by virtue of (12a) 
becomes 


Fia. 14. Sphere on inolined plane. 
The static Motion F causes pure 
rolling, but does not enter d’Alem¬ 
bert’s principle. 


(12b) 




If we substitute this in (11) and also take (10) into account, we easily 
obtain 

(13) 2=|flfsina. 

The factor | shows how the ** fall ” on an inolined plane is delayed by the 

angular acceleration of the sphere and the increased inertia due to it. 
Whereas from (3.13) the final velocity in a free jEaJl was found to be 

t;=(2gA)* A== height of fall, 

equation (13) now gives the final velocity 

»=(2.fflrA)*. 


The difference is due to the fact that now the gravitational potential energy 
is converted not only into kinetic energy of descent, but also into rotational 
energy of the rolling sphere. 


(4) Mass Guided Along Prescribed Trajectory 

If we assume the guide ways to be friotionless, d’Alembert’s principle 
applied to the one degree of freedom here present (displacement along 
the guide) simply says that 

i.e., according to (6.8), 

(14) 

with arbitrary direction of the applied force F. The component of F 
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normal to the guide, which we may take positive in the (jentripetal direction, 
must then add to the reaction (counted positive in the same direction) 
to give the equilibrant of the centrifugal force 0\ i.e., 

( 16 ) 

In general, especially if the guiding action is achieved by a material 
device such as a rail, we are compelled to take into account also a tangential 
component B^ of the reaction, the friction. If we count the friction positive 
in the negative direction of Sa, Bq. (14) is therefore enlarged to 

(16) mi=F^—Bg. 

Whereas B^ is determined by Eq. (16), jB^ in (16), on the other hand, remains 
“ statically and dynamically indeterminate ” and can be determined only 
from experiment. In § 14 we shall discuss how such experiments are 
carried out. 

§ 12. Lagrange’s Equations of the First Kind 

Let US consider a system of discrete mass points Wg,. . . con¬ 
nected with each other by r holonomic conditions 

( 1 ) 

The number of degrees of freedom is then/— Sti— r. We operate in Cartesian 
coordinates and make use of the formulation (10.6) of d’Alembert’s principle. 
In order to write the clumsy sums occurring there in a more convenient 
way, we number the coordinates a?i, consecutively as 

and likewise the components of force X, F, Z. The mass belonging to 
Xjf., Xj^ will be denoted by evidently the rrij^ will be equal in groups of 
three. Eq. (10.6) now becomes 

8n 

( 2 ) 

fc-i 

By virtue of the r conditions of constraint (1), the Sxj^ are subject to the 
restrictions 

(3) 8X,=0, i=l,2,...r, 

which can also be written 



w 
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Let us multiply each of the by an arbitraiy numerical factor (Langrange 
multiplier) and add it to the d’Alembert equation (2), giving 

891/ yi 

(6) 2^j8a;*=0. 

Only / of the Zn displacements 8x are independent of each other. The 
renaaining r are functions of these independent ones. Let these r displace¬ 
ments be given by the quantities Sx^, Sx^, . .. 8x^, Now we have precisely 
r quantities A^, A 2 , . . . A^ over which we can dispose freely. We choose 
them so as to make 

(6) Zfc-m;i,aj,+ 2\g=0; Jk=l, 2,. .,r. 

Bq. (6), with the numbers A^ now determined, reduces to 

where the Sxj^ are completely independent, there being indeed /=3w—r 6f 
these. If, for example, we choose 

(8) 8a;^i=8a;^2~ • * • * * =83^=0> 

we see that the factor of must vanish. Letting v run through aU 
values 1, 2, . .we conclude that aU expressions in parentheses have to 
be-0, 

r 

*’=»'+l.»'+2, . . .Sn. 

i-i * 

Together with the Eqs. (6) these form Zn differential equations 

( 9 ) 2 . ■ • 

<-l * 

which are called tho Lagramge equations of the first Mind. . Of course the 
are equal in groups of three; thus since we are dealing with 

the same mass point having the three coordinates a?i=iri, a 2 ~yi> 

So far we have assumed that the conditions (1) are holonomio; we 
can easily convince ourselves that all of the preceding can be carried over 
to the case of non-holonomic constraints with only sli^t modification. The 

fiin. 

only difforenoe is that the factors ^ in (4) must be replsiced by geueral 
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fonotions of the coordinates, wMch cannot be written m the form of 
partial derivatives of a function. If we make this replacement in Eqs. (9), 
we at once obtain Lagrange’s equations of the first kind for non-holonomic 
systems, 

Let us make a more interesting generalization by assuming that the 
conditions (1) vary with time. Then the depend explicitly not only on 
the Xj^ but also on t. We must now demand that in forming (4) the time 
be held constant, a stipulation which is not only permissible but also plausible 
since our virtual displacement has nothing to do with the passage of time. 
The derivation of (9) is not affected by this requirement. But we obtain 
an important consequence regarding the form of the equation of energy. 

If we want to derive this equation in the case of time-independent 
constraints, we proceed as follows: we multiply (9) hy dxj^ and sum over A. 
On the left we obtain 

(9b) 


The first term of the right member gives the work done by the applied 
forces in time dt, 

(9c) 


The second term on the right vanishes. For 



by virtue of the fact that the depend only on the so that F^^O 
implies 


(9e) 

From (9b, c) we then have 



( 10 ) 


dT^dW. 


This is no longer so if the F^ also depend on t. Then the zero in (9d, e) is 
to be replaced by 


-2A,f «,d « 
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respectively. For time-dependent constraints the equation of energy is 
then 

r 

(10a) iT=dW-M y xM. 

tx ^ 

This means that tirm~de;pendent constraiTvta do work on the system. 

To make this principle more concrete, let us think of a tennis racquet. 
If the racquet is kept fixed, it reflects the ball with unchanged energy. 
If instead it yields backward or swings toward the ball, it takes energy 
away from or gives energy to the ball. 

In non-holonomic systems an explicit dependence on t of the occurring 
in (9a) would be compatible with an equation of energy of the form (10). 
If, however, the non-holonomic conditions had the form 

instead of (7.4), it would be necessary to add members in 0^ to (10) which 
would then take on a form analogous to (10a), i.e., 

r 

(lOb) dT=dW-dty AjGij. 

We shall learn from the example of the spherical pendulum in the 
following chapter that the can be regarded as the reactions of the system 
against the constraint exerted by the holonomio or non-holonomic conditions. 
There we shall also see that the deterxnination of the A cannot be effected 
by means of r Lagrange equations arbitrarily singled out, even though this 
was a permissible assumption for purposes of our derivation. Instead the A 
must be determined from all 3n of the Lagrange equations taken together. 
It should be emphasized that the method of Lagrange multipliers pla3rs an 
important role not only in the Lagrange equations of the first kind, but also (of. 
Oh. VI, § 34) in types of equations of a much more general nature. Apart 
from their use in mechanics, the Lagrange multipliers are encountered in 
the elementary theory of maxima and ncdnima. 

§ 13. Equations of Momentum and of Angular 

Momentum 

We derive these equations for a system of discrete mass points which 
can be translated and rotated as a whole in space. Through a limiting 
process they can, however, bo applied equally well to a freely moving 
rigid body or to an arbitrary mechanical system whose motion is not 
restricted by external constraints. 
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We divide the forces acting into ea^Urncil and iiriiemal forces. This 
classification says nothing about the origin of the forces and is therefore 
by no means identical with the classification of p. 63 into applied forces 
and forces of reaction. Our present distinction is strictly based on the 
criterion of whether the law of action and reaction is or is not satisfied 
within the system itself. In the first case we speak of mtemal forces, 
in the second of external forces. The internal forces of the solar system, 
for instance, are applied forces because they are gravitational, whereas 
the external force which drives a railroad train forward is a force of reaction 
(as we shall see on p. 84), viz., the static friction at the rolling wheels. 

We call Fjj. the external force acting at the point k; the internal forces 
will be called to remind us that they act between two points contained 
in the S37stem and therefore within the system satisfy Newton’s third law, 

( 1 ) 

(1) Equation, of Momentum 

Let us now make use of d’.Alembert’s principle in the form (10.6). We 
replace by Fj* by —pj^. in agreement with definition, and 

make all the Ssj^ equal to each other. We therefore impart the same virtual 
displacement to all the mass points of the system. The F^j^ drop out 
because of (1) once we sum over i and i, and we are left with 

( 2 ) 

' * k ' 

Let us indicate the summation over h by means of a bar. From (2) we 
conclude that 

(3) p=F. 

p is the total mora^tum of the system, equal to the vector sum of the 
individual momenta. Wo define the center of mass velocity V by 

JfV=^=p, M<=m 

and have, in lieu of (3), 

(3a) JfV=F. 

We now choose an arbitrary but fixed point of reference 0. We measure the 
distance r*. of the points of the system from 0 and define the position R 
of the center of mass with respect to 0 by the equation 

(31>) ifR=mr. 
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The content of equations (3a, h) can be summed thus: the center of mass of 
a freely moving mechanicail system moves like a single mass ^oinJt^ having a 
mass M equal to the total mass of the system^ and acted on hy the resultant 
F of all the external forces acting on the system. 

(2) Equation of Angular Momentum 

Suppose we impart to the system a virtual rotation 84> about an arbitrary 
axis passing through a point 0. The displacements 88j^ of the various 
points mj^ of the system are then unequal; for 

(4) 88s=8<.xrfc. 




Fig. 16. The virtual displacement Sa Fig. 16. The moments of internal 

resulting from a virtual rotation forces cancel in pairs. 

To prove this, let us look at Fig. 16. 8^ is there drawn as a vector along 
the axis of rotation and at the same time as a curved arrow about this axis 
in agreement with the rule of the right-handed screw. By virtue of the 
definition of the vector product the magnitude 8sj^ of §8;^ is 

8s^= 8^ |rj^| sina=8^/)*., 

as must be the case for the rotation in question. The direction and sense 
of Ssjj. are likewise correctly given by (4). 8S;^ is directed normal to the 
plane of the drawing, into the paper. 

We introduce (4) in (10.6), while replacing F* and F as in subsec. 1, and 
immediately obtain 

( 6 ) 

k i 

Next we use a rule of elementary vector algebra, 

(6) A-BXC=B*CXA=C*AXB 

which says that the parallelepiped formed by any three vectors A, B, C 
has a volume which is independent of cydio permutation of the labels of 
its three edges. 
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Instead of (5) we can therefore write 
(7) 8,i. • {^(riXFj) 

k i It k 

In this fashion the connection between 8^ and r is severed, so that, with 
8^ arbitrary, the factor in brackets }■ must itself vanish. In order to write 
this factor more simply we introduce the following notation: 


(^a) as in (5.12), 


(7b) Mj=rjXpi, rfcXpi=|(riXpt) = aa in (6.14); 

(7c) 51=2^*, 

L is th^efore the vector sum of all moments of the external forces about 
the common point of reference 0, M is the vector sum of the angular momenta 
of all the mass pomts of the system about the same point of reference, or, 
more briefly, the total angular momentum of the system about 0, 

Moreover we show with the help of Fig. 16 that in the double sum of 
Eq. (7) all the terms cancel in pairs, viz., that 


W r^XF^+r<XFjM=0. 

We ^aat in this egression the Third Law, Eq. (1), acta essentially as 
the definition of internal force. 

follows that the double STim iu (7) vanishes. Recalling 
(7a, b, o) we therefore conclude fiem (7) that 


(9) M=L. 

T^ eqrmtion is the exact counterpart of Eq. (3). It states that «Ae time 

rate of eha-nge of the toUd amgvhr mornenhm of the ayetem is equal to the 

resvlta^ mmura of the external forces, just as Eq. (3) stated that the time 

^ numentmn of the system is equal to the resultawt 

of all the extermd forces. 

The^ two Uto wfll be called the equations (or principles) of angular 
momeutinn and (linear) momentnna respectively 

eam3l2f+? ntecetuxe to call basic 

This name had its origin 
ae ^lOT problem. There we found that in the case of one planet 4e 

Ste tmomeatum. and the direction 
Sife ^ of the pW. 

have instead ^ ^ planetary many-hody problem, where we 


(10) 




* dt 
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so that not only the diiSerent planetary masses occur as factors, but the 
individual areal velocities corresponding to the planets must be added 
vectorially. The areal velocity thus arising for a complete planetary 
system is defbaed, as is "well knovm, by the invariable plane (plane normal to 
M). It is invariable because in a planetary system external forces are 
absent, so that E=0 and, according to (9), 

(10a) M=const. 

In general for L=0 we obtain the special principle of the conservation 
of angvlar momentu/m. The notion of areal velocity is even more difficult 
to visualize, hence less useful, for a system of injELnitely many particles 
such as a rigid body, so that the term “ Plachensatz ” should be abandoned 
for general use. 


(3) Proof Using the Coordinate Method 

We shall now sketch the proof of our principles by an alternate method, 
that of decomposition into Cartesian coordinates, because the use of these 
coordinates is so widespread and has been so greatly favored by older 
texts that we wish to defer to usage in some measure. 

We begin with the equations 


( 11 ) 


i 

i 


which are written in easily understandable form. Summation of the first 
of these equations over fc, with X^= at once yields the aj-oomponent 
of the equation of momentum, 

h h 

Multiplication of the first equation by —y^., the second by a;^, yields as 
their sum 

( 13 ) • • • 

k k 

We group together in pairs ik and ki the terms .. . not written down, 
thereby bringing out the direction of the internal forces, i—>k and h — 
We then obtain 

= ^ {Vi-Vh) - Vi (a^-*») + (.yn-Vi) - y*] • 
ik 
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Simplification sho-ws this to equal zero, in agreement ^eith Kg. 16. With 
the help of (6.17a) the right member of (13) reduces to 

k 

The left member of (13) is, in view of (6.14b), 

(13a) 

fc k 

Equation (13) is then identical with the z-oomponent of our equation of 
angular momentum (9). 

(4) Examples 

There exists a profound difference between the principles of linear and 
of angular momentum which we shall explain with the help of the special 
case in which no external forces act on the system. 

According to Eq. (3a) in this case the velocity of the mass center remains 
constant; for the total mass M occurring as factor is constant, even for 
a system with internal motion. If, then, the mass center is initially at rest, 
it remains at rest. IntemoZ forces are unable to impart motion to the 
center of mass, even in a mechanism with flexible joints or in a living body. 
In order to move one’s center of mass, one must be able to push against a 
support; therefore an eaiemdl force is necessary. 

It is evident that in the absence of external forces L=0, so that (9) 
yields 

(14) M= const. 

If the moment of momentum is ioitially zero, it remains zero, even for a 
system with internal motion. Erom this it does not follow, however, that 
the angular position of the system is conserved permanently. Rather, this 
angular position can be varied ad libitum with the help of internal forces 
alone, and without a push against some outside object. 

An example of this is the cat, which always manages to fall on its feet. 
It achieves this by suitable rotation of the anterior extremities coupled 
with opposite rotation of the posterior ones. This action is illustrated 
by the rapid exposure photographs published in the “ Oomptes Rendus of 
the Paris Academy,” 1894, p. 714. 

The essential points of this process can conveniently be followed by 
means of an experiment with a turning stool. Such a stool consists of 
a horizontal disc which revolves with as little friction as possible about 
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a vertical axis. The victim of the experiment is seated on the disc, initially 
at rest: 

Mo-0. 

He lifts his right arm forward and describes with it a backward rotation. 
The “ area swept out ” in this process must be compensated by a counter¬ 
rotation of the remainder of the body including the disc of the stool. More 
precisely, the moment of momentum of the moving arm induces a moment 
of momentum of torso and disc Jf g such that 

-Ml. 

The experimental subject now lowers his arm; this causes no change in 
M. Now the initial position of the body is restored, and the process 
can be repeated. With each repetition the same counter-rotation Mj 
takes place. After n repetitions the subject notices that he is facing in a 
direction opposite to the initial one. In contrast to the position of the 
center of mass, the angular position is not fixed by the initial state of rest. 

One can strengthen the effect by making the subject hold a heavy 
weight m the right hand. The area swept out ’’ is thereby, so to speak, 
multiplied, so that the counter-rotation is also visibly increased. 

Let us perform two more experiments: the subject stands on the stool 
with lowered arms and is given an angular momentum he now raises 
his arms (with weights in his hands if desired) sideways; the rotation 
suddenly decreases. Instead, we can set the person spinning with out¬ 
stretched arms; he next lowers his arms and usually falls off the stool 
because the rotation, especially when weights are used, is suddenly increased 
considerably. 

In both foregoing cases 

Mq=:Mi and therefore from Eq. (11.6). 

In the first case, however, we have 

and hence 

whereas in the second case 

The changeability of the moment of inertia under conservation of 
angular momentum is used extensively in all athletic feats, especially 
in exercises on the horizontal bar. Consider, for example, the “ forward 
upswing.” In the initial act of acquiring swing the body is stretched, its 
moment of inertia great, and its angular velocity about the bar moderate. 
As he swings forward, shortly before reaching the highest point, the per¬ 
former pulls in his legs, reduces his moment of inertia about the bar and 
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his angular velocity becomes high. His mass center swings over the bar 
and the performer achieves an upright position on the bar. Notice that the 
reactions produced by the grasp of the hands on the bar do not influence 
the angular momentum to any noticeable degree since the bar is so thin 
that the forces of reaction have a vanishingly small lever arm. 

The same principles are used in the “ circles,” (backward hip circle, 
knee circle, etc.). Gynmastics, ice skating and skiing are, in a way, practical 
lessons in experhnental and theoretical mechanics. 

(5) Mass Balancing of Marine Engines 

Let us finally consider an illustration on a large scale, the Schlick 
method for balancing the reciprocating masses of marine engines. 

In the transition period leading to the modem espress steamers, toward 
the end of the last century, the shipbuilding industry went through a 
crisis. For technical reasons the speed of revolution of the propeller 
shaft is fixed at approximately 100 per min. The inertial effects of the 
piston engines, which have to be absorbed by the ship’s body, change in this 
same rhythm. As the length of ships was increased more and more, the 
“proper firequency” of the vessel was continually depressed, so that 
this frequency came dangerously near to the rhythm of the inertial effects. 
Let us anticipate by using the word ‘‘resonance,” a phenomenon with 
which we shall deal at great length in the next chapter. The word originated 
m acoustics, where resonance phenomena are most immediate and where 
they were studied first. 

For lack of space the steam cylinders of fast steamers have to be 
arranged vertically. Let us assume, to make things specific, that we are 
dealing with four pistons (cf. Fig. 17), which are all connected to the same 
crank shaft oriented lengthwise, along the af-direction in our diagram. We 
shall see that for a smaller number of pistons a mass balance even to first 
order (to which we shall restrict ourselves here) is impossible. With the 
choice of coordinates of Fig. 17, the inertial forces are directed along the 
a;-axis; they give rise to moments only about the y-axis. The inertial 
effects must be absorbed by the reactions of the body of the ship, in which 
they induce rhythmic countervibrations. 

This is beautifully illustrated by the models which Consul Otto Schlick 
donated to the Oerman Museum in Munich at the time of his invention. 
The ship’s hull is here idealized as an elongated beam; it is suspended 
by spiral springs which represent the buoyancy of the water and enable 
the ship to oscillate. When the engine models carried by the beam are set 
in motion, the beam starts oscillating with slight amplitude. If the speed 
of revolution of the engines is increased, the vibrations of the beam grow 
larger the more the rotation firequenoy approaches the fnndamental proper 
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frequency of the beam (cf. Kg. 18). Great amplitudes of oscillation would 
have disastrous effects on the safety of the ship—and also on the wellbeing 
of the passengers. The idea of mass balancing is to bring about a cancella¬ 
tion of the inertial forces and torques of the reciprocating masses of the 
marine engine in order to protect the ship’s body from their harmful effects. 

Kwe pass at once from accelerations to position coordinates, the balancing 
of the inertial forces, which are all in the rr-direction, demands that 

(16) 


The masses include not only those of the pistons and piston rods, but 
to first approximation 
also those of the con¬ 
necting rods and portions 
of the eccentric parts of 
the crank shaft. 

Just as important is 
the balancing of the 
moments of the inertial 
forces. It is mentioned 
above and made plausible 
by Kg. 17 that only the 
moments about the y- 
axis play any role here. 

Again we immediately 
pass from the accelera¬ 
tions to the position 
coordinates, which is 
permissible since the lever 
arms, i.e., the a of our 
Kg. 17, are constant. We then require 

(16) 

We now express the piston coordinates in terms of the crank pin 



Fig. 17. Sohliok soass balance of a vertically anax^d 
four-cylinder piston engine. Diagram at lower right 
shows the position of the four crank pins relative to 
each other. 



Fig. 18. Proper firequency of a freely vibrating beam as a model for the fundamental 
firequency of a ship. 

coordinates From Kg. 9 and Eq. (9.6) we have, to s, first approximation, 
(17) ^*+^4 oos const. 
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First approximation* here means that we pass to the limit of an infinitely 
long connecting rod, or rjl —>-0. We shall not go into the calculation to 
second order where the first power of rJl is retained, as in Bqs. (9.6) and (9.6). 
Since all the pistons work on the same shaft, the are equal to each other 
apart ftom a phase shift aj^ constant in time; 

(18) 

where oci=0 and ocg, 03, can be chosen at will. By virtue of (17) and 

(18) , the variable part of the conditions (16) and (16), which alone concerns 
us, gives 

(19) 2jfjrjcos(^i+aj)=0, 

K we expand the trigonometric functions, we see that with arbitrary the 
factors of cos and sin must vanish separately. We then obtain four 
equations between the parameters and a|.. 

CO® «i=0. ®“ «*=0. 

( 20 ) ^ — 

Zj^hVh ajfc=:0, “jb=0. 

The j. and r^. are jSxed by construction. The quantities at our disposal 
are the three phase displacements ocg, (Xj, and the two lever arm ratios 
aa- [tt© absolute magnitudes of the a do not enter in Eq. (20) ], 

altogether therefore five parameters; they allow a certain freedom of choice 
in f u l fil l ing conditions (20). This freedom in turn makes it possible to avoid 
solutions which are technically objectionable. The preceding shows that 
the mass balancing can be carried through to first order in four-cylinder 
engines; it also shows that for lack of enough parameters it cannot be 
effected in engmes with a smaller number of cylinders, as asserted above. 
The external characteristic of the Schlick mass balancing method is that 
the pistons of a four-cylinder engine are not equidistant and that their 
crank pins are not arranged at equal angles to each other. The latter 
feature is illustrated in the lower right-hand comer of Fig. 17. 

The Schlick method proved its worth in the first modem steambrs 
of the Hamburg-America Line; it eliminated the danger of resonance. 
It is true, however, that it had only a transient importance in the practices 
of ship-b uildin g, since piston engines were soon to be displaced by turbines, 
where there are no reciprocating masses. Even nowadays, however, mass 
balancing is important in automobile and airplane engines as well as in the 
Diesel engines of submarines. 

* Tills first approidboiattioiL defibaes the ynftgft b&lcuiciiig to first order (i.e., tlie “ 

for primary forces aaid primary couples,” as it is called). Since we want to restrict 
ourselves to the latter, we need not carry out the second approziination. 
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(6) General Rule on the Number of Integrations Feasible in a Closed 
System 

A mechanical system is called closed if no external forces, but only 
internal ones, act on it.® In that case the equations of linear and angular 
momentum become principles of conservation. The conservation of 
momentum introduces 2 • 3 constants, that of angular momentum 3 con¬ 
stants of integration.® The equation of energy 3delds one additional 
constant. We therefore have a total number of 

(21) 2-3+3+1 = 10 
integrals of the equations of motion. 

So much for the three-dimensional case. In the case of two dimensions, 
such as the two-body problem of astronomy, we have only one component 
of angular momentum (directed perpendicular to the plane containing the 
trajectories of the two bodies), so that we obtain, together with the integral 
of energy, 

(22) 2-2+l+l = 6 
generally feasible integrals. 

In the one-dimensional case this number evidently reduces to 

(23) 2-l+0+l = 3. 

The general expression for n dimensions is 

(24) »-l.l-|-^M(re+l). 

The best method of olarif^g this expression is to appeal to the concepts 
of relativity: we put n=3 and add the time as the fourth coordinate. 
We must then form the four-vector momentum which is obtained from 
Eq. (2.19) by summing over all the particles of the system. The basic 
equations of relativistic mechanics now tell us that for a closed system this 
four-vector remains constant; incidentally its time component is, apart 
from a factor — ic and an additive constant, equal to the kinetic energy. 
The four integrals thus obtained (conservation of momentum and energy) 
are represented in (24) by the term w+1. The second term of the expression 
is the result of the combination of two axes at a time in the formation of 
moments. Evidently the combination of two space axes yields the equations 
of angular momentum in the ordinary sense. The combination of the 
time axis with one of the space axes, on the other hand, gives the second 

B Every system becomes closed, of ootirse, if one makes it large enough, i.e., if one 
includes the sources of the external forces in the system. 

• The 2-3 constants arising jBrom the equation of the straight line described by the 
center of mass, and the three areal velocity constants. 
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integrals of motion of the mass center which express the rectilinearity 
of this motion. For according to (2.19), if we indicate summation over all 
mass points by a bar as on p. 70 and replace (1—j8*)* by xinity from the 
start, we calculate 

*=1,2, 3. 

From the principle of conservation of angular momenta this quantity 
must be equal to a constant, which we may call In three-dimensional 

vector notation and with the symbols of (3a, b) we then have 

(26) R-iV=A. 

With A and V constant this means that indeed the mass center moves in a 
straight line with constant speed. The foregoing should be sufficient 
explanation for the origin of (24); the use of the four-dimensioxxal space- 
time symmetry has lent additional clarity to it. 

We wish finally to make a remark concerning the enumeration of (21) 
and (22) pertaining to the field of astronomy. The famous three- 
body problem would need for its complete integration, i.e., for a determina¬ 
tion of its 3 * 3 coordinates and 3 • 3 components of velocity, 

(26) 2-3-3=18 

first integrals. Each of these, as exemplified by Eq. (26), would give one 
relation between the position and velocity coordinates involving one constant 
of integration. But a comparison of (26) with (21) shows that we are 
lacking eight integrals for the complete integration; above and beyond 
this the unrelenting efforts of the greatest mathematicians from Lagrange 
to Poincar6 have shown that the missing integrals cannot be obtained in 
algebraic fonn; a conclusive proof of this was given by H. Bruns. 

A similar enumeration for the two-body problem, plane by its very 
nature, requires only 

2 - 2 - 2=8 

instead of 2 • 3 • 3 = 18 constants of integration for its complete integration. 
Thus only two constants are required beyond those which according to 
(22) are in all cases available for a two-dimensional problem. As a matter 
of fact these two integrals with their corresponding arbitrary constants can 
be found here, as shown by the transition from Eqs. (6.4) to (6.6). Hence 
the two-body problem ^ be solved exactly; the three-body problem is in 
general insoluble, i.e., it can be solved only by analytical approximation 
methods. It is only under very special assumptions about the type of 
motion that we shall be able to find a solution in closed form for the 
latter problem in § 32. 
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§ 14. The Laws of Friction 


As already emphasized in § 11, subsec. 4, the guiding of a mass on a 
prescribed path introduces a component of reaction along the path direction 
which cannot be obtained from general principles of mechanics, but must 
be determined experimentally. Apart from some preliminary work of other 
investigators this determination was carried out for the first time in 1785 
in the famous, and for those times very accurate, experiments of Gh. A. 
Coulomb, whose name, we recall, is permanently linked with the basic 
laws of electrostatics and magnetostatics. 


With Coulomb we distinguish 

(a) Static friction 

(b) Kinetic or sliding Motion. 




19. Static friction on plane support. Fio. 20. Construction of the angle 

of friction and the cone of friction. 


(1) Static Friction 

Consider a body resting on a horizontal support. If we exert a gradually 
increasing pull P on the body parallel to the support, no motion will occur 
at first. We must therefore assume that a force of friction F balances the 
pull P. If, however, P exceeds a very definite limit, acceleration takes 
place. 

This limit Fj^ is, according to Coulomb (and his predecessors), propor¬ 
tional to the normal pressure N, which in the case of rest on a horizontal 
support is simply equal to the weight 0 of the body. We have 

( 1 ) 

fiQ is the coefficient of static friction; it depends on the nature and the state 
of the surfaces of the two materials in contact. If the two materials are the 
same, hq is especially great (interpenetration). 

By means of 

(2) <f> 

one can introduce an angle ^ which can be thought of as the vertex angle 
of a “ cone of Motion.” As long ss the resultant of the two forces F and N 
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falls inside this cone, no motion takes place, of. Mg. 20. Motion oocnrs 
when theic resultant lies in the surfece of 
the cone or outside it. 

The significance of the angle of friction 
is illustrated by experiments with the inclined 
plane (Fig. 21) which go back to Galileo. 

We write down without further explanation 

N^O cos a, P=0 sin a= —F. 

From 

F <F„„=HnN=N tan ^ 
we therefore obtain as the condition of rest 

G sin a <tan ^ cos a • G 

so that 

tan a<tan (f> 
or 

a<^. 

The body remains in a state of rest on the inclined plane as long as a <^. 
The angle of fricticm ^ is therefore that 
indhuition of a plane at which sliding 
will set in. 

The following is a less trivial exam¬ 
ple. An oblique arm is attadxed to a 

vertical axle at an an^e a. This arm 

carries a movable sleeve or bead (of. 

Fig. 22). When the axle does not rotate the 
bead is at rest or in motion depending on 
whether «<^ or a>^. If now the axle 
is set rotating, the centrifugal force 
is added vectorially to the force of 
gravity mg. The normal force N resulting 
from these two and the pull P along the 
guiding rod are, from the diagram, 

N^m[g cos a+ra>* sm a), P= ±m{g sm a—ro)* cos oc). 

The double sign in front of P means that we count the pull positive downward 
as well as upward, so that we can take into consideration a downward as 
well as an upward sliding of the bead. 





Fig. 22. Movable sleeve or bead 
on an oblique rotating rod. 
Equilibrium under friction. 



Fig. 21. Equilibrium on 
an inclined plane. 
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From (1) and (2) the bead is in equilibrium if 

±(gr sin oi—rofi cos a) <tan <l>{g cos a+rco® sin a). 

We now replace the < sign by an = sign, thereby obtaining the condition 
for “ just sliding,” i.e., the limit of equilibrium. By trigonometric trans¬ 
formation we carry out a separate calculation for the two cases ±. 

+ sign, downward sliding: g sin (a+^)=r2ft>* cos (a+^), 

— sign, upward sliding: g sin (a—cos (a—^), 

or, collected together, 

The force of friction hence results in a finite interval 

r^<r<r^ 

of f in which the bead is in equilibrium. 

For a>^ (the bead slides down as co— >0) both r are positive; the 
smaller o), the greater the interval between them. With ct (the bead is 
in equilibrium imder static friction for co —>0) (even negative according 

to the equation) and only is positive; with increasing w, fg approaches 
zero as well. 

(2) SUdlng Friction 
Here the law of friction 

(4) 

applies. 

The coejficimt of altding friction /a is roughly independent^ of the velocity, 
and, like /aq, a constant depending on the nature of the materials and 
conditions of the surfaces. It is universally true that 

( 6 ) \i <11^. 

If the path along which the body slides is rectilinear, N equals the force 
of gravity (or its component perpendicular to the path); if the path is 
curved, we must, according to Eq. (11.16), add the effect of the centrifugal 
force. 

We illustrate Eq. (6) by means of an extremely primitive experiment 
which is, however, very surprising m its result. Let us put a smooth cane 

^ Experience in railroad operation (sliding Motion between wheel and braJseshoe) 
indicates that for hi^ velocities v the &totor pt decreases monotonically with 
increasing v. 
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or walkiiig stick over the forefingers of the right and left hand, held some 
distance apart. From Fig. 11a the distribution of forces is 


a=-4t.g, b=-4-^g. 

oH-6 • a+h 


We now let the two fingers approach each other. Sliding occurs alternately 
on the ri^t and left fingers, until the fingers meet. Where on the stick 
do they meet ? 

Let A>B initially. The sliding therefore begins at B. B remains 
in motion not only until a=6, but slides to the point bi<a where the 
sliding Motion of B equals the static Motion of A, In general we have 


Putting these two expressions equal for 6=6x. we obtain 
/ia=/io6i, 

At this instant the stick must begin to move over A. At once the 
Motion falls to F^ gi<Fj^^^, so that in \ the Motion exceeds 
that in A ; i.e., B comes to rest, and Fj^ gj changes to Fj^ 

This process is now repeated at each turning point. A and B thereby 

approach in geometric progression (since the quotient ~ occurs each time) 

the center of mass of the stick for which a=6=0. In the final state the 
stick balances in equilibrium over the juxtaposed fingers. 

We now return to static Mction, which plays a decisive role in pure 
rolling motion. Paradoxical as it may 
soimd, it is the static Motion which 
drives a railroad train forward. (The 
same is tme of an automobile; a 
pedestrian on slippery ground likewise 
propels himself only by means of static 
Mction.) The steam pressure is an 
internal force, and as such could never 
set the mass center of the locomotive in 
motion. To do this an external force is 
needed. This external force is the 
reaction between rail and wheel, i.e., 
just the static Mction. 

Consider one of the driven wheels of the locomotive (Fig. 23). By 
means of the connecting rod the engine transmits a torque L to the wheel; 
its primary action would be to impart a rotational acceleration to the 



Fig. 23. Reaction between wheel 
and rail in a locomotive. For the 
case of pure rolling the static Mction 
provides the driving force of the 
train. 
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wheel. This is incompatible with the condition of piire rolling, Eq. (11.10), 
( 6 ) z=ro). 


Let M be the mass of the train per actuated wheel, B the resistance to 
motion (air resistance, frictional losses in the axle bearings, etc.), I the 
moment of inertia of the wheel, and F the force of static friction. The 
equations of motion become 


M'i:=^F-R\ 


The static friction F cannot be determined a priori; it can, however, be 
obtained from the foregoing equations as follows. Let us at first eliminate 
F from the equations 


Mi^F^B; 


equivalent to (7). P is the peripheral force corresponding to the torque L, 
and Jfjed* ^ ^ (11*8)> is ^l^e reduced mass corresponding to the moment 
of inertia I, i.e,, 


L=Pr, 


From (8) one obtains 


(9) 


(M+M^^)z^P--B 


and, by virtue of the first Eq. (8), 


( 10 ) 




MP+ikfredie 


D’Alembert’s principle could have furnished equation (9) directly. The 
first Eq. (8) contains the quantitative proof of our assertion that the static 
friction F is the driving force in the operation of a train. For in the case of 
uniform motion it gives 

P-P. 

As the second Eq. (8) shows, the peripheral force P resulting from the steam 
pressure has merely the function of calling into play the static friction at 
the rails. 

Another evidence of this is the fact that as trains have become faster 
or the freight per train greater, locomotives have become constantly heavier. 
This circumstance points dfreotly to Coulomb’s law of friction, Eq. (1), 
which states that the limit of static friction available is proportional to 
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the normal pressure N. The well-known fact that static friction fails and 
sliding occurs when the rails are too smooth (due to ice, or, for instance, 
to lubrication from run-over migrating caterpillars) points to the other 
factor ftQ in Eq. (1), which, as emphasized, depends on the state of the surface 
of the rails. When the rails are too smooth, the factor /xq must be artificially 
increased; the sander serves this end. 



CHAPTER m 

OSCILLATION PROBLEMS 

The investigations that are to follow will teach us nothing new about 
the principles of mechanics. So great, however, is the significance of 
oscillation processes for physics and engineering that their separate systematic 
treatment is deemed essential. 

§ 15. The Simple Pendulum 

The oscillating body is a particle of mass m which is attached to a 
fixed point 0 by means of a weightless rigid rod of length 1; Z is called the 
length of the pendulum. We may neglect friction at the point of suspension 
and air resistance, so that the only force acting is that of gravity, 
with a component—mflr sin ^ in the 
direction of increasing ^ (cf. Tig. 24). 

The general equation (11.14) for the 
guided motion along an arbitrary path 
gives us, with v=l^ (circular path), 
the exact equation 

(1) = - mgr sui <l>. 

For sufficiently small oscillations, 

^<^1, we can put sm^=^. With the 
abbreviation 

(2) f = «« 

we then obtain the linear pendulum equation 

(3) |^+'cu2^=0. 

This is the differential equation of harmonic oscillations ” as treated in 
§ 3 (4). Apart from the designation for the dependent variable it is identical 
with Eq. (3.23). The circular frequency co defined in (3.22) is now given 
by Eq. (2) above. We therefore have 

( 4 | »-¥=(!)*• 



Pm. 24. Simple pendulum. Com¬ 
ponent of gravity along the 
direotion of motion. 
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Notice that T is independent of the mass m, which dropped out abeady 
in (1). Thus different masses have the same period if the pendulum length I 
is the same. T is the full period, covering a complete swing to and fro. 
Sometimes one half of this time is designated as the period of oscillation. 
Thus one speaks of a seconds pendulum ” for which \ T equals one second. 
Its length is calculated from (4) to be 

Z= ^ ^ 1 meter. 

To the extent to which Eq. (3) is valid the period of oscillation is indepen¬ 
dent also of the amplitude of swing; i.e., small pendulum oscillations are 
isochroruma. 

The general solution of (3) has the form 

<f>=a sin o>t+b cos cot. 

m 

If we specify that ^=0 at <=0 and ^=a at Z=-j, we must put 6 = 0 and 
a=a, so that 

(5) ^=asincoZ. 

a is therefore the amplitude of i.e., the maximum displacement of the 
particle measured in units of angle (radians). 

For finite deflections the isoohronism is destroyed because of the non¬ 
linearity of Eq. (1) which applies in that case. In order to integrate (1) we 

multiply it on the left and right by ^; this amounts to passing from the 
equation of motion to the equation of energy. An integration yields 

(6) (g)* = 2«*oo8^+0. 

C is detennined by the condition that ^=0 for a, i.e., 

0=—2a)* cos a. 

Alternately we can proceed dbectly from the equation of energy. With the 
meaning of H indicated in Fig. 24 we obtain 

f i (^)*+mgh=mgE 
(1-008 a), 

which is evidently identical to (6). 

Consider now the equality 

cos cos a=2 ^sin*| — sin*~ j ; 
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we substitute it in (6) to obtain 


(7) 


<D 


(sin* I-sin*!)* 


= eodt 


or 


( 8 ) 


2 


<D 


(8in>|-sm*|)* 


= cot. 


We have thus arrived at an dliptic integral of the first Jdnftd, In order 
to explain this name we shall have to speak in passing of the ‘‘ rectification 
of the ellipse/’ i.e., the measurement of the length of an arc of an ellipse. 
Let us use the parametric form of the equation of an ellipse^ 

x^a sin v 


y=sb cos V 

from which we calculate 

+ (a^oo&^v + b^Bm^v)d^, 

ds^ [a*— (a^ — 6*) sin^ v]^dv. 

We now put 

Jfc*=+5!^!(<lforo>6), 


and obtain for the length of the arc of the ellipse between the endpoint 
t;=0 of the minor axis and an arbitrary point v of the ellipse 

5=a f^(l — 

Jo 

This is an “ elliptic integral of the second kind.” 

The elliptic integral of the first kind is the simpler of the two from 
the viewpoint of function theory. In the Legendre standard form ” it is 


f 


dv 


(1—Aj* sin* v)* 


We shaU put our integral (8) in this form by means of the transformation 


sm 


j=sm -g • sm v. 
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( 10 ) 


^sin*|—sin*^^*=sin ^ cos v, 


^2 


do 






where the “ modulus *’ h stands for 

(11) jfc^sm-J-a. 

If we wish to calculate the period T, we must put in Eq. (8) 


T 


and ^=:a, 

so that, according to (10), v=I. This yields the so-oaUed “complete in¬ 
tegral of the first kind,” which is designated by the letter X, 


( 12 ) 


f 2— ^—. 

Jq (1-Aj*sin*v)* . 

(a being defined by (2), we then obtain j&om (8) the period 

m _ A 


T-afif 


From (12) we can read off directly that 

X=^ as k —i.e., accordmg to (11), for sufficiently small amplitudes a; 
E—oo as k — >1, i.e., according to (11), for 180® swing to upright 

position. 

In the first case we obtain our former expression (4), as would be expected. 
In the latter case the deviation from this expression reaches an extreme. 

In general a binomial expansion and term-by-term integration of (12) 
leads to 


The corresponding expression for T is 
(14) 

which gives the deviation from isochronism for finite deflections in quantita¬ 
tive fashion. 

Astronomical clocks have simply-constructed pendulums with 
For them the first correction term in the parenthesis of (14) amounts to 
approximately 1 part in 20,000. 
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§ 16. The Compound Pendulum 

This problem is essentially that of rotation of a rigid body about 
a fixed axis, treated already in § 11, subseo. 1, from which it differs only 
in that the external forces are now specified to be gravitational. Let s 
be the distance of the center of gravity 0 from the fixed axis 0 [we use the 
term “ center of gravity ” deliberately here, though, from (3.12), it coincides 
with the center of mass]; moreover, let ^ be the angle which the line 00 
makes with the vertical. The total moment Z of the gravitational forces 
acting on. the individual elements of mass dm is evidently 

(1) —mgrasin^, 

where m is the total mass; from (11.4) the equation of motion is then 

(2) = — mffs sin 

A comparison with the equation of motion (15.1) of the simple pendulum 
shows that the length Z of the equivalent simple pendulum, i.e., the simple 
pendulum having the same period of oscillation as our compound one, is 

Let us replace I by the so-called radius of gyration a, defined by 

(4) 

The radius of gyration is therefore that distance from the point of suspension 
0 of the pendulum at which we must concentrate the total mass m in order 
to obtain the moment of inertia I of the actual mass distribution. Note: 
in (11.8) we introduced a “ reduced mass ” for the distance r at which the 
initially unknown mass was to be placed; here, per contra, the mass 
m is given and we are looking for the distance a at whioh this mass is to 
be located. 

Comparison of (3) and (4) shows that a is the geometric 
mean of s and Z, 

(5) 

Let us now lay off the equivalent pendulum length Z from 0 
along the center line 00 of the pendulum. The point P thus 
obtained is called the cerUer of oscillation (Huygens). Fig. 26 
shows the relative positions of 0, O and P and allows us to 
form a picture of the relation between s, a and Z. 

!Fig. 25. Point of suspension 0, center of gravity Q, and center of 
oscillation P of a compound pendulum. The radius of gyration a is the 
geometric mean of the equivalent pendulum length I and distance from 
center of gravity a. 
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We now claim that the roles of 0 and P are interchangeable. So far 
0 has been our point of suspension, P the center of oscillation. We shall 
now take P as the point of suspension and show that 0 becomes the center 
of oscillation. This is the idea underl 3 dng the reversible pendulum. 

The scheme below tabulates the symbols so far used and completes 
the list for purposes of what is to follow. 


Point of 

Center of 

Equivalent 

Moment of 

Badius of 

Distance of 

Suspension 

Osoillation 

Pend. Length 

Inertia 

Gyration 

Mass Center 

0 

p 

i 

I 

a 

8 

p 

O' 

h‘ 

h 

dp 

1-8 


Our assertion is that 

lp=h i.e., 0'=0. 

Proof: let us calculate Ip j&om equations (3) and (4) rewritten in terms 
of the corresponding new symbols. We have 


( 6 ) 


7 - JP 



Now aocordiug to Eq. (10) of the supplement to this section 
(6a) a|=Z(?-a) 

so that indeed the laat member of (6) equals Z. 

The pendulum is used in the determination of the gravitational accelera¬ 
tion g at diJBEerent points on or below the surface of the earth. Since 
in practice no simple pendulum is available and since in a compound 
pendulum the moment of inertia I cannot be calculated accurately (not 
only because of the complicated shape of the bob, but also because of possible 
internal inhomogeneities), one is forced to resort to the experimental method 
of the reversible pendulum for the determination of the equivalent pendulum 
length. We have to imagine that the pendulum of Fig. 26 is provided 
with two knife-edges for its points of support, one at 0 and one at P, the 
latter with its edge facing up, and both with their triangular cross-sections in 
the plane of the drawing. The knife-edge at P can be moved up and down 
by means of a micrometer screw. Given a sufficiently long period of observa¬ 
tion the number of oscillations can be counted with very great accuracy, 
so that the equality or inequality of the periodic times for oscillations 
about O and P can be deteimiued exceedingly precisely, and, if necessary, 
corrected by means of the micrometer screw. 

The principle of the reversible pendulum is a first illustration of a type 
of very general reciprocity relation which recurs in aU branches of physics, 
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Another example of such a relation is the interchangeability of souroe 
point and field point (“ Au^unkt in acoustics and electrodynamics. 

Supplement: A Rulb CoNOBBNiNa Moments of Inertia. 

We have in mind the rule of parallel axes, vrhioh states that the moment 
of inertia of a body of mass m about an axis through an arbitrary point 0 
is equal to the sum of its moment of inertia about the parallel axis through 
the center of mass 0 and wm®, where 8 is the distance between Q and the 
axis through 0, 

If y is the direction of the axis in question and x the direction from 
0 to 0, the distance r from the axis through 0 of some element of mass dm 
must be 




Here x is measured from. 0. If, instead, x is measured from G, and if, 
as m Eig. 25, 0G=8, we have 

If we sum over all dm, it follows that 

(7) 

The middle term vanishes [of., for instance, Eq. (13.3b)] provided the 
plane passes through the center of mass. If this is the case, 

(8) 

as asserted above. 

Accordingly we have firom Eig. 26 that 
(8a) ' ay. 

But from (8) and (8a) 


Ip—I^mP—2ml8 
which, in view of (4), can be written 

(9) 

or, by virtue of (6), 

(10) a|=:P-.fe=J(Z-«). 
This is the relation that was used in (6a). 
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§ 17. The Cycloidal Pendulum 

This pendulum was invented by Christian Huygens^, the most ingenious 
watchmaker of all time. Its purpose is to eliminate the lack of isochronism 
of the ordinary simple pendulum. This is achieved by making the mass 
point move on a cycloidal instead of a circular arc. Later on we shall 
see how this motion can be realized in practice. 

The parametric representation of a common cycloid is 

ai=a(^-sin^), 

^=a(l--cos ^). 

The parameter ^ is the angle through which a wheel of radius a rolling on 
the horizontal aj-aads has turned from its initial position. The common 
cycloid is generated by a point on the periphery of the wheel (Fig. 26). 



Fig. 26. Generation of common cycloid by point on the periphery 
of a rolling wheel. Definition of angle of rotation ip. 

For our pendulum we need a cycloid that has its cusps at the top rather 
than on the bottom (of. Fig. 27 on p. 96); this is generated by having 
our wheel roll on the underside of the o^-axis. The x of such a curve is that 
given in (1) while its y is obtained by subtracting the y given m (1) from 2a, 

^2) a;=a(^-sin^), 

y=a(l+cos <f>). 

The component of gravity mg along the tangent of the trajectory (in our 
case the cycloid) is 

-mgoos iy, «)= 

The general rdation (11.14) therefore 3 delds 
(3) 

Trhere, just as in the case of the circular pendulum, the mass m cancels on 


I SorOogium OacnOatorwm, Paris (1673). Ckslteoted Works, Vol. 18, The Hague (1934). 
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the left and right. Differentiation of (2) gives 

(fa;=a(l— cos <l>)d(f>, dy= — a sin ^ d^. 
cfea=a®(2—2 cos ^)d<l>\ d3=2 a sin 

Thus in our case 

(4) »=^=2asm|g==-4a Jcos| 


and 

( 6 ) 


l_«n^_COB 

da~ 2sin^/2~ 2 


If W6 replace (4) and (5) in (3), we obtain 

( 6 ) 


4> Q 4^ 

- Ta^l' 


This equation differs from Eq. (16.3) of the simple pendulum only in that 
the dependent variable is now called cos ^ rather than <f>. This is of course 

of no consequence for the integration of (6). The earlier Eq. (16.4) there¬ 
fore holds unchanged, viz. 

(7) 


the latter because in (6) 4a took the place of our former Z. 

Eq. (16.3) described only the small displacements of a simple pendulum 
and was obtained from the exact relation (15.1) by an approximation; 
our present equation (6) and Eq. (7) resulting from an integration thereof 
are, on the other hand, exact for oscillations of arbitrary amplitude. The 
cycloidal pendulum is then rigorously isochronous; its periodic time is 
completely independent of the amplitude of oscillation.® 

As regards the method used, we notice that in (6) the motion of our 
particle was represented not by its Cartesian coordinates or by some para¬ 
meter beariug an immediate relation to the cycloidal curve, but by one half 
the angle of rotation <f> of the wheel generating the cycloid. We see that 

‘ The cycloid can also be caUed ta/utoohrone (osciUatioivs oix a cycloid are ** isoohrono-us 
to each other *’); it is also called hracMetoohrone (becatise it answers the question, 
“ on what curve must a mass acted on by constant gravitational force slide in 
order to traverse the distance between two given endpoints in the least possible 
time ? ’’ It turns out that the mass takes less time on a cycloid than on a straight 
line or any other curve joining the same points). The brachistochrone problem 
is all the more notable because it was for it that the first principles of the Oaloulus 
of Variations were developed. 




Oscillation Problems 


IIL18 


this parameter, although only indirectly connected with the cycloid, provides 
the simplest method of approach to the problem. Its introduction gives 
us a foretaste of the general Lagrange method of Chapter VI, which enables 
us to introduce arbitrary parameters as dependent variables in the equations 
of motion. 

Just as remarkable as Huygens* discovery of the isochronism of the 
cycloidal pendulum is the way in which he actually achieved the frictionless 
motion of the bob on the cycloid. He availed himself of the rule that the 
evolute of a cycloid is another cycloid equal to the generating one. If, 
therefore, we tie a string of length Z=4a to the point 0 of Kg. 27 in which 
the two upper cycloid arcs form a cusp, and if this string be pulled taut 
so that it rests agaiost the right part of the cycloid (or the left part if 
deflected to the left), the endpoint P of. the string describes the lower 
cycloidal arc. The guiding of the 
bob along the lower cycloid effected 
in this manner is almost as friction- 
less as the guiding of the simple 
pendulum along a circular arc. 

Actually Huygens* idea has been 
abandoned in the practice of pendu¬ 
lum clock construction; according to 
investigations of Sessel among others 
it is sufficient to install a spring — 
usually a short elastic lamina — at 
the upper end of the pendulum. If the length of the lamina and the mass of 
the bob are suitably chosen, a sufficient degree of isochronism is achieved. 

§ 18. The Spherical Pendulum 

We require the pendulum to be suspended in such a fashion that the 
mass point m is able to move freely on the surface of a sphere of radius I 
(the length of the pendulum). It is then subject to the condition of 
constraint 

(1) f'=i(a!»+y*+z*-J*)=0, 

where the factor | has been added for convenience’s sake. 

Here r, the number of conditions of constraint, equals 1, and 
^8= —mg, so that the Lagrange equations of the first kind (12.9) take the 
form 

mx=Xx, 

(^) mg=Xy, 

fnS=^ — mg+Xz, 



Fio. 27. Huygens* isochronous cy¬ 
cloidal pendulum. 



III.18 


The Spherical Pendtilum 


97 


In view of Eqs. (13.13) and (13.13a), elimination of A from the first 
two equations ( 2 ) yields the oonstanoy of angular momentum about the 
s-azis, or, what amounts to the same thing, the conservation of the areal 
velocity 

( 3 ) = ^ (/Sr=area swept out). 

If, on the other hand, we multiply the Lagrange equations (2) by x, 
y, z, we obtain the equation of energy, for condition ( 1 ) is independent 
of t (of. p. 68 ). Addition yields 

(4) m(xx+y]/+s*)=— 

But firom (1) 

^=xx+yjf+zz= 0 . 

On the other hand we evidently have 

Integration of (4) with respect to i then gives 
(6) ~f;»=-mff«+<5onst., 

which we shall write in the form 

( 6 a) rH-F«=iS with Y^mgz. 

Let ns finally mnltiply the Lagrange equations by respectively. 

With the aid of (1) this allows us to calculate A, 

>l^-mgz^m{xx+yy+zz) 

or 

(6) Al=mpf+«i(*x+^y+|*)- 

Now the normal to the surface of the sphere at the point x, y, z has direotion 
cosines 7 , t so that apart fiiom sign the second term on the right is the 

ill 

force F^* normal to the Epherioal surface; similarly the first term 
on the right is, apart from sign, the component of gravity hi the same 
direotion. According to d’Alembert the sum of these two must bo equili¬ 
brated by the reaction of the surface of the sphere, or, physically speaking, 
by the tension in the pendulum suspension. The meaning of Eq. ( 6 ) can 
hence he summed concisely by the equation 


(7) 
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We notice that within a factor Z, A is the constraint which is exerted on 
the motion by virtue of condition (1), this constraint acting in a direction 
normal to the motion. Corresponding statements hold in more general 
cases where several conditions of constraint and therefore several Lagrange 
multipliers are present. 

In order to carry out a second integration of (6) we shall pass to spherical 
coordinates given by 

x^l cos sin 6 
y=^l sin ^ sin 0 
Z—l 008 9. 

We form 

Z 0 cos ^ cos 0— Z ^ sin ^ sin 0, 

Z 0 sin ^ cos 0+Z ^ cos ^ sin 0, 
z= — ld sin 0. 


The equation of conservation of angular momentum (3) becomes 


(8) 2^=a;y-yi=Z*sin®0 • 
and the equation of energy (5a), 

(9) ^{^+Bm»e^+mglow0=E. 


A further change of variables 

transforms (8) into 


and (9) into 



Fio. 28. Spherioal pendulum treated 
as mass point m moving under gravity 
on the surface of a sphere of radius 1. 


(11) (g)*= U{u)=^{Il - mglu) (1 - «*)- 


This relation between t and u allows us to find Z as a function of u, 

( 12 ) 

Eq. (10) can now likewise be written in integrated form, for from (10) and (11) 

^—1 ^ ^ 
du~9' m' 
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so that one obtains 

J7 is a function of third degree in i^=cos d, is real only for U >0. 
If then the constants of the equation correspond to a real physical problem, 
there must be two values u^U 2 < in the interval 

— 1 <^4<+l 


between which TJ is positive (cf. Fig. 29). 

^=cos and iZ 2 =cos 0^ are the two latitudes between which the mass 
point oscillates back and forth. If the integration of (12) or (13) reaches 
one of these limits of u, not only the direction of integration but also 
must change sign, in order that the integrals remain real and positive. 
Between two successive turning points one quarter of the full period of 

oscillation elapses, i.e., 



Fig. 29. Charve of third degree U(u) 
and its mterseotions u^seui and 
with the abscissa, u, < % < 0 means 
that the trajectory is located in the 
lower hemisphere. 


Fig, 30. ” Bird’s-eye ” view of the path 
of the spherical pendulum, i^ngle of pre¬ 
cession A passage from over B^ 

back to Bx corresponds to a half-period, 
therefore to a full cycle. 


Note that now the oscillation is no longer periodic in space as in the case 
of the pendulum moving in a plane, but is modified by a slow precession. 
The angle of precession by which the mass advances (or recedes) in a 
full period T is calculated from (13) to be 

Ut 

(16) ^ J 

W* 


H 





100 


Oscillation Problems 


111.19 


This precession is Dlustrated in Kg. 30, which is taten from A. Ot. Webster, 
“Dynamics of Particles,” Leipzig, Tenbner (1912), p. 61. 

The integral (12) is an elliptic integral of the first kind, just like the 
integral (16.8) for the simple pendulum. This is the generic name applied 
to all integrals whose integrand contains the square root of a polynomial 
of the third or fourth degree in the variable of integration in the denomin¬ 
ator. That Eq. (16.8) falls in this class can be seen by introducing the 

transformation w=sin|, so that u becomes our variable of integration; if, 
moreover, we put a—sin|, (16.8) goes over into 

C du 

In particular, expression (14) for T is, just like (16.12), a complete 
integral of the first kind. On the other hand, integral (13), which has 
the two factors (lih^) hi addition to 17* in the denominator, is an “ elliptic 
integral of the third kind,” and (16) is a “ complete elliptic integral of the 
third kind.” 

Problem ni.l shows that for infinitesimal oscillations the equation 
expressing the motion of the spherical pendulum becomes elementary and 
the angle of precession —►O. 

§ 19. Various Types of Oscillations 

Free and Forced, Damped and Undamped Oscillations 

Free, undamped oscillations were treated m § 3, subsec. 4; we called 
them harmonic oscillations. At this point we shall consider, first of all, 

Undamped^ Forced OsciUcUiana 

We shall take as their differential equation 

(1) mx+hx=c sin wt, 

where co= ~ is the circular frequency of the driving force. 

We have here made the differential equation linear in the dependent 
variable x, which is permissible, at any rate, for small oscillations (cf. 
simple pendulum). The same remark applies to the remaining examples 
in this and the following section. 

The restoring force is -fee as in (3.19); c of Eq. (1) is the amplitude 
of the driving force causing our particle to oscillate. 

By virtue of the addition of the right member, (1) is an inhomogeneous 
linear differential equation. The left side, when set equal to zero, gives 
the associated homogeneous differential equation, as previously mentioned 
in connection with Eq. (3.23). 
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A particular solution of the inhomogeneous differential equation is 
given by 

a;=C7sin a> t, 

where C must satisfy the equation 


G{k—mafi)==^c. 


If, with (3.20) as model, we put 

( 2 ) 


we obtain 

(3) 


0 = 


ojm ^ 
Wo* — w* 


The general solution of (1) is formed from this particular solution and 
the general solution of the associated homogeneous equation: 

(4) x= C7 sin 6e> t+A cos i+JS sin coq t. 

The amplitude C of the first term grows with increasing co to become infinite 
for ct)=40o; thereupon it jumps to negative infinity, and decreases slowly 
in absolute value toward 0 as co-^oo. 

Actually, when 0 becomes 
negative the amplitude does 
not change sign, for amplitudes 
are positive by definition. We 
therefore continue to define the 
amplitude by | O' | and put the 
change of sign that takes place 
into the sine factor, where it 
appears as a phase change of 
8= •4“7r. 

The foregoing is illustrated 
in Figs. 31a, b, where | 0 | and 
8 have been plotted as func¬ 
tions of cu. 

In Fig. 31b we cannot a priori decide whether the phase leads or lags 
for a> > cdq, i.e., whether we are to take 8= or 8 = —tt. We shall, however, 
anticipate and consider undamped vibrations as a limiting case of damped 
vibrations (see below); this leads us to decide in favor of —tt, so that 
the first term of (4) can be written in detail 

cJ m A \ 

jSrtrs;;-. sm 



Fig. 31. Amplitude and phase of undamped 
forced oscillations. 


(4a) 


(o) >tOo)- 
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The fact that the amplitude becomes infinite for cd=o)q illustrates the 
phenomenon of rescynctnce between free and forced oscillations, a phenomenon 
that plays an important role in all of physics. The denominator of (3) 
and (4a) whose vanishing causes this infinite amplitude is called a “ resonance 
denominator.” It is intuitively clear that the closer the proper frequency 
of the oscillating system is to that of the driving force, the better the system 
will follow this force. 

Incidentally we must keep in mind that we are guilty of gross extrapola¬ 
tion when we deduce infinit e amplitudes at resonance, for in almost all 
cases our linear differential equation holds only for infinitesimal oscillations. 

So far we have directed all our attention to the first term of the right 
member of Eq. (4). The other two terms are determined by the initial 
conditions. Let us take 


x=0, i—0 at ^=*0, 


so that, from (4), 

^=0, ct) (7+0)0J5=0, hence 


It follows that 


( 6 ) 


a;=G^sinQ)t—^sin cootj. 


Let us make the content of this equation clearer by considering the special 
case of near resonance of the two frequencies cd and o)o. 

We put 

O — COo+do) 


and expand 

sin (ot— ^ sin o)oi=sin cos cuof—sin o)Qt— '^sin cdqL 

u)q Wq 

Eq. (6) then yields 


x=OAa)^ cos o)o<— ^ sin , 


and, by virtue of (3), in the limit Jcd—O, 

(6) x= (sin o)o«- 0 ) 0 ^ cos o^t). 

This type of oscillation, illustrated in Eig. 32, is no longer periodic as 
was that of free oscillations; indeed t appears in (6) as a secular term 
(i,e., no longer solely in the argument of a trigonometric function). "For 
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t — >-00 the amplitude approaches the value 0= oo as iudlcated in Kg. 31 
for the case 



Fig. 32. Resonoaoe of j&ee and forced oscillations. 

Secular increase of amplitude. 

Free, Damped OaciUcUiona 
These have the differential equation 

(7) mic +kx= — wx . 

The frictional term on the right has been put proportiona] to the velocity, 
an assumption which finds its justifiloation in the hydrodynamics of dow, 
laminar (=non-turbulent) flow (e.g., air friction). 

Eq. (7) is a homogeneous linear diflerential equation. As before we put 

k 9 

(7a) proper frequency. 

Let us also make the convenient change of symbols 
(7b) l=2p,p>0. 

Eq. (7) then takes the form 

( 8 ) 

The method described under Eq. (3.23) now proves its full worth. As 
there, we substitute 

(8a) x=Ce^* 

in (8) and thus obtain the characteristic equation in A, 

A>'+2/)A+wg=0 

“ />±(~ 


with the two roots 
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Expression (8a) must therefore be generalized to 
(8b) 

We now distinguish two oases: 

1. p< Wo, 2. p>ct)f). 

The first case is that nsuaJly prevailing in practice. The motion is a periodic 
oscillation with decaying amplitude. The second case is that of strong 
or “aperiodic” damping. In both cases we shall specialize the motion 
by imposing the condition, a;=0 at which, according to (8b), leads to 
<7*-Cl. 

1. /xwj. A=-p±»(«^-/j*)*, 

a:=20je“^ sin (w*—p®)*<. 

For small p the periodic time 

differs little from that of the midamped oscillation. e'~P^ is the damping 
factor, pT the logarithmic decrement, 

2. p > Wft. Ai and Ag are real and we obtain 

x=2C^e-P* sinh(p*- 

where sinh is the hyperbolic sine. 

We shall finally deal with a type of osoillation including all those so 
far considered, namely that of 

Damped, Forced OsciUatione 
We may write their differential equation in the form 

mx-^wx -|-ha?=c sin wt 
or, with the abbreviations defined in (7a, b), 

W 'i+2px+o)^x= 

To the general integral (8b) of the homogeneous equation we must now add 
a partioular solution which we shall write in the form 

*= lOj sin (wf+8)= 
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Let xis introduce this in (9). A comparison of the factors of left and 
right yidds 

|(7| (- a>a+2 »pw+«i)§)e«= 

IO|(-a,*-2ipa,+ o.>-<^=^- 
Multiplication and division of these two relations yields 

1^1*“ (m) (Wo«-w»)*+4p««* 




respectively. Accordingly 

(10) \ 0 \-. 


Wq*— a)*+2tpc«) 


c 1 


( 11 ) 


2pa> . 


Compare the plot of these two functions of cu in. Pig. 33 with Pigs. 31a, b. 

Pig. 33 shows that our formerly infinite resonance maximum has been 
depressed to a finite value as a result of the damping (note, by the way, 
that the maximum value no 
longer occurs at the exact 
point w^coq, but rather at 
a somewhat smaller o ; cf. 
problem III.2). 

Pig. 33 also demonstrates 
that with increasing co, 8 
goes from the value 0 at 
co=s0 to negative values; 
for a>=coo it exactly equals 
— and it approaches —rr 

as o) —► 00 . Thus we have 
justified the arbitrary choice 
between ±v, made earlier 
(in Pig. 31), when we were 
dealing with the undamped 
case. As a matter of fact 
we see now that the phase 
of the oscillation always lags 
behind that of the driving 
force. Por further examples of forced vibrations see problems III.3 and 111.4. 



Eiq. 33. Amplitude and phase of damped forced 
osoiUatlons. 
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§ 20. Sympathetic Oscillations 

The types of oscillation so far considered have concerned one mass 
point. We shall now deal with types of oscillation involving two masses 
capable of oscillation, these two masses being weaMy coupled to each other. 
Sympathetic oscillations have for many years been important in electric 
measurements. There one speaks of a primary and a secondary circuit, 
the latter usually being “ inductively ” coupled to the former. The primary 
circuit is made to oscillate (“ is excited ”), whereupon the secondary circuit 
does likewise, and especially strongly so if resonance prevails. Indeed the 
“ doubly tuned coupling stage widely used in radio consists of a primary 
circuit and a secondary one tuned to the former. Here we shall of course 
restrict ourselves to coupled mechanical oscillations, which have often 
been used as models for electrical ones. 

A particularly instructive example of sympathetic oscillations is 
furnished by the so-called “ coupled pendulums.’* In the case of resonance 
these are two equally long and equally heavy pendulums. We may picture 
them most simply as oscillating in the same plane; their coupling may be 
effected by means of a helical spring as mdioated in Fig. 35. If the spring 
offers but slight resistance to the relative motion of the two pendulums 
we speak of weak coupling; in the case of greater spring tension we speak of 
strong coupling. We assume that the coupling of our pendulums is weak. 
If the pendulums are not exactly equal in length or in weight, we shall 
say that they are “ out of tune,” or ** detuned.” 

We shall first describe the phenomena which are observed in the case 
of resonance. 



Let the first pendulum be excited, the second one being initially at rest. 
In Fig. 34 we have drawn a picture of the resulting oscillations. 

The oscillations of each pendulum are modulated. The' energy alternates 
between one pendulum and the other. When one pendulum oscillates 
with Tnaximum ampliiiude, the other one is at rest. 



111.20 


Sympathetio Oscillations 


107 


If, instead (of. Fig. 36) both pendulums are set icLmotiion simtiltaneously 
and -with equal strength, either in the same direction (i^g. 36, left), or in 
opposite directiona (Fig. 36, right), no energy is exchanged. These two 
oscillatory modes are called the 
Tiormal inodes of oscillation of our 

coupled system of two degrees of j j / \ 

freedom. We hare the general / / / \ 

rule that an oscillatory system of jfeww 

n degrees of freedom has n nornud ^ 0 w ▼ 

modes of oscillation. ^ ^ ^ ^ -n 

, , ,, Fia. 36. The two noimalmodes of OBomation 

If. on the other hand, the peadulmns in resonaiwe. 

pendulums are detuned, an energy 

exchange still takes place to be sure, but this exchange is of such a nature that 
the initially excited pendulum has a TnlniTnum amplitude different from zero. 
Only the pendulum initially at rest again reaches the state of rest in the 
course of the motion. Thus the sympathy ” of the two pendulums is 
upset by imperfect tuning. 

We shall now sketch the theory for complete resonance, making the 
simplest possible assumptions: we neglect all damping, and approximate the 
circular trajectories of the bobs by the tangents at their lowest points, 
which is permissible for sufficiently small displacements. Let % be the 
amplitude of oscillation of pendulum I, x^, that of pendulum II; call h the 
“ coupling coefficient,” i.e., the spring tension caused by an elongation of 
unit length, divided by the mass of one of the pendulums. The simultaneous 
differential equations of the problem are 




If we introduce in (1) 


(2) 25l«2Ci--a?2, 

subtraction and addition yield the two equations for the normal modes, 

or ■^+{ft)g+2Jfc) Zi=0, 

respectively, with the corresponding frequencies 

forzi: a)=(«®+2fc)*s<oo+l;; 


for5?2: 
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( 6 ) 


The general solutions of Eqs. (3) are 

cos sin <jit\ 

Z 2 =^o ,2 cos <o't+b 2 sin co't. 
At the moment of excitation <=0 let 


(6) 

X2—“X2~~"0f —0, 

giving 


(7) 

2 i =22=0, Z^ = Z2=C. 

It follows that 


(8) 

6 i =62~0, 

so that 

%==0 008 cot, 22 cos a>'/. 

Finally 

ai=^=Ocos^<-cos^t 

(0) 

• sin 

According to (4) 

2 ^26)0*^^ ^ weak coupling. 


factors of the right members of (9) therefore vary slowly with time; it is 
this circumstance which determines the beats in the oscillation illustrated 
in Kg. 34. 

The theory is not quite so simple if the two pendulums are out of tune, 
i.e., or/and Letting c be the tension of the spring due to 

unit elongation, we now put 




mi’ 




( 10 ) 


and instead of (1) we obtain the initial equations 
ii+o)* - ]c^ 
iz+(ol X2=^ - *2 ^)- 

Here again there are two normal modes, which can be obtained by an 
extension of the method set forth in (3.24). [In Eq. (1) we were able to 
use a more oonvement method especially suited to that case; this method 
IS not applicable in general.] We substitute 
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and obtain from (10) the two oharaoteristic equations 


( 12 ) 


A (tt)*-A*+jfci) =ifciB 

3{o>l-X^+h^) 


= M- 


The so-called ae&ular egtiation.^ obtained from (12) is quadratic in 
since 


(13) 

so that 

(14) 


B a>i»- 

A~ 


A«-|-fei 


*1 


{A®- («.*+fci)} {A*- («.|+ifca)>=*i 
Por small k^, (14) has the two approziinate roots 




(16) 


A*=-^ 








We designate these two roots of the seotJar equation by ctfi and ; further¬ 
more we generalize the tentative solution (11) in the same manner as was 
done in (3.24b), using the principle of superposition of solutions of linear 
differential equations. Written in real form the general solution is then 


(16) 


x^=a cos cot+h sin <ot+a' cos co^t+b' sin co't 
X 2 =ya cos cot+yb sin a}t-\-y'a' cos a>'^+y'6' sin <o't. 

Here y and y' are the specific values of BjA which arise from (13) for 
A®==a)® and A^^so)'* respectively. 

Let ixs once again take as the condition of excitation at <=*0 

• 172 ^^•^ 2 *^ 0 , 


This yields 


(17) 

ya+y'a'=0, ycD6+y'co'6' = 


from which 

6-6'-0 

and 



« The word originated in the perturbation theory of celestial meohanios. 
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If we substitute these values in (16), we have 


- 7 ^ - (y' cos coi— y cos co't) 


(18) 


SC 2 = ySiy yy' (cos cos lo't). 

In the equation for ri?a "w-e can perform the trigonometric transformation 


used in (9) to obtain 
(19) 


^ 2 “ 


2yy' /N . 0)'—6). . 6)'+a). 

—^ 0 sm—g—^ • sm-^ ^ 


We see that the second pendulum still comes to rest at the times 

—j-t=n7r; 



Fig. 36. Osoillograpli of two slightly detimed coupled peuduluizus, 

not so the jSbrst pendulum, which [of, the first Eq. (18) and Fig. 36] retains 
a finite amplitude when that of is at a maximum. Imperfect tuning results 
in an incomplete transfer of energy. 

If we desire to apply the foregoing theory to electrical phenomena, 
we must extend it to include damping of the pendulums; damping has its 
electrical analogue in the Ohmic resistance (our acceleration term corresponds 
to the sdf-induction, our restoring force to capacitive effects); moreover 
the analysis of electrical oscillations in coupled circuits demands that we 
introduce “ acceleration and velocity coupling ” in addition to the “ position 
coupling ” [A multiplied by db(i*?2”"^i)] ’v^^hich was the only type of coupling 
taken into account in our mechanical problem. 

In problem 111,6 we shall investigate the motion of an experimentally 
convenient arrangement, in which the pendulums are suspended bifilarly 
from a flexible wire and oscillate not in the plane of their positions of rest, 
but perpendicularly to it. 

An interesting arrangement, in which both coupled pendulums are, so 
to speak, realized in the same body, is that of an oscillating helical spring.^ 

* For details the reader is referred to tihe Witllner-Festsohr^, Teuboer (1905): Lissajous 
Figures aaid Kesonauce Effeots of Oscillating Helical Sprmgs; Their XTse in the 
Determination of the Poisson Hatio. 
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Such a spring (of. Pig. 37) is capable hot only of an oscillation (y) along 
its axis but also of a rotary oscillation (x) about this axis. 

For finite displacements the coupling between these two 
motions is produced by the spring itself. Por if the spring 
is pulled vertically downward, a lateral force is experienced; 
the spring seeks to withdraw along the wire-direction in order 
to uncoil itself. If, on the other hand, the spring is coiled 
up, it win seek to shorten itself along the ^-axis. In other 
words, if one excites an oscillation in the y-direction, an 
aj-oscillation is induced, and conversely. (Note: as far as 
the elastic stress on the material is concerned, the y-oscil- 
lation is one of torsion, the aj-oscillation one of deflection. 

Por details about this consult Vol. 11 this series.) 

By means of the adjustable mass Z, one can bring 
the vertical and horizontal oscillations into accurate or 
approximate resonance. Tf then one of the two vibrations 
is excited, an exchange of amplitudes of the type of Pig. tions of a helical 
34 or Pig. 36 takes place. spring. 

§ 21. The Double Pendulum 

As at the beginning of the previous section, we shaU first describe the 
empirical phenomena involved. 

Prom a heavy pendulum (a chandelier, for instance) we suspend a light 
pendulum of about the same period of oscillation. Let us impart a sharp 
impulse to the heavy bob; the light bob will be set in vigorous motion, 
which suddenly subsides and stays at zero for a short time. At this instant 
one perceives that the heavy bob, which had previously remained practically 
at rest, now starts oscillating with noticeable amplitude. This oscillation 
soon ceases, however, whereupon in its turn the light pendulum again 
begins to move with considerable vigor, and so forth. 

As mentioned, we demand that the masses of the 
two bobs, M and m, be very unequal, but that the 
equivalent lengths i, Z be approximately the same. We 
let 

m 

We shall treat the displacements, X of the heavy 
pendulum, x of the light one, as small quantities, so 
that once again we can approximate arcs of circles by Schematic 

theh tangents. Consequently we must also keep the arr^ement of a 
angles (f> and ^ (of. Pig. 38, where if/ belongs to the relative double pendulmn. 
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displaoement ar—X) small. We can therefore put 

sin^—and sin (^—^)s= 

cos ^=008 ^==008 (^—^)«= 1 . 

The upper pendulum is acted upon not only by the force of gravity, but also 
by the lower pendulum; the string tension® 8i^mg cos ^ contributes a 
component tangential to the motion of M of amount— mg cos ^ sin (<^— ift). 
Thus we arrive at the equations of motion 

— («—X) 


or, in more convenient form, 


i+fa;=fX 


Prom now on we shall put L^l and introduce the abbreviation 


(4) 


CJ 


2-.£. 


Our Eqs. (3) then become 


X+cog(l+2;.)X=^a,gir, 

S+a>Ja;=a>§X. 

These equations of motion state that the upper pendulum is fi times 
more weakly coupled to the lower one than vice versa. 

To integrate (6) we use a substitution similar to (20.11), 

(6) x=Ae^^^; 

Prom (6) we have as a result 


S[«f(l+2;t)-A»]=^ju< 


® In, til© present el e mentary treatment we have to introduce this tension iS as a descrip¬ 
tive au xi l i a r y quantity; later, when we azLal 3 r 8 e the same problem by 
of the general Lagrange method, this procedure will become superfluous. In, order 
to determine 8 we reason as follows: the tension in. the suspension of the light 
bob is in, equilibrium with gravity and inertial force (centrifugal force); th© latter 
is a small quantity of second order and can therefore be neglected. We then have 
8^mg a& stated above. 
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If we put the two values of BjA obtaiued &om these two equations equal, 
we arrive at the quadratic equation in A®, 


(8) (A* - to§)*+2it4 tt)o(co§- A*)=jttcoJ. 

Let its two roots be called A®= ofi and A*= w'®. Omission of higher powers 
of /a easily yields their approximate values 

(9) 

Written in real form, the general solution of (5) is then 

a;=a cos sin cos co'i+6' sin o>% 

X= ya cos iot’^-yb sin coit+y'a' cos o>^t-\-yV sin 

As in § 20, 7 and y' are here the values of B[A which result from (7) for 
and respectively, viz., 

(11) y'=+/A* and hence y'—y=2/£*. 

Let the excitation of the system at ^=0 be given by 


(12) i=0, X=0, 

It follows that 


a+a'=0 

ya+yV=0 


|.a=a'==s0. 


a)6+w'6'=Ol h' ^ - 

ycob+y'to'b'^C J ^(7-r) ’ ^ ” <^'(7'-y) 


Thus we obtain the final solutions 


(13) 


/ema}t 

sin a>^^\ 

[ « 

) 


^/Sin to'ij. 


Let us pass from these to the velocities x and X, taking (11) into account. 
We end up with 


(14) 


X— ^(oos cos a)t), 
Jt=w(cos a)'<+cos (ot). 


Given the same phase, the velocity of the heavy upper bob is hence 
jLt* times smaller than that of the light lower one ; notice also [that (14) 
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satisfies our initial oonditions (12). Tbe same can be said about the dis¬ 
placements themselyes. Like the velocities, these are subject to beats 
because of the closeness of the values of <o and tu'. This modulation can 
be shown explicitly by wnting the equations (13) and (14) in a form 
resembling Bq. (20.9). 

We the chapter with a problem which also pertains to the 

/.loaa of coupled oscillations and leads to oscillations very similar to the 
ones treated above. We shall, however, avail ourselves of a simpler 
mathematical method resembling that of the forced® undamped oscillations 
of § 19, so that we have to cope with the integration of only one differential 
equation rather than with that of a system of two simultaneous ones. 

Let us suspend our pocket watch &om a smooth nail, in such a way 
that the watch hangs completdy free and friction is reduced to a min i mum .. 
By "iAfl,Tin of gentle contact with our fingers or a piece of cloth we bring 
the watch into a state of complete rest. When released, the tunepieoe at 
once begins to move, performing increasing oscillations about the vertical 
rest position. These oscillations reach a masnnum, then gradually decrease 
once more to zero, after which the process repeats itself. 

In these oscillations of the watch we are evidently confronted with 
a motion reacting against the rhythm, of the balance wheel, i.e., a manifesta¬ 
tion of the principle of conservation of angular momentum. The fluctuation 
of the oscillation amplitude, on the other hand, is caused by interference 
between the free pendulum oscillations of the vratoh in the gravitational 
field and the forced oscillations excited by the balance wheel. 

We shall follow § 13, subseo. 2 in oui notation. Accordingly we let 
M be the angnlar momentum of the total motion of the s 3 rBtem. We decom¬ 
pose it into that of the pendulum motion (p) and that of the balance wheel 
oscillations (&), 

(16) M=Mj,-l-Mj. 

is oaloulated about the point of suspension 0 (nail), about the center 
B of the balance wheel. The latter is permitted because a pure angular 
momentum (i.e., one caused by a motion in which the center of mass of the 
system remains jSxed) can, just like a force couple (cf. p. 128), be shifted 

« We can say quite generally that the excitation of forced oscillations in a system by 
means of an external force is equivalent to coupling with a second system on which 
the first one does not react. Jjx the case about to be described it is certaiiily 
true that the reaction of the pendulum oscillations on the balance wheel is vanish¬ 
ingly small. 
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at will in its plane*^; indeed, due to the symmetry of the balance wheel 
about jB, the inertial action of the balance consists of a pure moment of 
momentum. Let <0 be the circular frequency of the balance wheel; it is 
determined by the stifi&iess of the balance spring. Let cdq be the undis¬ 
turbed, i.e., proper circular frequency of the pendulum oscillations. Accord¬ 
ing to (11.6) and (16.4) we put 

( 16 ) 

is the total mass of the watch, a its radius of gyration measured from 0. 
We postulate a sinusoidal balance wheel oscillation which we shall there¬ 
fore describe by ^ 5 = a sin <ot, B being the vertex of angle The angular 
momentum of the balance wheel is then 

(17) cos cui, 

where is the mass of the balance wheel, h its radius of gyration measured 
from B. 

As in the case of the compound pendidum [Eq. (16.1) ] the moment 
of the external force is 

(18) L=-m^g8<f>, 

where we have, as usual, made the approximation for small 9 ^. Here s is 
the distance of the center of gravity of the watch from 0 , and ^ the angle 
formed at 0 by the vertical and a line through the center of gravity. We 
now apply (13.9), use therein the values given by (16), (16), (17), and (18), 
and obtain the equation of motion 

(19) 

for our system. 

This equation represents the type of oscillation which was treated in 
§19 as undamped forced oscillation. Again we put 



7 This is a direct consequeuoo of the fact that the ft-ngnin-y momentum of a system 
about a given axis can be decomposed into the sum of the fl.Ti £nilA.r momentum 
of the system about a parallel axis through its mass center and the angular 
momentum of the mass center (containing the total mass of the system) about 
the given axis. In oxnr case the latter term vanishes since the AJigi de-r momentum 
of the mass center of the balance wheel due to the oscillation of the watch as a 
whole was included in 
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where coq is, we recall, the proper frequency of the pendulum motion; let 
us moreover abbreviate 

Equation (19) becomes 

(20) sin o)t. 

The solution satisfying the initial conditions ^=0, ^=0 at <=0 is 

(21) (ot- ^sin coo<). 


The constant c is so small (factor that the oscillation is of visible 

magnitude only when the relation coq—o) is approximated, i.e., when 
approximate resonance exists between the external pendulum oscillations 
and the internal oscillations of the balance wheel. Surprisingly it turns 
out that this resonance is more or less well realized in pocket watches 
of not too small a size (ladies’ watches are unsuitable for our purposes). 

Eq. (21) further shows that amplitude modulation goes hand in hand 

with the approach to resonance wq- > co. The period T of the beats is 

determined by the requirement 

(22) <oT= o>ori27r, 

and has therefore the value 


(22a) 


T= 


Stt 

l«-Wol ’ 


It can be determined very accurately by counting the number of pendulum 
oscillations between two nodes of the beats, and furnishes therefore a 
convenient and precise measure of the degree of resonance. We can refer 
back to Pig. 32 which, as pointed out, represents the same differential 
equation as (20); we must, however, bear in mind that in the diagram we 
postulated complete resonance, i.e., T=oo. 

If one leaves the watch to itself for some time, one observes that the 
beats have ceased. The reason for this is evidently friction (at the point 
of suspension and in the air), which we have so far neglected. This 
friction damps the contribution of the free pendulum oscillations to the 
motion of the watch, leaving only the forced oscillations due to the motion of 
the balance wheel, the latter contribution (of. Pig. 33, for instance) being 
somewhat reduced in amplitude due to friction. We can reason as follows: 
initially the forced oscillation is present in its full amount, and the free 
pendulum oscillation is excited to such a degree that at it just cancels 

the forced one — in agreement with the initial conditions ^=^s=0. 
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Indeed the initially motionless state of the watch can be interpreted as 
being caused by an impulse exactly cancelling the balance wheel oscillation. 
The ejBfect of this impulse is gradually used up by Mction, so that only 
the forced oscillation due to the balance wheel remains. 

The example of the watch appeared in the literature for the first time in 
the “ Elektrotechnische Zeitschrifb ” of the year 1904, in conneotion with 
the phenomenon of “ hunting ” of synchronous machinery, then timely 
and surprising. Two synchronous alternators feeding the same power 
line and connected in parallel show undesirable fluctuations in their motions 
and their currents when resonance occurs. They provide a greatly magnified 
picture of the beats of our watch and of the coupling and resonance 
phenomena occurring in the coupled oscillations that we have just 
analyzed. 



CHAPTEK IV 


THE RIGID BODY 
§ 22. Kinematics of Rigid Bodies 

At the beginning of § 7 we saw that a rigid body is endowed with six 
degrees of freedom; these we shall subdivide into three of translation and 
three of rotation. 

Let us consider the body in two different positions, the initial position ” 
and the “ final position.” We pick out an arbitrary point of the body as 
“ point of reference ” 0 , and describe a sphere of reference (say of unit 
radius) about it. On this sphere we mark two points A and 5. Onco 
we have guided the three points OAB from their initial positions to their 
final ones, all other points of the rigid body have similarly reached their 
destinations. 

First we take the point 0 from its initial position 0^ to its final position 02 - 
Let this be achieved by means of a parallel displacement or tranalatiori 
in which each point of the body is subjected to the same rectilinear displace¬ 
ment Oi Og.' We have thus described the three degrees of freedom 
of translation. 

The sphere described about 0^ is now in coincidence with the 
corresponding sphere described about Og* general this is not true 
of the position of the points A, B, which we designate by Ax, Bx on Kx 
and A 2 ,B 2 onK 2 - We shall show that there is one definite rotation about the 
point 0i=02 which will take points Ax, Bx over into A 2 , B 2 - Axis and 
angle of this rotation define the three degrees of freedom of rotation to 
be added to those of translation. 

In order to construct the axis of rotation, i.e., the point Q at which the 
axis cuts the imt sphere, we connect Ax to Ag and Bx to J?a by means of 
arcs of great circles. At the centers A^ and B' of these arcs we erect their 
perpendicular bisectors whose intersection is the point £3 in question. 
The angle of rotation, which we shall also call is 

( 1 ) ^AxQA2== <BxQB2. 

The equality of these two angles results from the congruence of the shaded 
spherical triangles AxQBx and A 2 QB 2 of Kg. 39, whose three corresponding 
sides are equal to each other. It foUows that the two angles designated by 
y m Fig. 39 are equal. If we subtract one or the other of these angles 

US 
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from the total angle we obtain the right or middle member of Eq. (1). 

This equation evidently states that the same rotation Q not only takes 
point into but also point into 

So far the magnitude and 
direction of the translation are 
still arbitrary^ within wide limits, 
for we have free choice over the 
reference point 0. The magni¬ 
tude and axis of the rotation, on 
the other hand, are independent 
of the choice of the reference 
point. For let us substitute for 
0 a new reference point 0\ The 
difference between the transla¬ 
tions associated with 0' and 0 for 
a given total displacement of the 
rigid body is again a translation. 

This latter translation, however, 
does not affect the positions of the 
points -4, B on the spheres Ki and 
Zg. It follows that the construc¬ 
tion of Fig. 39 carries over un¬ 
changed to the present case and 
yields not only the same angle of rotation Q as previously, but also an axis 
of rotation passing through the point of reference 0' and parallel to our 
former axis. 

Of much greater importance than finite displacements of the rigid 
body are its infinitesimal displacements which succeed each other con¬ 
tinuously to result in a finite motion. We shall therefore assume that now 
the magnitude ^^e translation and the angle £1 of rotation are 

arbitrarily small. Let us divide them by the correspondingly small interval 
of time At. We then obtain the velocity u of translation and the angular 
velocity o of rotation, 



Fig. 39. Construotion of the point O 
determining the axis of rotation for a 
rigid body revolving about a jSxed point 
0. This diagram also suggests how the 
resultant of two finite rotations can be 
found. 


( 2 ) 


u-O-p. . 


n 

At' 


As before, the angular velocity is independent of the choice of reference 
point 0, whereas u depends on this choice. The heavy type indicates that 

1 In the supplement to § 23 wo shall see that we can, in particular, make the direction 
of the translation parallel to the axis of rotation. We then speak of a “ screw 
displacement.” 
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<i> is to be regarded as a vector which expresses not only the magnitude, 
but also the axial direction of rotation of the angular velocity. 

We can easily show that 6> does indeed possess vector character. In 
Pig. 15 and Eq. (13.4), while discussing virtual rotations, we derived the 
relation 

(3) 88=84>xr. 

If we now pass from the virtual rotation 8<j) to the angular velocity 
and from the virtual displacement Ss caused by the rotation to the velocity 
w=~> we obtain from (3) that 

(4) w=<i>xr. 

As in Pig. 16, r is here the radius vector from the point of reference 0 
located on the axis of rotation to the point P whose velocity w is to be 
determined. 

Consider now the total effect of two successive infinitesimal rotations 
ii^dt and on the motion of the point P of the rigid body, reference 
point 0 being common to both axes c«>i and < 02 . We have 

(4a) Wa=w2Xr, Wi+W2=((Oi+coa)xr. 

In the last of these equations the left member is the velocity resulting 
from Wi and Wg. A comparison with (4) shows that 

(^) Wy=a)i+ci>2 

is likewise the resultant angular velocity, equivalent to the two rotations 
and in its effect on the rigid body. We conclude that angular 
velocities add like vectors. As in the case of vectors their order in addition is 
i mma terial, i.e., their addition is commutative, for 

(^) ci)i+(i>a=Ci)a+%- 

Neither of these two laws is valid for finite rotations. Their composition 
does not follow the simple rules of vector algebra, but those of the algebra 
of quaternions invented by Hamilton. Moreover the effect of two finite 
rotations depends on their order; two such rotations do not commute. 

At this point it is convenient to discuss the difference between polar 
and axial vectors. 

Examples of polar vectors are velocity, acceleration, force, radius vector, 
etc. They can be represented by directed segments provided with an 
arrow head. In a rotation of the syutem of coordinates their rectangular 
components transform like the coordinates themselves, i.e., according to 
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the scheme of orthogonal transformations with determinant +1, In an 
inversion of the coordinate system through the origin, in which x, y, z are 
replaced by —x, —y, —z respectively so that the transformation has 
determinant — 1, the components of polar vectors change sign. 

Angular velocity, angular acceleration, torque and angular momentum 
are examples of CLxial vectors. In accordance with their nature they are 
represented by an axis on which sense and magnitude of rotation are 
indicated (e.g., by a curved arrow and a number). If, instead, we represent 
them by means of an arrow of corresponding magnitude laid oflF on the axis, 
we must make some arbitrary agreement about the direction of this arrow, 
such as the rule of the right-handed screw. In a pure rotation of the 
coordinate system the rectangular components of axial vectors transform 
like the components of then: associated arrows, i.e., orthogonally ; in an 
inversion of the coordinates through the origin, however, these rectangular 
components do not change sign. In such a transformation the rule of the 
right-handed screw must be replaced by that of the left-handed screw, 
in agreement with the fact that an inversion through the origin takes a right- 
handed coordinate system over into a left-handed one. 

The vector product of two polar vectors is an axial vector (e.g., the 
moment of a force). The vector product of an axial and a polar vector 
is a polar vector [e.g., the velocity w in Eq. (4) ]. The reader may easily 
convince himself of this by checking the behavior of these products under 
inversion of coordinates.* 

After this digression we ret-um to the kinematics of the rigid body. 
The motion of each one of its points is composed of the velocity u of Eq. (2) 
connected with translation and the velocity w in Eq. (4) connected with 
rotation. The velocity v of an arbitrary point of the rigid body is hence 
given by 

(7) v=u+6>xr. 

The choice of the reference point 0 is completely up to us; for it we have 
(7a) v=u. 

For many purposes it is advantageous to put 0 at the mass center 0. 
This becomes evident if, for instance, we wish to calculate the kinetic 

* From now on we shall simply talk about the torque L, the angular velocity (i>, 
where tho roaclor should boar ui mind that we mean by this the axial vectors 
representing tho torque and the angular velocity respectively. When, on the 
other liand, we speak of the plane of the torque and the piano of the angular 
velocity, we mean, of course, the planes perpendicular to the axial vectors L 
and respectively. 
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energy of the body, 

( 8 ) 

To this end we form, with the help of (7), 

(8a) i;*=ii*+(<dXr)*+2u. (coXr) 

and accordingly break up T into three parts, 

(9) ^~^tranj3l“t“^iot~i"^wi» 

where is a “mixed** energy which is determined by the translation and 
the rotation combined. 

Since u has the same value for aH points dm^ we evidently have 

( 10 ) 


In order to calculate we perform the transformation 

(11) . 6)Xr dm=^u . qX Jr im=mu . coxR, 

where R is the directed segment from 0 to the mass center (?, 

(lla) R=ji|r*» 

as in Eq. (13.3b). If now we let 0 coincide with Q, we have R=0 and, 
from (11), 


(lib) ^,,=0. 

The kinetic energy T then becomes simply the sum of T’transi ^rot- 
Notice, in passing, that if the body rotates about a fixed point and if one 
chooses this fixed point as reference point 0, not only but also 
vanishes (in both cases because u=0), so that 

(lie) 

We shall now focus our attention on the rotational contribution to 
the kinetic energy. If we square the components of coxr, we obtain from 
the middle term of the right member of (8a) 


(12) 2 ^iot=coyj (z^+a;®) rfm+cDgJ* {x^+y^) dm 

— 2 oiyto^^yzdm— zxim— 2(a^(jt}y^xydm. 
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With the notation 

this yields 

(12b) 2TjQ^=lg^(Og^~\-lyyO}y-{-lg^a}jf — 2 jyg 0) COjg — 2/gjp CUjg, O) jj. — 

According to the definition introduced in ( 11 .3), is the moment of inertia 
of the mass distribution about the a;-axis; a corresponding statement holds 
for lyy and We shall call Ig^, the prodvcts of inertia (the name 

“ centrifugal moments ” is sometimes used synonymously). We can also 
abbreviate . . . without ambiguity to 4,. . . 

In accordance with (11.6) we put the left member of (12) equal to Jco* 
and with the abbreviations 



obtain 

(13a) !■=2/y,^y- 2Iga,y«- 2I^a,p. 

oLf jS, y are the direction cosines of the vector a> whose axis is arbitrarily 
located in the rigid body. It follows from (13a) that the moment of inertia 
about any axis is completely determined once the six magnitudes are given. 

A sextet of magnitudes of the type of our is called a tensor, or, more 
precisely, a symmetrical tensor. The name originated in the theory of 
elasticity where stress and strain tensors play a central role. In general 
a tensor is very aptly written as a square scheme, which in our case would be 



/ ^XX 



(13b) 


^yy 




“'^ssy 

ij 


where ... 


From an elemeatary viewpoint the mathematics of tensors is less 
concrete and easily intelligible than that of vectors. Whereas a vector is 
represented by a line segment, we must resort to a surface of second degree 
for the geometrical representation of a tensor. In our case this ‘‘tensor 
surface ” is obtained as follows: we put 

(14) «.= i. ^=2. y=^. 

where rj, 5 ar© interpreted as Cartesian coordinates, hence (?+“>?*+£*)* 
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as radius vector from the point 0. We now set p equal to 2"^, so that 
along every axis through 0 we lay off, • not J, but rather the reciprocal 
of (else we should not obtain a surface of second degree). In this manner 
we obtain from (13a) 

(16) 2/^^. 

Apart from possible degeneracies this is the equation of an ellipsoid, since 
for a finite mass distribution I is, in general, greater than zero. The surface 
represented by (16) is called the momenMl ellij^soid. 

If one transforms the coordinates so that they coincide with the principal 
axes of the* ellipsoid, one obtains an equation of the form 

(15a) 

where Iz are the three priTicipal moments of inertia. The products 

of inertia vanish for the principal axes, which can be regarded as a definition 
of the latter. The tensor scheme (13b) reduces to diagonal form. When 
the tensor is described in a system of coordinates different from that of 
the principal axes one must mentally add the three direction parameters 
of the principal axes; thus we are again lead to the sis magnitudes characteri¬ 
zing a symmetrical tensor. 


Fio. 




o) 


40a— 0 . (a) Momental ellipsoid of the toy top. (b) Momental ellipsoid of the 

flywheel top. (o) An example of a ^herical top. 



Every plane of symmetry of the mass distribution is of course also 
a plane of symmetry of the momental ellipsoid. A mass distribution with 
rotational symmetry has a momental ellipsoid of revolution, i.e., in addition 
to the principal axis along the “ axis of figure ” it possesses infinitely many 
other equatorial ” principal axes. As examples we may mention two 
types of tops; one is of the conical type used as toy, the other has the 
shape of a flywheel and is usually employed for demonstration purposes 
(Eigs. 40a and b). In the first type the moment of inertia about the axis 
of the body is a minimum, so that the corresponding principal axis is longer 
than the equatorial ones (by virtue of the relation p=2"*); we have a prolate 
spheroid. In the second case the moment of inertia about the axis of 
figure is a maximum, hence the corresponding principal axis is, for the 





IV.23 Statics of Rigid Bodies 126 

same reason, smaller than the equatorial ones; the result is an ohlate 
spheroid. 

Incidentally a momental ellipsoid becoxnes one of revolution not only for 
mass distributions with rotational symmetry, but also whenever more than 
two planes of symmetry pass through an axis, as for example in the 
case of a square or hexagonal prism. 

Similarly the ellipsoid degenerates into a sphere not only in the case of a 
spherically symmetrical distribution, but also in cases such as that 
of a cubical distribution, for instance, because here there exist more 
planes of symmetry than are compatible with the ellipsoidal shape of the 
tensor surface. In such a case wo speak of a ‘'spherical top.” In a 
spherical top (cf. Fig. 40c) any axis is a principal axis. 

§ 23. Statics oj Rigid Bodies 

This subject forms the theoretical basis for the whole field of structural 
mechanics dealing with such topics as the construction of bridges, trusses, 
arches, etc., and for this reason it is treated with the greatest detail in the 
texts of mechanical engineering, both analytically and graphically. Here 
we shall restrict ourselves to the general features of the subject. 

(1) The Conditions of Equilibrium 

These, like all questions of equilibrium, are governed by the principle 
of virtual work. Siixco this principle can bo regarded S/S the special case of 
d’Alembert’s principle in which the inertial forces vanish, our present 
analysis can be directly modeled after that of the principles of linear and 
angular momentum of § 13. Indeed the virtual displacements (translation 
and rotation) used there are evidently compatible with the internal connec¬ 
tions of the rigid body and correspond to the two component parts of the 
general motion of a rigid body considered in the prece^g section. 

By deleting the inertial forces in Eqs. (13.3) and (13.9), we obtain the 
general conditions of equilibrium of a rigid body, 

( 1 ) 

The are external forces acting at arbitrary points Pjg of the rigid body. 
The first Eq. (1) asks us to lay off the force vectors end to end in arbitrary 
order and with no regard to their points of application, and to examine 
the resulting force polygon. According to Eq. (1) for eguilibriitm the 
polygon of forces must be closed. 

The are the moments of the about a reference point 0 whose 
choice is arbitrary but which must be the same for all the F^j.. The second 
Eq. (1) asks us to replace these by their (axial) vector representations 
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(cf. p. 37) and to examine the polygon of torques arising when all these 
vectors are added veotorially. According to the second Eq. (1) the torque 
polygon must also he dosed for equilibrium. 

In analogy to Eqs. (13.12) and (13.13) we can pass from the two vector 
equations (1) to the following six component equations: 

These represent the projections of the vector equations (1) on the coordinate 
axes; the yj^, Zj^ are the coordinates of the points of application, measured 
from 0 as origin. 

(2) Equipollence; the Reduction of Force Systems 

If the external forces (or torques) are not in equilibrium, we can ask 
whether there exists a single force (or single torque) of such properties 
that under its action alone the rigid body moves in the same way as it 
would under the action of the given system 
of forces (or torques). 

Posing this question is, among other 
things, useful (even though in general not 
sufficient) for the determination of the forces 
which are exerted on a rigid body by its 
supports if the rigid body is acted on by a 
system of forces 'wrMoh themselves are not Construotion of the 

sufficient to bring about a state of equili- residtant force for an “open” 
brium. polygon of forces. 

We obtain the answer by drawing the 
closing segment in the now “ open ” polygon Fj, Fg,. .. F^, once in the 
direction in which the polygon is traced (F^+j) and once (of. Fig. 41) in the 
opposite direction (F^, resultant force). Nothing is changed thereby. We 
have now a closed force polygon F^,... F^+j, and a single force F^, which, 
taken together, are equipollent to the “ open ” polygon of forces 
The forces Fj,... however, in equilibrium and can therefore be 

left out, so that the single force F^ is equipollent to the given system of 
forces Fi,... F^. Mathematically, 

(3) F,=|F;,. 

Jfc-l 

The same process of reasoning can be carried out with an “ open ” 
torque polygon. One thereby obtains a resultant force moment which 
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is eqxdpolleiit to the given system of moments Li, Lj,... L„, i.e., 

w 4 = 2 l,. 

fc-i 

Let us mention in passing that there is nothing to stop us from making 
the single force act at the same point 0 which serves as reference point 
in the calculation of moments Ljj.. This choice is indicated in Fig. 4L 

(3) Change of Reference Point 

Eq. (3) immediately shows that is independent of the choice of reference 
point 0. If Fy' is the resultant single force associated with a different 
reference point 0\ we therefore have 

(5) f;=f,. 

From Eq. (4), on the other hand, we have with corresponding meaning of L' 

(6) L;=2 l; with L;=r;xFfc, 

fc-l 

where is the radius vector from O' to the point of application Pj^ of F^^. 
Let a he the vector distance from O' to 0. Then 

(6a) r; 5 .= a+r*, L;=axFfe+r*xF;;.=axF;fc+L;i.. 

Therefore 

(6b) L;=|axFfc+|;Lfc^-=ax|F;,+L,. 

A!-1 ft-l fc-X 

But in view of (3) 

n 

axjFfc^axF,. 

Thus we have 

(7) L;=L,+axF^. 

(4) Comparison of Kinematics and Statics 

As remarked in connection with Eq, (22.2), in kinematics q is independent 
of the choice of reference point, whereas u depends on that choice. We 
write 


(8) 
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and, &om (22.7), with v=u'aiid r=a, 

(9) u'—li+coxa. 

This equation has the same structure as the preceding Eq. (7) provided we 
disregard the sequence of the factors in the corresponding vector products. 
If we also take into consideration Eqs. (6) and (8), wo arrive at a remarkable 
reciprocity between statics and kinematics which can be expressed by the 
scheme below: 


Fr 



/\ 

U CD 

/ 

dependent on 


\ 
independent of 


reference point 

This crosswise reciprocity holds as weE between the concepts of force couple 
and rotational couple which we shall now take up. 

The/orce cowple (or “ couple,” for short) is a basic element in elementary 
statics. As is well known, a couple consists of two parallel and opposite 
forces of equal magnitude, ±F, whose lines of action are a finite distance, 
say I, apart. If we carry out the reduction of such a couple in the sense 
of subsec. 2, we obtain 


( 10 ) 


F,=0, |Lh|F| h 


where one should think of the vector L as directed normal to the plane of 
the two forces. Whereas, however, the former was, so to speak, attached 

to the reference point 0, our present L is the same for all reference points 
and completely free to move in space; i.e., two given couples can be added 
vectoriaEy to yield a third couple ; two couples of equal and opposite 
moments located in parallel planes cancel, etc. 

Let us foEow up the crosswise, reciprocity indicated by our scheme 
by defining a rotational couple. By a rotational cm^le we understand 
two equal and opposite rotational velocities ±a>,. whose axes are paraUel 
to each other and a distance I apart. According to the rule of addition 
(22.5), the reduction of a rotational couple yields a resultant rotational 
velocity <«),.=0. Our rotational couple generates then a pure translation 
perpendicular to the plane of the two axes of rotation. The magni¬ 
tude of the velocity of translation is easEy found to be |i^| = cuZ. The 
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analogy to Eqs. (10) in the sense of our reciprocity scheme is therefore 
complete. Whereas our former u depended on the choice of the reference 

point 0, the u equivalent to a rotational couple is independent of 0, and can 
be translated parallel to itself in space in any manner whatever. From 
this it follows that two arbitrarily located rotational couples add vectorially 

—>■ 

just like their velocities of translation two rotational couples of equal 
and opposite moment ±wZ located in parallel planes cancel, etc. 

Supplement: Wrenches and Screw Displacements 

From (7) we see that depends on the reference point. We are there¬ 
fore tempted to choose this point in such a way that and become 
parallel. We then obtain an especially simple picture of our system of forces 
called a wrenck^ i.e., a single force and a moment acting about this force or, 
equivalently, a couple located in a plane perpendicular to the force. If our 
initial reference point is 0, the position of 0' required for a wrench is obtained 
as follows: in Eq. (7) we decompose into ^ parallel to and per¬ 
pendicular to it and determine a from the equation 

(11) L^=:-axF^. 

From (6) and (7) we then have for the reference point O', 

f;=f„ l;«lj|f, 

as demanded by the definition of a wrench. Eq. (11) states that for this 
purpose the reference point 0 must be displaced a certain distance 



normal to F,. and L^. 

A line of reasoning exactly reciprocal in the sense of the preceding 
discussion leads to the screw displacement. With Eq. (9) as starting point 
we decompose u into parallel to g> and perpendicular to it. The 
displacement a of the reference point required for a screw is determined 
by the equation 

(12) u^^-QXa. 

From (8) and (9) we then obtain for the reference point O', 

(13) 6)' = < 0 , = II 6 ), 

which in fact represents a screw displacement. Eq. (12) states that the 
reference point 0 must here be displaced by a certain distance normal 
to o and u^. 
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Attractive as the concept of the -wrench and the screw displacement 
may be, it is of no great practical value in the treatment of specific problems 
involving rotation. For this reason mention of them has been relegated 
to a supplement. 

§ 24. Linear and Angular Momentum of a Rigid Body. 
Their Connection with Linear and Angular Velocity 

Let US imagine that a momentum of translation (linear momentum, 
impulsive force) and a momentum of rotation (moment of momentum, 
impulsive torque) have been imparted to a rigid body. Let the first one 
of these be designated by the letter p, the latter by M. 

p is calculated as a sum over all linear momenta dp=ydm, i.e., 

( 1 ) 

With the help of Eq. (22.7) we get 

p “ u J Jrdm 

or, with introduction of the radius vector R from 0 to the center of mass, 
cf. (22.11a), 

(2) p=mu+mci)XR. 

In particular, if we choose 0—0, we have R=0 and 

(3) p=wu. 

The angular momentum M of the rigid body, on the other hand, is 
composed of the moments of all the elements of linear momentum taken 
about the common reference point 0. We therefore have 

(4) M=Jrxdp=Jdw(rxv), 
from which, because of (22.7) and (22.11a), 

(5) M=Jdm (rxu)+Jdmrx(6>xr)=mRxu+Jimrx(a)Xr). 

The first term on the right vanishes for 0=0 as well as for u=0, so that 
in both these cases 

(6) M=|dmrx((dXr). 

In order to evaluate this integral we remind the reader of the vector 
rule for the triple cross-product, valid for any three vectors A, B, C, 

(7) A X (B X C)=B(A • C) - C(A • B). 
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It follows that 


rx(<aXr)=6>r®-r(<o • r) 


and therefore, taking the x-oomponent as example, 


■3^:*=J[rx(<oxr)]*dm 

( 8 ) 

= j cjy j xy dm— cugjxz dm. 

By introducing the moments and products of inertia from (22.12a), we can 
then write ( 6 ) in the form 


(9) 


J/.- 


^xx^x ^xy^v ^xz^z 


•^y ^yx^x~^^yy^y ^yz^z 
•^z ^ ^zx^x ^zy^y 


We have thus arrived at a linear relation between the dynamic vector M 
and the kinematic vector o>; this relation is achieved by means of the 
tensor I of Eq. (22.13b). We therefore say that M is a “ linear vector 
function of (o. Such linear vector functions play an important role in all 
aspects of the tensor calculus, especially in the theory of elasticity (cf. Vol. 11, 
this series). 

Eqs. (9) can be put into instructive form if we make use of expression 
( 22 . 12 b) for the kinetic energy of rotation. For then we simply have 

( 10 ) i=x,y,z. 


Uotice, moreover, that this expression is valid not only for the case 0=^0 
or u—0 presupposed in (9), but also for u 9^0 and arbitrary position of 0. 
For in the more general case one need only complete expression (22.12b) 
for Tj^f. by adding expression ( 22 . 11 ) for so that the term 


d(i)i 


m(Rxn)i 


will be added on the right of Bq. (10). But this is the same term which 
appears on the right side of Bq. ( 6 ) for M whenever 0 and 0 do not coincide. 
Since, finally, the total kinetic energy T differs from Tj.^^+T^ only by 
the term independent of <0 [of. (22.9) and (22.10) ], we can generalize 
( 10 ) in the form 

(lOa) i=:x,y,z 

valid for arbitrary position of 0. 

What has been said of the angular momentum M is also valid for the 
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linear momentum p. Here we consider at once the general case 0^0 
and from Eqs. (22.9), (22.10) and (22.11) form 

Qm 


■which ifl in agreement with Eq. (2) for p. The equa'tion complementary 
to ( 10 a) is therefore 

dT 

( 11 ) = 


Eqs. (10a) and (11) are special cases of a much more general rela¬ 
tionship connecting momentum and velocity coordinates of an arbitrary 
mechanical system. The proof of this must be postponed to Chapter VI, 
§ 36. Here we shall only concern ourselves with the geometrical meaning 
of Eq. (10), which leads us to the celebrated geometrical construction of 
Poinsot. The Poinsot method teUs us how to find the position of the axis 
of angular momentum M with reference to a given axis of rotation. The 
same can be said of this method as of the foregoing equations, namely, 
that it is not restricted to the case of the rigid body, but is applicable 
whenever one deals with a symmetric tensor ; one represents this tensor 
by means of a tensor surface of second degree, and asks for the linear vector 
function given by means of this tensor. 

The Poinsot construction runs as follows: from the center O of the 
momenta! ellipsoid we lay off the angular velocity vector (o and construct 
the tangent plane to the ellipsoid at the point where 6 > intersects it. The 
perpendicular from 0 to this tangent plane gives the direction of M. As 
proof we need merely recall that for an arbitrary surface /(^, 17 , S)—const., 
the direction cosines of the normal to the tangent plane are proportional to 


( 12 ) 


eg dTf ag 


In our case /(^,i 7 ,5)=const. is the equation (22.16) of the momental 
ellipsoid and its derivatives with respect to 17 , J are indeed proportional 
to the components of M of Eq. (9). 

We may also interpret the Poinsot construction as the direct geometrical 
expression of our Eq. (10), for the momental ellipsoid is essentially identical 
to the surface const. 

Our Pigs. 42a, b represent the case of the symmetrical momental 
ellipsoid, where co, M and the axis of symmetry (“ axis of figure ”) f are 
coplanar ; so that the tangent plane can be represented as the tangent 
to the cross-section of the ellipse in this plane. In the prolate ellipsoid of 
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revolutiou (i.e., spheroid), Kg. 42b, M and f, the axis, lie on opposite 
sides of 6) ; in the oblate spheroid of Fig. 42a, M lies between f and co. 
The case of the ellipsoid with three 
unequal axes presents a more difficult 
graphical problem. 

In conclusion we emphasize that 
the relations discussed in this section 
are basically nothing but expressions 
of the Newtonian definition, “ the 
quantity of motion is the measure of 
the same, arising from the velocity 
and the quantity of matter con- 
junotly,” extended to the rigid body. 

The reason why our present relations 
are so much more involved than the 
one between momentum and velocity 
of a single particle is that in particle 
mecbanios the ‘‘ quantity of matter,^’ i.e., the mass, is a scalar^ whereas 
in the case of the rigid body the moment of inertia that takes its place is 
a UnsoT, 

§ 25. Dynamics of a Rigid Body. 

Survey of its Forms of Motion 

Let US first consider the rigid body moving freely in space. As reference 
point we choose its center of mass, and reduce all the forces acting on 
the body to forces acting on this point, in agreement with the prescription of 
§ 23. We need then only deal with a single resultant force F and a resultant 
torque L. The equations of motion are the equations of momentum and of 
moment of momentum of § 13 ; they read 

(1) P«F, 

(2) M=L, 

Since the rigid body possesses but six degrees of freedom, these two vector 
equations suffice for the complete description of its state of motion, 

Eqs. (1) and (2) can be treated separately whenever F is independent 
of the angular velocity twnd L independent of the translational velocity. 
In baUisticB, for instance, this is not the case. If it is the case, (1) becomes 
a problem of pure particle mechanics, (2) a problem of rotation about a fixed 
point or, as we shall say for brevity, a “ problem of the spinning top.” 

At this point we shall be interested principally in the latter. With 
the choice of reference point made above, we can disregard the force of 



Fio. 42. Poinsot construotion giving 
the relative position of atigtilar velocity 
CO and angular momentum M for the 
two oases where the inomental ellipsoid 
degenerates into a) an oblate spheroid, 
b) a prolate spheroid. 
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gravity since it has no moment about the mass center. If, furthermore, 
we neglect air resistance, friction and the like, we are confronted "with the 
problem of the spinning top under no forces. Thus the gyroscope in a 
Cardan suspension (of. Fig. 47) is a top under no forces provided we can 
neglect the mass of the gimbals in comparison with that of the flywheel, 
which is approximately valid in the usual constructions. Otherwise we 
would be confronted with a considerably more involved mathematical 
problem. 

We shall also deal with rotation about a fixed point other than 
the mass center. As remarked on p. 122, it is then advisable to take this 
fixed point as reference point 0 and introduce the gravitational moment L 
acting about it. In that case we speak of a heavy top. Subsecs. 4 and 6 
are devoted to its discussion. 

We shall postpone the complete analytical treatment of the top under 
no forces until the following section, where we shall become acquainted 
with the tool provided by Euler's equations. The complete treatment of the 
heavy top — to the extent to which it can be carried through at aU—must be 
postponed even further, namely to § 36. There we shall have at our command 
the yet more powerful method of the generalized Lagranqe equations. 

For the top under no forces Eq. (2) yields M=0. This can be integrated 
at once to yield 

(3) M=const. 

The angular momentum of a top under no forces is constant in magnitude 
and spatial direction. This statement completely parallels Galileo’s law 
of inertia, but in general does not lead to an expression for velocity and 
position in space which is as simple as in the other case. 

(1) The Spherical Top Under No Forces 

Only in the case of a spherical momental ellipsoid do we have M= Jo, 
from which M=const, leads to 0 =constant. The axis of rotation is in 
permanent coincidence with the fixed axis of angular momentum. Each 
point of the body, no matter what the external shape of the same (of. Fig. 40o, 
for mstanoe), describes a circle about this axis with constant velocity. 

(2) The Symmetrical Top Under No Forces 

Here a simple rotational motion occurs only if the direction of M 
coincides with one of the principal axes, that is, either with the axis of 
the body or an equatorial axis. The general form of motion of the sym¬ 
metrical top under no forces is the so-called regular Recession. 
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We explain this form of motion with the aid of Fig. 43. We have 
drawn the axis of the angular momentum, which is fixed in space, vertically 
upward; let M be the point at which it intersects a miit sphere described 
about the center of the momenta! ellipsoid. Call R and F the points of 
mterseotion of this sphere and the axes of rotation and of symmetry at an 
arbitrary instant. Since by the Poinsot method these three axes lie in a 
meridian plane through F, the three points ikf, R and F are located on a great 
circle passing through the fixed point M ; in the case of a momental oblate 
spheroid, which we shall postulate for definiteness, M is situated between 
F and R. At any instant the motion consists of a rotation about OR. 
In this process F advances normally to the arc of the great circle just 
mentioned. The angular distance between F and M is not changed thereby; 
thus we can draw the instantaneous path of F as a short arc of a circle of 
latitude about M (arrow at the left in Fig. 43). Now R too must change 
its position — it must move to the great circle defined by M and the new 
position of F. In this motion the angular distance between M and jR is 
conserved, since it is determined by the Poinsot construction. Thus R, 
too, advances on the arc 
of a circle of latitude 
about M (arrow at right 
of Fig. 43). The relative 
position of points F, JIf, 
and R is now the same as 
initially, so that our pro¬ 
cess of reasoning can be 
repeated. It follows that 
axes of symmetry and rota” 
tion each describe a circular 
conA about the spatially 
fixed angular mo^nentum, 
each com being traced with 
constant angular velocity; 
the latter because the angular velocity is completely determined by the 
magnitude of M and its position with respect to the momental ellipsoid. 
I^hus the character of the regular precession has been fully described. 

The same applies of course to a momental prolate spheroid, with the 
only difference (cf. Pig. 42b) that R would now be located between F and M. 
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Fio. 43. Regular procession of the syxnmetrical top 
under no forces. 


(3) The Unsymmetrical Top Under No Forces 

The form of motion of the symmetrical top jiist derived could have 
been described with more brevity, but less clarity of detail, as follows: 
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through the temunus of the angular momentum vector M we pass the 
“ invariable plane ” e (of. p. 73) normal to M. About the origin of M 
we construct the ellipsoid of twice the kinetic energy (“Poinsot ellipsoid ”) 
which is similar to the momental ellipsoid. The Poinsot ellipsoid is 
tangent to € and the point of tangency is the terminus of the angular 
velocity vector o. The instantaneous motion of the top consists of a 
rotation of this ellipsoid about 6). In this process the ellipsoid rolls without 
slipping on the plane €^. If the Poinsot ellipsoid is one of revolution, the 
curve of the point of tangency becomes a circle about M; the cones described 
by (0 (“ space cone ”) and the axis of figure therefore become circular cones. 
Thus we have again the regular precession of the top. 

The same construction now leads at once to the Poinsot picture of the 
force-free motion of a general (“ unsymmetrical ”) top of three distinct 
principal moments of inertia. Again we let the Poinsot ellipsoid roll on 
the invariable plane e (of. footnote 3 below). Now the curve of contact 
is no longer a circle, but a transcendental curve which in general does not 
close on itself. Similarly the cones which describe the motion of the axis 
of rotation and of the body “ axis ” in space are now transcendental 
cones. The analysis of the unsymmetrical top, even when under no forces, 
leads to elliptic integrals [cf. § 26, (3) ], while that of the symmetrical top 
under no forces requires only elementary functions. Of course even for 
the unsymmetrical top a pure rotation about one of the three principal 
axes is a steady rotation whose representation is elementary. 

(4) The Heavy Symmetrical Top 

Here we shall not treat the spherical top separately, since its motion 
is hardly simpler than that of the symmetrical top. 

For the heavy symmetrical top "^e fixed point 0 (point of support 
in the socket) no longer coincides with the center of mass 0 (located on the 
axis of symmetry); call s the distance 00. The magnitude of the gravita¬ 
tional torque is then 

(4) |L|=mp5sin0, 

where 6 is the angle between the vertical and the axis of figure. L is normal 
to the vertical and to the axis of symmetry or, in other words, it lies along 
the line of intersection of the horizontal plane with the equatorial plane of the 
momental ellipsoid. This line of intersection is called the line of nodes^ 

* This foUo-wB firom the Poinsot construction of p. 132 aad firom Eq. (26.17a) soon 

to be encountered. 

* Bolling without sliding is equivalent in meaning to the equality of the rate of change 

of the angular velocity vector g> as observed firom space and from the body. In 

this connection refer to Eq. (26.8a), where this equality is proved. 
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a term borrowed from astronomy. For a more precise definition of signs 
refer to p. 141. 

Oux general Eq. (2) can no longer be integrated immediately as in the 
case of a top mader no forces ; rather, the angular momentum is subject 
to continuous change given by the law 

(5) = 

Thus the infinitesimal vector L dt adds to the vector M at any given instant 
t to give the angular momentum at The terminus of M advances 

in the direction of the instantaneous line of nodes, i.e., normal to the 
vertical and the axis of symmetry. From this it follows that the projec¬ 
tions of M on the vertical as well as on this axis must be constant. Let 
us call the two constants 

( 6 ) 

The two quantities Jkf' and if'", which can be prescribed arbitrarily, are 
two constants of integration of the equations of motion. 

A third constant is that of total energy E. Corresponding to Eq. (6.18) 
we have the gravitational potential energy 

(6a) V^mgsGOAd 

so that 

(7) cos d^E, 

In order to pass to an analytical description of the motion we must 
express T and the projections of M mentioned in (6) in terms of suitable 
position parameters of the top (the Eulerian angles); this will be carried 
out in § 36. The calculation of the motion is there shown to lead to elliptio 
integrals. 

The regvlar precession is now no longer the general form of motion 
as in the case of the top under no forces, but only results for specially 
chosen values of M\ if'" and E, The precessional motion usually observed 
with a heavy top excited in the customary way appears to be—but is not — 
regular; it can be called psevdo-regular precession. Finally a pure rotation 
about the vertically oriented axis of figure is also a possible (stable or 
unstable) form of motion, no matter what the magnitude of o. 

So far we have considered only the equation of angular momentum (2). 
We must throw a quick glance at the equation of linear momentum (1). 
Its right member consists of the force F acting at the fixed point 0, which 
is composed of the force of gravity mg acting vertically downward, and the 
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reaction of the support, F^p. The change in momentum in the left member is 

p=mJ(<axR)=mV 

&om Eq. (24.2) with u=0, where V is the velocity of the center of mass. 
Eq. (1) then ma»kes the simple statement that 

F8up=^(V-g). 

In other words, the law of linear momentum demands that at any given 
instant the support famish a force equal to the mass of the top X the 
acceleration of the mass center diminished by the gravitational acceleration. 

(5) The Heavy Unsymmetrical Top 

In spite of the efforts of many great mathematicians, aU attempts to 
integrate the differential equations of this problem in the most general 
form have failed so far. Among the integrals of angular momentum (6) 
the first remains in effect, to be sure, because even here the gravitational 
torque acts about a horizontal axis so that the terminus of the vector M 
remains in a horizontal plane fixed in space. The second integral (6) is, 
however, invalidated, because it is baaed on the symmetry of the momental 
ellipsoid. Of course the energy integral (7) is valid also for a general 
momental ellipsoid. 

The soluble special oases of the problem postulate either a particular 
mass distribution or a particular form of motion. 

The best-known case is that of Kowalewski. The momental ellipsoid is 
here assumed to be symmetrical; the center of mass no longer lies on the axis 
of the body, but in the equatorial plane defined as the plane perpendicular 
to the axis and passing through the fixed point; in addition it is required 
that the moment of inertia about the axis of the body be one half the 
equatorial one. In that case the form of motion need not be restricted. 

The case of Staude concerns the question as to which axes can serve 
as axes of steady rotation when directed vertically. It turns out that 
these axes lie in the body on a cone of second degree which, in addition 
to the three principal axes, contains also the axis through the center of 
mass. To each axis belongs a (to within a sign) definite angular velocity. 
Neither mass distribution nor position of the center of mass need be 
specialized in this problem. 

The case of Hesse, finally, is concerned with the analogue to the simple 
mobion of a pendulum (spherical pendulum or, in particular, ordinary 
pendulum). For such motion the mass center must he on a certain axis in 
the momental elhpsoid, and the initial excitation must be of proper form, 
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just as in the case of the symmetrical top, whose mass center describes 
a pure pendulum motion only if the initial angular momentum has no 
component along the axis of symmetry. 

§ 26. Euler's Equations. 

Quantitative Treatment of the Top Under No Forces 

(1) Euler’s Equations of Motion 

We distinguish between a reference system a, y, z fixed in space and a 
second one, X, 7, Z fixed in the body. In the (x, y, 2 :)-system the angular 
momentum for motion under no forces has an invariable position: M= 
constant [Eq. (26.3) ]; seen from the body, the position of M varies con¬ 
tinuously. We want to study the law of this variation. 

Let us therefore focus our attention on a point P fixed in the body, 
and a point Q fixed in space, the two points being momentarily in 
coincidence. Let v be the velocity of P in space, V that of Q in the body. 
According to the kinematic Eq. (22.4), v=G>xr. As seen from the body, 
Q moves with equal but opposite velocity to that of P as seen from space, 
so that 


04Xr=rxci). 


In tabular form we have 



Soon from Space | 

Soon from Body 

p 

v=<oxr 

v=o 

Q 

v=0 

V=rx<i» 


For point Q wo choose the spatially fixed terminus of the vector M 
and hence write 


r-M, 


dM, 

dt 


Thus ^ means “ change in the body ” (we called the change in space M; 
it is equal to zero here). 

From the second line of our table we then read off 


( 1 ) 


(it 


==Mx<o. 


This completes the derivation of Euler's equations for a rotating body under 
no forces. 
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We shall rewrite them in terms of their components in the (Z, 7, Z)- 
system. We shall call coj, cog, cog the components of g>, and M 2 , 
those of M. Eq. (1) yields 

( 2 ) 

The system of the Z, 7, Z is so far completely arbitrary. If, now, we 
take the directions Z, 7, Z along the principal momencs of inertia of Eq. 
(22.16a) and call these 7^, Jg, Jg, we obtain, by virtue of the general relation 
(24.9), 

(3) M2^I%0>2, 

and (2) takes the simple form 

W A^* = (Wi)c03a.i, 

■^8 "3^ = (il 

It is these remarkably symmetrical and elegant equations one usually 
thinks of when one speaks of Euler’s equations. 

Let us now extend them to include the case that an external torque 
L is in efifecj. In that case the terminus of M is no longer fixed in space, 
but, according to (26.2), has the velocity v=L. 

As seen from the body, our point Q now moves with a velocity com¬ 
posed of v=L and V=rx<«). It foUo'ws that Eq. (1) must be changed to 

(6) ^=Mx<d+L 

and the components of L with respect to Z, 7, Z must be added to the 
right members of (2) and (4). This yields Euler*8 equatious of motion for 
a rigid body with a fixed point. 

We shall write these equations explicitly only for the case of the heavy 
symmetrical top, where L acts about the line of nodes and, from (25.4), 
has the magnitude 

|L|=mfirasin 6. 



IV 


Euler’s Equations 


141 


In order to dispel all ambiguities contained in the meaning of the words 
vertical, axis of S 3 anmetry, line of nodes, we agree that 

the positive side of the spatially fixed 2 -axis points up and defines 
the vertical; 

bhe positive side of the Z-axis passes through the mass center and 
defines the axis of symmetry; it makes an angle 6 with the vertical; 
the line of nodes is the semi-infinite line normal to the positive 2 - 
and Z-axes and in the direction of advance of a right-handed screw 
as 6 increases. 

We further specify that the distance 5 is to be a positive quantity. Call <f> 
the angle which the line of nodes makes with the positive Z-axis. The 
components of L with respect to i, F, Z are then given by 

(6a) mgs sin 6 cos ---mgs sin sin 0 

respectively, and with equations (4) go over into 

sin 6 cos <l> 

( 6 ) = 



The last equation shows that for the heavy symmetrical top (and therefore 
a fortiori for one under no forces) we have 


(7) J 3 0 ) 3 =Jfg—const., 

which we already knew. We see at the same time that Euler’s equations 
are not suited for a further integration for the heavy top, since as yet we are 
ignorant of the relation between the a>i, and the 6, <j>. 

As far as the coj, ax© concerned, we wish to emphasize very 
strongly that they are not velocities in the ordinary sense, i.e., not derivatives 
with respect to time of spatial measurements of some sort. Indeed, in 
view of the expression de^ed on p. 60, we can aptly designate them as 
** non-holonomic velocity components.” 

We shall finally write ( 6 ) in a somewhat different form. Since v is the 
velocity as seen from space, we can generalize our expression by substi- 

tutmg v=M for v—L. We thus obtain 

(8) M=^+a)XM, 


an equation which, by the analysis of p. 139, is valid for all (axial or polar) 
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vectors. K, specifically, we apply it to the angular velocity vector < 0 , 
it smiply 3 delclfl 


( 8 a) 



For the angular velocity vector cd and only for this vector the spatial change 
is equal to the change as judged from the body. It is this rule to which 
we referred in the footnote on p. 136. 


(2) Regular Precession of the Symmetrical Top Under No Forces 
and Euler’s Theory of Polar Fluctuations 

We need not say any more about the spherical top. Its general motion 
is a pure rotation about an axis fixed in the body. This follows at once 
from Eqs. (4) if we put As we know from § 25, subsec. 1 , 

this axis is at the same time fixed in space and coincides with the angular 
momentum direction. 

Let us now turn to the sjunmetrical top, The third Eq. (4) 

yields 


0 ) 3 =const. 


as we already know from Eq, (7). The first two equations are 


— (-f 1—3) ^3 


It is convenient to consolidate them into one by introducing a complex 
variable. Multiply the second equation by i and add to the first to obtain 

(10) s=wi+ia)2. 


Let us abbreviate this by putting 

( 11 ) 


so that an integration of ( 10 ) gives 

(12) 5=536^“*, i^i^gration. 

8 is the projection of the angular velocity vector <■> on the equatorial plane 
of the top, if we use this plane as the complex plane of 5 . Eq. (12) 
states that this projection describes a circle of radius with the constant 
angular velocity a. At the same time the total an giiW velocity vector 
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tit desoribes a circular cone about the axis of figure. The vertex angle; j3 
of the cone is given by 


(12a) 


tan g=.K+.y«*)*=J£!J. 

r (t)^ a>3 


This is the picture of the regular precession which is seen by an observer 
located on the top. (To an observer fixed in space the axis of the top 
rotates of course about the instantaneous axis of rotation which, as we saw 
earlier describes in its turn a circular cone about the spatially fixed angular 
momentum vector M.) Since it is our intention to apply the foregoing to the 
earth, the viewpoint of the observer located on the top rather than that 
of the one fixed in space will be useful, as it corresponds to the viewpoint 
of a human being located on the earth. 

The earth is a top whose momental ellipsoid is an oblate spheroid. 
We call the geometric North Pole the point at which the axis of symmetry 
pierces the surface of the earth ; it is, in general, distinct from the celestial 
North Pole which is the point at which the angular velocity vector cuts 
through the earth’s surface. According to the Euler theory reproduced 
above, the celestial North Pole describes a circle about the geometric North 
Pole, a phenomenon called Eulerian motion. Inasmuch as it is the path 
of the rotational pole, this circle is also referred to as the polhode. 

A suitable measure of the flattening of the earth is the so-called elliptioity 


(13) 


Wx 


300 * 


The angular velocity of the earth is determined by the length of the day ; 
we have 

(14) 

from which, according to (11), 

(16) 


Thus Euler’s period for the precession amounts to 
(16) ^ = 300 days —10 months. 

We are accustomed to think of the axis of rotation of the earth as fixed 
in the globe and passing through the geometrical poles. This is not 
rigorously true. Every movement of mass on the earth along a longitude 
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must change the position of the axis of rotation®, and every movement of 
mass along a circle of latitude must change the angular velocity, that is, 
the length of the day; both changes are a result of the law of conservation 
of angular momentum. Let us imagine that this movement has ceased and 
that the celestial pole is deviated from the geometric one. In that case 
the axis of rotation would, 
by virtue of the Eulerian 
motion, commence a circular 
motion about the geometric 
pole. 

Let us now compare our 
theoretical results with the 
observations of polar fluctu¬ 
ations, which have been 
gathered by international 
cooperation. In Mg. 44 we 
have sketched the polhode 
obtained between the years 
1896 and 1900. 

The average deviation of 
the celestial pole, i.e., the 
mean radius of Euler’s circle, 
amounts to about of arc or 
4 meters on the earth’s sur¬ 
face, according to observations between these years. But instead of a period 
of 10 months we have, according to Eig. 44, 3J complete revolutions for the 
four years 1896-1900, which corresponds to a period of 14 months. 

The fourteen-month period is called Chandler’s period after its discoverer. 
Its explanation lies in the elastic deformations that the earth suffers as a 
result of the changed centrifugal effect caused by polar fluctuations. The 
modulus of elasticity of the earth compares in magnitude to that of steel. 

The observed polhode, as drawn in Fig. 44, can now be explained as a 
superposition of 1) fluctuations occurring with Chandler’s period, 2) annual 
fluctuations evidently of meteorological origin, and 3) deviations at irregular 
intervals which may point to isolated and unrelated mass transports. 
No trace remains of Euler’s ten-month period which was derived by assuming 
the earth to be an ideal rigid body. 

® Thfi terrestrial mass transport most important for this effect seems to be the yearly 
migration of the air pressure maximuTn firom the continent of Asia to the Pacific 
Ocean and back. 



Eio. 44. Polar fluctuations between the years 
1895 and 1900. Confirmation of Chandler’s 
period. 
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In agreement with usage in gyroscopic theory we have here described 
the motion of the earth’s axis first investigated by Euler as a “ precession 
under no forces.” We have thus usurped a word having an entirely different 
meaning in astronomical usage. There, “precession” denotes a slow 
rotation of the earth’s axis about the normal to the ecliptic which causes 
an advance of the equinoctial points of 60'’ per year. This precession of 

the equinoxes has a period of -^,==26,000 years. Instead of “precession 

of the equinoxes ” we could also speak of an “ advance of the line of nodes ” 
(line of inter-section of the plane of the ecliptic with the equatorial plane 
of the earth); as mentioned earlier, our designation, “ line of nodes,” was 
borrowed from astronomy. 

The precession of the equinoxes is not a free one, but rather a motion 
forced on the global top by the joint effect of the attractions of sun and 
moon. 

We shall clarify this effect by means of Pig. 45, where we have, at least 
qualitatively, anticipated the theory of the heavy S3nnmetrioal top. 


Norm, 



Fig. 46. Preoession of the earth’s axis, called “ precession of the equinoxes.” 

The diagram shows the plane of the ecliptic on which a circle is drawn. 
One should think of the circumference of this circle as being uniformly 
“ smeared ” with the masses of sun @ and moon ]) (actually we should 
draw two circles, one for the sim and one for the moon®; we have fused 
these two circles into one). The uniform mass distribution represents a 
time average over the instantaneous positions relative to the earth of sun 
and moon during their revolutions (iu the sense of a Gaussian perturbation 
method). We justify the taking of this time average by the experimental 
fact that the periods of sun and moon are very small compared with the 
precession period mentioned above, so that this preoession can in no way 

® As a matter of fact the moon is so close to the earth that its effect is about twice 
as great as that of the sun. 
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depend on the instantaneous positions of sun and moon. At the center of 
the @ + }) circle we see a cross-section of the earth with its two protuber¬ 
ances at the equator. Only these latter have a part in the pheno¬ 
menon in question; for the attraction of the @ + }) ring tends to pull the 
two protuberances into the plane of the ecliptic, an effect which is intuitively 
almost obvious. We therefore have a torque about the Line of nodes N 
in the sense of the arrow drawn about N. Now this torque is of the same 
type as the gravitational torque acting on a top whose mass center lies 
below the fixed point of support. The result is therefore similar to that in the 
case of the top. Bather than yield to the torque the axis of figure “ escapes ” 
in a perpendicular direction and describes a cone of precession about the 
vertical, here the normal to the ediptic. 

To be sure, the regular precession is only a special form of motion of 
the heavy top (cf. p. 137); under the present circumstances one would 
therefore expect the more general pseudo-regidar precession consisting of a 
regular precession on which small “nutations” are superposed. Now 
these small nutations are nothing but the conical oscillations of the axis 
of figure occurring under no forces, hence, in our case, the polar fluctuations 
that take place with the period of Euler (or that of Chandler, obtained 
feom the former by global deformation). The pseudo-regular precession 
to be expected is thus obtained from the precession of the equinoxes by 
addition of the Eulerian nutations occurring in the absence of forces. 

Here we must once more apologize for the ambiguous use of a term. 
In astronomy one understands by nutation not a free fluctuation of the 
earth’s axis, but one forced on it by the motion of the moon. Contrary to 
our preceding assumption in Eig. 45, the orbital plane of the moon does not 
coincide with that of the ecliptic, but is tilted at an angle of 6® with respect 
to it. Under joint action of sun and earth its normal too describes a cone 
of precession about the normal to the eoUptic. This precession is tanta¬ 
mount to a recession of the lunar nodes (intersection of moon’s orbit with 
ecliptic) which, however, occurs at a much livelier rate than the advance 
of the line of nodes of the earth, viz., in 18$ years. It is understandable 
that the earth’s axis is in its turn implicated in this precession; the recession 
of the Ixmar nodes results in the astronomical nutation of the earth's axis^ 
which takes place with the same period. 

(3) Motion of an Unsymmettical Top Under No Forces. Examination 
of its Permanent Rotations as to Stability 

We turn to the integration of Eqs. (4) in the case Multi¬ 
plication of these equations by coj, eo^, ws addition yields 

Y d(Oi I jr diO)^ I T dci)^ A 
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or, integrated, 

(1?) \ (Ii wi*+J 2 Wa®4-J 3 tog®) = const. = E. 

E is^the energy constant, and the left member is the kinetio energy, in 
agreement with Eq. ( 22 . 12 b) specialized to principal axes. Instead of (17) 
one can evidently also write 

(17a) Ey^=lM.,i>. 


We can instead multiply Eqs. (4) by igoij; addition once 

more yields zero on the right. The result of the integration can be written 


(18) + + const.= IMj®. 


On the left we have the sum of the squares of the angular momentum 
components. This sum, as we know, remains invariant in the absence 
of forces, even if the components themselves vary in the course of the 
motion. 

In (17) and (18) we have two linear homogeneous equations for 

which we can, for instance, solve for cog® and 0 ) 3 ^ in terms 

of o)i ^: 


(19) 


‘“8®=yi“y2«i*. 


J8x 




yi= 






If we replace these values of < 0 ^ and C 03 in the first Eq. (4), we have 


( 20 ) 


_ 


t is therefore an elliptic integral of the first kind in coi (of. p. 100 ); function 
theory allows us to state conversely that is an elliptic function of the 
time. The same holds of course for <^2 and W 3 . 

Wo furthermore deduce from Eqs. (17) and (18) that the polhode cone 
or body cone is no longer a circular cone as in the case of the S 3 nnmetrioal 
top, but a cone of fourth degree. 

Wo shall finally consider the rotations of the unsymmetrical top about 
one of its three principal axes which, as wo know [cf, § 26, toward end 
of (3) ], are steady rotations. Lot us, for definiteness, put 

A>B>C, 

We shall show that the rotations about the axes of the greatest and smallest 
principal moment of inertia are stable, those about the axis of the intermediaie 
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prindpal moment are unstable. We choose Eqs. (17) and (18) as starting 
point. It ■will be convenient in connection with the diagrams below to 
rewrite these in terms of the angular momentum components M^, M^, Jf g, 


(21a) 


, Ml* , Ml* . 

^ + -j^ + -j^=const., 


(21b) 3 ®=couBt.=IM |a. 

Eq. (21b) describes a sphere of radius | M |, (21a) an ellipsoid with three 
distinct axes (a “non-degenerate” ellipsoid). 

Case 1. Rotation about the longest axis of 
the ellipsoid (21a). In a pure rotation the sphere 
is tangent to the ellipsoid £:om the outside at 
point A, Eig. 4:6a. A small jolt will in general 
alter both the sphere and the ellipsoid. The 
point of tangency A will change to a small 
curve of intersection which remains, however, 
in the neighborhood of A. A narrow body cone 
is the result; the original rotation proves to be 
stable. 

The same is true in case 3, rotation about 
the shortest axis of the ellipsoid (21a). The 
sphere now lies inside the ellipsoid and is hence tangent to it from the 
iTiside. A small jolt will again cause the point of tangency to transform 
into a neighboring curve; again the original rotation is stable. 

Case 2- Rotation about the intermediate axis. The sphere iivUrsects 
the elhpsoid in a curve of the fourth degree; its singular point JB (foremost 
point of Fig. 46b) represents the original rotation. If the top is given a 
small impulse, the curve of intersection splits into two branches. The 
ax is of rotation wanders oiff along one of these branches and moves further 
and further from its initial position in the body. The rotation is unstable. 

It is instructive to prove this 
analytically; one proceeds from the 
differential equations (4). One can 
show (problem IV.2) that the lateral 
components generated by a small 
perturbation of the original rotation 
satisfy two simultaneous differential 
equations of first order. These have 
solutions of trigonometric character 
in cases 1 and 3, exponential char¬ 
acter in case 2 (method of infinitesimal 
oscillations as stability criterion). 



Fig. 46b. Unstable rotation of tmsyna- 
metrical top about the intermediate axis 
of the momental ellipsoid. 



Fig. 46a. Stable rotation 
of unsymmetrioal top about 
the longest axis of the 
momental ellipsoid. 
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Let ns perform the following experiment with a (fuU) matchbox: we 
hold the box between thumb and forefinger at opposite ends of its shortest 
edge and flip it into the air, thus imparting to it considerable angular 
momentum about this shortest edge. We notice that if the box originally 
shows its label, it will continue to do so throughout the motion. The 
same phenomenon occurs, though less clearly, if we hold the box at opposite 
ends of its longest edge, and flip it as before. If, instead, we hold it 
at opposite ends of the intermediate edge, with the striking surface showing, 
and repeat the procedure, we shall not see this surface throughout the 
motion, but rather a distinct change of colors. 

Another striking example of instability of a state of motion is the 
following: occasionally one finds smooth-worn, flat pebbles in nature 
which, tf spim about their vertical axis on a flat support, show stability 
of motion only for one sense of rotation; if made to spin in the opposite 
sense, they will start to wobble more and more violently, and finally end 
up by spiiming in the stable direction opposite to their original angular 
momentum. The same can often be observed with small pocketknives 
(penknives) set to stand edgewise with blade folded in, when one gives them 
a gentle impulse. 

We can perform a geometrically well-defined, instructive experiment 
in this connection. Let us take the wooden model of a non-degenerate 
flat ellipsoid of principal axes a, 6, c (a and b much larger than c) and 
equip it with a heavy metal strip which, in its original position, hugs the upper 
surface of the ellipsoid in its (ao)-seotion. The strip can be rotated about 
the short c-axis, but is clamped down during each experiment. In the 
position ac the strip does not disturb the symmetry of the mass distri¬ 
bution. Both senses of spin about c are therefore equally stable. Let us 
now turn the strip by a small angle from this position. The two principal 
axes of inertia a and h are then each displaced by a small angle y\ the 
symmetry of the lower surface facing the plane support is determined by 
the two principal radii of curvature in the planes ac and 6c; thus the 
symmetry of this surface remains unchanged. The direction of spin in the 
sense of the acute angle y is now geometrically “ distinguishable ” from that 
in the opposite sense. Indeed the former is stable, the latter unstable 
since it is accompanied by rolling motions which increase with time. 

A more elegant, though less easily achievable, form of the experiment 
is the following (G. T. Walker demonstrated it to us at Trinity CJoUege, 
Cambridge, in 1899): the non-degenerate ellipsoid is made of brass sheet; 
a certain circular region about the point of support has been stamped out 
and can be moved with respect to the remaining ellipsoidal shell. By a 
small angular displacement of this circular plug the curvature relations of the 
lower surface near the point of support are altered with respect to the 
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inertial distribution of the shell, which remains sensibly unchanged. This 
alteration is so slight that it passes unnoticed when the ellipsoid is examined. 
Nevertheless one sense of spin is again preferred to the other. 

These experiments with the non-degenerate ellipsoid, while enlightening 
in themselves, also furnish an adequate substitute for the analytical theory 
of the phenomenon. Such a theory would have to investigate the rolling 
oscillations which might accompany the spin in one direction or the other 
when a small perturbation is superposed on this spin; it would show that 
the characteristic equation for the frequency of these oscillations ha;S only 
real roots in the one case, some complex roots in the other. In the first 
case one would decide that the spin was stable, in the second, that it was 
unstable, i.e., subject to secular increase of the perturbation. Equations 
for this treatment are set up in the treatise of Routh (Advanced Part, 
Art. 241 and ff.) cited in § 42. 

§ 27. Demonstration Experiments Illustrating the 
Theory of the Spinning Top ; Practical Applications 

We begin by describing the well-known device known as Cardanos 
maperisim, which affords an unusually effective means of demonstrating 
the properties of tops and gyroscopes. 

The suspension consists of an outer and an inner 
ring. The outer ring has a vertical axle borne by the 
outer frame or cage; the inner ring has an horizontal 
axle with bearings in the outer ring. The flywheel¬ 
shaped top revolves with its axis perpendicular to the 
axis of rotation of the inner ring. Kg. 47 shows the 
flywheel axle pointing normal to that of the outer 
ring, which causes the inner ring to lie in a horizontal 
plane. We shall designate this arrangement of the 
apparatus as its normal position. 

On the axle of the flywheel provision is made for a 
means by which angular momentum can be imparted 
to the wheel while in its normal position, with the 
gimbals at rest. This angular momentum must be 
so great that all phenomena are essentially dominated 
by it and the effect of the mass of the gimbals 
becomes negligible. 

In the following experiments a considerable 
angular momentum and the initial normal position 
are presupposed. 



Fia. 47, Gyroscope ii 
Cardan’s suspension. 
A-gifl of rotation of 
outer ring = vertical, 
axis of rotation of 
inner rmg=s:]iorizontal 
perpendicular to pa¬ 
per, axis of rotation of 
g37TOSoope = horizontal 
in plane of paper. 
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1. We exert a slight pressure downward on the inwr ring. This ring 
does not give way; instead it is the outer ring that turns. Thus the axis 
of the flywheel moves backward or forward in an horizontal plane, depending 
on the position of the point at which the pressure is exerted. Instead of 
pressing on the inner ring we can load it unilaterally by means of a small 
weight. As long as the angular momentum remains sufficiently great, 
the top then describes a regular precession with horizontal axis. 

2. We press on the outer ring. It remains motionless, whereas the 
inner ring turns upward or downward from its horizontal position depending 
on the sense in which pressure is exerted on the outer one. We can even 
deliver a vigorous blow to the outer ring without its yielding noticeably. 
All one perceives in that case is a rapid conical oscillation of the axis of 
the top about an axis close to that of tiie normal position. 

3. If the pressure on the outer ring continues so that, with continual 
rotation of the inner ring, the axis of the top approaches the vertical, we 
notice that the resistance of the outer ring weakens more and more. One 
can then without effort set the outer ring spinning rapidly, but only in 
that sense which corresponds to the direction of the pressure originally 
exerted on the ring. If one attempts to rotate the outer ring in the opposite 
sense, the flywheel “rebels’*; its axis suddenly tends in the opposite 
direction, thus causing the inner ring to jfiip through an angle of 180®. 
Now we can turn the outer ring without effort in this opposite direction, 
but another flipping of the top occurs if we return to the original sense of 
rotation. 

4. This is the tendency of the spins to align parallel to each other which was 
emphasized by Eoucault. The axis of the top is stable in the vertical position 
as long as its spin is homologous (==in the same sense) to that of the outer 
ring. If the spins are anti-parallel, this position is, on the contrary, unstable 
to a high degree and the axis comes to rest only when the opposite direction 
has been attained; in this latter direction homologous parallelism of the 
two spin axes prevails again. If we exert pressure on alternate sides of 
the outer ring in the proper rhythm, we con cause the top to revolve con¬ 
tinually about the axis of the inner ring. 

6. If we tie the inner ring to the outer one, so that the movability of 
the inner ring is destroyed, the resistance of the top to motion is destroyed 
as well. Seemingly without a will of its own, the top then obeys all pressures 
exerted on the outer ring, just as if it did not have any spin. Thus, typical 
gyroscopic effects occur only in the case of the top with three degrees of 
freedom, and are completely absent in that of two degrees. One can, 
however, restitute the missing degree of freedom by clamping the top to 
the rotating surface of the turning stool described on p. 74; this must be 
done in such a way that the axis of the outer ring, which has so far been 
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kept vertioal, is tilted with respect to the axis of the stool (which remains 
vertical) at not too small an angle. Then the axis of the top with two 
degrees of freedom tends to align itself with the axis of the rotating support, 
just as a compass needle turns towards the North Pole, i.e., in the sense of 
the homologous parallelism described above. Thus the single ring con¬ 
taining the top will come to lie in a vertical plane, with one or the other 
of the axle pins of the top uppermost, depending on the sense in which 
the stool is rotated. 

The explanation of all these phenomena is contained in the fundamental 
principle (25.6), 

(1) dM=L&. 

1- Jf we press on the inner ring, L is horizontal and coincides with the 
axis of rotation of the inner ring. The angular momentum M is directed 
toward the left or right of Pig. 47 and is hence deflected laterally by L. 
If then we are allowed to assume that the axis of the top, originally in 
coincidence with the angular momentum, tends to remain in coincidence 
by following it, we have explained the lateral deflection of the axis of 
flgure, that is, the rotation of the outer ring. That the assumption made 
here is actually valid for sufl&oiently rapid spin of the top will be justifled 
in § 35 (cf. the discussion about the pseudo-regular precession in that 
section). 

2. If we exert pressure on the outer ring, L is directed vertically. The 
angular momentum, originally directed horizontally to the right or left, 
is deflected upward or downward. Under the same assumption as in 1, we 
therefore obtain a rotation of the inner ring. If we impart a very strong 
blow to the outer ring, our assumption regarding the coincidence of angular 
momentum and axis of the top is only approximately satisfied; we then 
obtain the small conical oscillations mentioned earlier, which betray a 
small dislocation of the two axes. 

3 and 4. By the same token we see that if the axis of angular momentum 
is almost vertical and if we rotate the outer ring in a sense homologous 
to that of the spin of the top, the axis of angular momentum becomes 
more nearly vertical. Gimbals and fl 3 rwheel then rotate as a whole about 
the vertical. The resistance of the outer ring vanishes. If we rotate the 
outer ring in the non-homologous or anti-parallel sense, a small deviation 
of the axis of angular momentum from the vertical suffices to make the 
former recede further and further from the vertical; the almost-vertical 
position of the top proves to be unstable with respect to such a non-homolo- 
gous rotation. 
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5. If we tie inner and outer ring together, the axis of angular momentum 
can no longer move in a vertical plane when a vertical torque L is imposed 
thereon by a rotation of the outer wheel. The torque is therefore trans¬ 
mitted to the whole system. This is possible because the horizontal change 
in direction that the vector M suffers can be compensated by the bearings 
of the outer ring, since inner and outer ring are now rigiiy connected. 
KTot so on the turning stool, where the angular momentum can follow the 
imposed L at least to some extent, which explains why the axis of the top 
tends to point in the direction of the axis of the stool. 

We shall now discuss some practical applications. Let it be remarked 
in advance that details on many points of the discussion can be found in 
the older literature from which much of the following is borrowed. 

(1) The Gyrostabilizer and Related Topics 

Around the year 1870 Henry Bessemer, whose name is renowned in 
metallurgy, built a drawing room cabin destined for navigation on the 
English Channel. The cabin was suspended so that it could move about a 
fore-aft axis of the ship and was to be stabilized against the ship’s roll by 
means of a flywheel. The axis of the flywheel was, however, rigidly fixed 
in the cabin, and therefore lacked the required third degree of freedom 
(of. above under 6). As a result the construction was a failure soon to be 
abandoned. 

It was 0. Sohlick, mentioned in comiection with the mass balancing 
of piston engines (cf. p. 76), who successfully worked out the present problem. 
His method was applied to several steamers, including the “ Silvana ” 
of the Hamburg-America Line, and the Italian “ Conte di Savoia ” (consi¬ 
derable literature on the latter exists in American publications). In the 
“ Silvana ” the flywheel had a weight of 5,100 kg., a diameter of 1.6 m., 
and made 1,800 r.p.m. (a peripheral velocity of 150 m. per sec.). It was 
fixed in a cage which could, like a pendulum, swing about an axis in the 
port-starboard direction, so that the axis of symmetry of the flywheel 
oscillated in the vertical fore-aft plane of the ship. This cage corresponds 
to the inner ring of our demonstration top, the ship’s hull itself to the 
outer one. The vertical of Kg. 47 is replaced by the long axis of the ship; 
instead of the former rotations about the vertical there is now the rolling 
of the vessel. The required three degrees of freedom then consist in the 
rolling of the ship, the oscillations of the cage, and the spin of the flywheel. 
When the vessel rolls, the axis of the flywheel, vertical in its normal position, 
alternately swings fore and aft in its cage, so that the energy contained 
in the rolling is converted to energy of motion and position of the cage. 
The rolling of the ship and the swinging of the cage are now coupled to each 
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other; if, in partioidar, their corresponding proper oscillations are in 
resonance, conditions resembling those of coupled pendulums obtain. 
To be sure, no damping of the ship’s oscillation has so far been achieved. 
But it is now possible to absorb the oscillation energy of the cage and thus 
the energy of roll of the vessel by a braking device acting at the axle of the 
cage, just as the velocity of a car is reduced by a brakeshoe tangent to the 
wheel. Of course the braking action at the cage must not be so strong as 
to prevent the deflection of the flywheel axis altogether; for then we should 
again be confronted with the ineffective top of two degrees of freedom. 
Graphs of the rolling motion, similar to seismograms in an earthquake, 
show that there exists an optimum or “ best compromise ” value of braking 

action; in the “ Silvana ” the amplitude of roll was reduced to to ^ of 

its original value almost as soon as the fljrjvheel was put in action; the 
amplitude of oscillation of the frame hovered around 30° to 40° under these 
circumstances. 

Nevertheless the gyrostabilizer has not been applied extensively. This 
is partly due to the danger inherent in the construction — a rapidly rotating, 
massive flywheel is an unpleasant passenger —, partly to the invention of 
an even more successful competitor, the Rrahm stabilization tank, a device 
based on an entirely different principle. 

A problem connected with the foregoing is that of stabilizing by gyro¬ 
scopic action a turntable on board a ship. We do not know to what extent 
this problem has been solved for practical use; for obvious reasons work 
on it haiS been going on in all countries. 

(2) The Gyrocompass 

This is the finest and most nearly perfect gyroscopic device. Its con¬ 
ception goes back to Foucault. After I^oucault had demonstrated the rotation 
of the earth by means of his pendulum experiments (cf. Oh. V, § 31), he 
made plans to achieve the same end by means of spuming tops. Of his 
several attempts we mention only the gyrocompass which was to replace 
the magnetic compass. The Foucault gyrocompass consists of a spinning 
top of two degrees of freedom constrained to the horizontal plane, which 
points, not to the magnetic North Pole, but to the actual celestial North 
Pole, the axis of rotation of the earth. Actually we dealt with this 
arrangement already in the fifth of our demonstration experiments, where 
we put the top with fixed inner ring on the turning stool. The rotating 
earth now takes the place of the turning platform of the stool. The only 
difference between the two cases lies in the fact that we were able to impart 
an arbitrarily large angular velocity to the rotating platform, resulting in a 
very strong orientation effect on the top, whereas the angular velocity of 
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the earth is very small, so that the alignment of the Foucault gyroscope 
takes a considerable time. In the earlier arrangement we mentioned that 
the angle between the axes of rotation of the outer ring and the stool should 
not be too small. In the present case this angle is the complement of the 
geographic latitude, the co-latitude ** at the point of observation. At 
the two poles of the earth, where this angle is zero, the orientation power of 
the gyrocompass vanishes. In general it is proportional to the angular 
velocity of the earth, the angular momentum of the top and the sine of the 
co-latitude. 

Foucault’s experiments lead only to rough indications of the effect. 
Its full realization was achieved by Hermann Anschtitz-Kaempfe, by means 
of successive improvements in construction. His original goal was to reach 
the North Pole by means of a submarine passing under the drift ice. Since 
the readings of a magnetic compass become very unreliable near the North 
Pole, failing altogether inside a submarine, he had the idea of making the 
top serve as his direction-finder. It is true that in the pursuit of this idea 
through several decades he did not reach the North Pole; but his experi¬ 
mentation lead to an ideal instrument which has become indispensable in 
navigation. 

The Anschtitz gyroscope, unlike that of Foucault, is not constrained 
to a horizontal plane, but is merely pulled back into this plane by its weight, 
like a pendulum. Originally it was arranged so as to swim in a bath of 
mercury. Later constructions made use of two or three tops whose effects 
strengthened and corrected each other. The angular momentum of the 
spinning tops is kept constant by electric drive. In the latest AnschCltz 
construction the whole system is enclosed in a sphere which floats with almost 
no friction in a second sphere of only slightly larger radius. Since the 
gyroscope is taken along on trips during which it may not be touched 
for several months, provision must be made for a particularly ingenious 
automatic lubrication method. 

Measures to eliminate the harmful effects of the ship’s own motion are 
of special importance. When the ship travels in a curve or changes its 
speed, the gyrocompass, with its ability to oscillate about the horizontal 
plane, is sensitive to the corresponding inertial forces. These exert pressures 
on the axis of spin, causing it to deflect from its undisturbed position, 
with the result that erroneous readings are obtained. One can show that 
the motion of the vessel becomes harmless if the free oscillation of the 
compass needle about the meridian has the period 

5r=27rQ**= (87r)*10® seo=84.4 min. 
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'which is the same as that of a peaduliim of length equal to 'the earth’s 
radius 

Z=^-10’ot . 

TT 

(Law of Schiller, completed by Glitsoher’). 

A farther beautiful application of the gjrroscope concerns the 
automatic steering mechanism of large steamers. If a ship is to retain 
its course in spite of the motion of waves and ocean currents, the uninter¬ 
rupted attention of the helmsman and the corresponding corrective action 
of the steering mechanism are required. This corrective action is, however, 
always too late by a certain amount of time, therefore causing losses in 
mileage and time. The gyrocompass is, on the contrary, a sense organ 
which feels ” much more accurately and swiftly than man, and takes 
instantaneous countermeasures. As a result of these countermeasures 
the line of travel becomes almost rigorously rectilinear (actually loxodromic, 
i.e., a rhumb line), which results in a considerable saving in energy. For 
this reason every passenger ship of good size is now equipped with such 
an automatic steering mechanism. 

(3) Gyroscopic Effects in Railroad Wheels and Bicycles 

A set of rolling wheels of a railroad car is a spinning top whose angular 
momentum can become considerable for fast trains. When the wheels 
go aroimd a curve, the angular momentum must, at any instant, be deflected 
to a position determined by the normal to the curve. For this, according 
to Eq. (1), a torque is required whose axis lies along the direction of travel. 
Since such a torque (often called “ gyroscopic couple ’’) is not present, the 
“ gyroscopic effect ” will result in a countertorque which presses the set 
of wheels against the outer rail and pulls it off the inner one. This coxmter- 
torque adds to the moment of the centrifugal force about the direction of 
travel. The latter effect is compensated, as we know, by adequate banking 
of the roadbed. Both moments have the form 

mvia 

where v is the velocity of travel, and cj the angular velocity of the train 
in the curve; m is, in the present case, the mass of the set of wheels reduced 
to the wheel periphery, whereas in the centrifugal effect m is the total 
mass of the car carried by the wheels. Our gyroscopic couple and its equal 
and opposite oountertorque are therefore extremely small compared with 
the moment of the centrifagal force; one could compensate for it by lifting 
the outer rail a very slight additional amount. 

’ Of, Wissenach, VerdffmU. mta den Siemenawerkm, 19, 67 (1940). 
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More serious effects may result from any vertical irregularities in the 
rails, such as, for instance, a “ hump ” on one of the rails (to this category 
also belong the increasing and decreasing elevation of one of the rails at 
the beginning and end of a banked curve). Such a hump causes a deviation 
of the angular momentum in a vertical direction, and hence a countertorque 
which seeks to twist the set of wheels out of the rail-bed by pressing, say, 
the front wheel of the set against the rail, and pushing Ijhe last wheel of the 
set away from the rail. The play allowed by the rails will thus cause the 
flanges of the wheels to bite now into one rail, now into the other. This 
has indeed been observed on test runs with fast electric trains. In order 
to control the condition and exact position of the rails at aU times, the 
German Reichsbahn uses test cars equipped with gyroscopic instruments, the 
latter manufactured by the Anschatz company. 

A bicycle is a doubly non-holonomic system ; for, like the wheel in. 
problem II. 1, it has five degrees of freedom in finite motion, but only three 
such degrees in infinitesimal motion (rotation of the rear wheel in its instan¬ 
taneous plane, to which the rotation of the front wheel is coupled by the 
condition of pure rolling ; rotation about the handle bar axis; and common 
rotation of front and rear wheel about the line coimeoting their points 
of contact with the ground), as long as we do not consider the degrees of 
freedom of the cyclist himself. It is well-known that given sufficient 
velocity the stability of this system relies on the fact that either by means 
of rotations of the handle bar, or by means of imoonsciously released motions 
of the body, the cyclist calls forth suitable centrifugal effects. That the 
gyroscopic effects of the wheels are very small compared with these can be 
seen from the construction of the wheel; if one wanted to strengthen the 
gyroscopic effects, one should provide the wheels with heavy rims and tires 
instead of making them as light as possible. It can nevertheless be shown® 
that these weak effects contribute their share to the stability of the system. 
This is the case because, just as in the automatic steering mechanism of 
ships, they react more quickly against a sinking of the center of gravity 
than do the centrifugal effects. In the small oscillations which one has to 
consider in testing the stability of the motion, the gyroscopic action lags 
the oscillations of the center of gravity by a quarter period, whereas the 
centrifugal action lags them by a half period. 

* Of. F. Klein and A. Soinmerfeld, TheoHe dea Kreisels, Vol. IV, p. 880 and ff. In 
order to carry out the stability considerations we must of course exclude all 
participating action on the part of the cyclist. Not only must he be assumed 
to ride without hands, but also with motionless body; he should act only by 
means of his weight. This work also offers detailed material on other applications 
and on the mathematical foundations of the theory of the spi nning top. 
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Supplement: The Mbohanios oe Billtards 

The beautiful game of billiards opens up a rich field for applications 
of the dynamics of rigid bodies. One of the illustrious names in the history 
of mechanics, that of Coriolis®, is connected with it. 

The following explanations have as their main object the clarification of 
some problems which we shall pose on the subject. In these problems not 
only the dynamics of the rolling and sliding ball, but also the theory of 
friction on the billiard cloth will come into its own. 

(a) High and Low Shots 

The experienced player almost always gives the ball a “ side ’’ or 
‘‘ English.” Eor the time being we shall, however, consider only shots 
without English, in which the cue therefore hits the ball in its vertical 
median plane, and in a horizontal direction. We distinguish high and 
low shots. 

We speak of a high shot if the point of impact between cue and ball 
lies above (a=radius of the cue ball), as measured from the plane of 

the table; of a low shot if the ball is hit at a height less than | a (cf. problem 

17.3 in connection with this and the following). Only if the ball is hit 
at exactly this height does pure rolling take place from the very start. 
By virtue of the moment of inertia of a sphere given on p. 65, the rotation 
transmitted to the ball is then of such magnitude that the peripheral 
velocity corresponding to it is just equal and opposite at the point of 
support to the forward motion of the ball, so that the condition (11.10) 
of pure rollmg is fulfilled. 

For high shots the peripheral velocity at the point of contact generated 
by the rotation is opposite to that of the center of mass of the ball and 
exceeds the latter. The friction at the cloth opposes the excess velocity 
(peripheral velocity—forward velocity), thus augmenting the original 
velocity of the mass center: for high shots, friction acts on the ball in the 
direction of the shot. The final velocity mder pure rolling, which sets in 
once the friction has consumed the excess velocity, is greater than tlie 
initial one. Balls that are hit high run for a long time and in general 
betray the experienced player. 

For low shots the peripheral velocity at the point of contact is opposite 
to that of the center of mass, but outweighed by it; for even lower shots 
it is directed forward. In both cases friction acts in a direction opposite 
to that of the original impact. The final velocity under pure rolling is 
smaller than the initial one. 

• G. Coriolis, Thiorie math&mcaigu& dea effete du jeu de hiUard. Paris, 1836, 
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As for the impulse Z (dimensions dyne-sec), it is of course to be inter¬ 
preted as the time integral of a very great force F in the direction of the 
cue over the very short time of duration t, 

Z= CldL 
Jo 

The impulsive torque about the center of the ball is accordingly given by 

C Fldt 
Jo 

where I is the distance of the center jfrom the axis of the cue. The impulsive 
torque vector is directed perpendicularly to the plane passing through 
center and cue axis. For the shots without English so far considered, it is 
directed horizontally and is normal to the median plane mentioned above, 

(6) Follow Shots and Draw Shots 

If the ball, after being struck high, meets one of the other two balls in 
central impact, it transfers all its forward motion to the latter because of the 
equality of the two masses involved [of. Eq. (3.27a) ]; but it retains its 
rotational motion if we neglect the firiotion between the two balls during the 
short time of contact. The instant after the impact the center of the striking 
ball is therefore momentarily at rest, while its lowest point glides over the 
billiard cloth. The friction thus arising is constant in time and acts on 
the ball in the sense of the original forward motion, while its moment about 
the center simultaneously slows down the existing rotation. Thus the ball 
is accelerated from the state of rest, while its rotation decreases accordingly. 
The acceleration ceases as soon as the peripheral velocity at the cloth has 
become equal to the forward velocity of the center, whereupon pure rolling 
sets in. Once this stage is reached, the ball rolls on with constant final 
velocity (wo shall neglect the very slow effect of the rolling friction). This 
is the theory of the follow shot. 

The ball which is hit low similarly transfers its center of mass velocity 
to the struck ball and is momentarily at rest. We shall assume that the 
ball was hit very low, at any rate below the center, so that the peripheral 
velocity at the point of contact remaining after collision is directed forward. 
The friction now acts backward. The ball begins to move with constant 
backward acceleration, while at the same time its rotational velocity 
decreases, until pure rolling sets in. This is the theory of the draw shot. 

Since sliding friction is independent of the velocity, the variation with 
time of the center of mass velocity v as well as of the peripheral velocity 
u—acD is a linear one. The exercises so far considered can therefore be 
treated more conveniently by graphical than by mathematical methods. 
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To do the former we may construct a diagram in which we plot the instan- 
taneous values of v and u as ordinates against the time (problem IV.3). 

(c) Trajectories with “ English ” Under Horizontal Impact 

If the ball is not hit in the vertical median plane, but to either side of 
it, we spesik of “ right English ” and “ left English.** As long as the cue is 
advanced horizontally against the ball, the trajectory remains a straight 
line in the direction of the initial impact. 

The plane of the impulsive torque is now inclined to the vertical median 
plane, in high shots either to the right for right English, or to the left for 
left English, this inclination being such that the normal to the plane of the 
impulsive torque (this normal is parallel to the axial vector torque) is 
contained in the vertical plane through the center of the ball normal to the 
median plane. We can decompose the torque into a vertical component 
and a horizontal one at right angles to the direction of the impact. The 
first component causes a spin about the vertical diameter of the ball and 
generates a small “ boring Motion ** at the cloth which has, however, no 
effect on the path of the ball. The lateral component on the other hand 
acts in the same way that it did in the shots considered under 1 and 2, 
so that the phenomena there observed apply without change to shots with 
English. In particular the trajectory remains rectilinear. 

The spin about the vertical diameter makes itself felt in the collision 
of the ball with a cushion or with a second ball. In the first case Motion 
at the cushion occxirs which deviates the ball to the left for right English 
and to the right for left English as seen by the player. The angle of reflection, 
which, for shots without English, is equal to the angle of incidence, is 
thereby altered; as a matter of fact the actual reflected path is generated 
from the equiangular reflected path by a rotation of the latter in the sense 
of the vertical spin imparted to the ball. This phenomenon is familiar 
to every billiards player. Together with the Motional force at the cushion 
there appears a Motional torque about the vertical which weakens the spin 
about the vertical diameter. The original English therefore gradually 
disappears after several impacts, a fact which is likewise known to every 
player. In a collision of ball against ball the effect of the English is similar, 
acting in the same sense as in a ball-cushion impact. 

(d) Parabolic Path Due to Shot with Vertical Component 

The plane of the impulsive torque is now not only inclined as under (c) 
but also tilted forward as seen by the player. The vector torque has 
therefore not only components along the vertical and lateral directions, 
but also a component in the direction of motion. Thus the point of contact 
has a component of sliding velocity perpendicular to the initial motion. 
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The firiction, which is opposed to the resultant velocity of the point of 
contact, therefore makes an angle different from zero with the initial motion. 
If we convince ourselves (cf. problem IV.4) that this angle formed with the 
original motion remains constant during the motion, and if we remember 
that the magnitude of the friction likewise remains constant, we conclude 
that the path of the ball is a parabola in the horizontal plane, since it is 
under the influence of a single force of constant magnitude and direction 
(principle of J. A. Euler, son of the great Leonhard). 

Shots of this type are very surprising to a player who does not have 
full knowledge of the laws of friction and the vectorial decomposition of 
angular momentum. They are especially useful when the two balls to 
be hit are at the two opposite ends of the short side of the table. In that 
case the vertical component of the imptilse must be very strong, i.e., the 
cue must be guided at a small angle to the vertical. 



CHAPTER V 


RELATIVE MOTION 

The interest in the subject matter of this chapter derives mainly from 
the fact that we make all our observations on the rotating earth, which is 
not an allowable frame of reference, either in the sense of classical mechanics 
or in the sense of the special theory of relativity. In general relativity, 
on the other hand, all systems of reference are permitted (cf. p. 16), so 
that a separate theory of relative motion becomes meaningless. 

In this chapter we shall adopt the viewpoint that in every theoretically 
admitted reference system the mechanics of Newton holds rigorously. We 
shall then ask for the deviations from Newtonian mechanics that result from 
the motion of the reference system to which, for practical reasons, we are 
chained. 

§ 28. Derivation of the Coriolis Force in a Special 

Case 

Let a mass point move along a meridian of the terrestrial globe, of radius 
a, with the constant angular velocity wMle at the same time the earth 
rotates about its a3ds with constant angular velocity o). As usual, we call 
0 the colatitude, ^ the (celestial 1) longitude. Apart from arbitrary initial 
values the motion of our mass point is then given by 

( 1 ) d=lJit, ^=CDt, 

From the Cartesian coordinates of the point, 

a;=a sin 6 cos ^ 

(2) y=:a sin 0 sin ^ 

z=a cos 

we obtain by differentiation with respect to t, 

x^ayL. cos 6 cos <}>— am sm 9 sin ^ 

(3) cos 6 sin <l>+am sin d cos ^ 

i=--a/Lsm 6 , 

x= — ap? sin B cos am^ sin B cos <f>— 2 afim cos B sin ^ 

(4) y = — a/x® sm B sm am^ sin & sin ^+2 ayum cos B cos if> 

’z= — afjL^ COB B. 
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In the triplet of equations (4) the first terms on the right represent the 
usual centripetal acceleration which is associated with the motion along 
the meridian if the latter is at rest in space. The second terms give the 
centripetal acceleration resulting from the motion of a fijced point of the 
meridian in a eirole of latitude (due to the earth’s rotation about its axis). 
The third terms, however, constitute something new, for they represent 
the kinematic interplay of both motions. If we multiply (4) by — m, we 
obtain the inertial force F* of our mass point in the compound rotation. 
In vector form it is 

(5) F*=Ci+C,+F,. 

The symbols and Cg refer, as in (10.3), to “ ordinary centrifugal forces.” 
Cl is directed radially outward from the earth’s center and has the magnitude 

|Ci|=ma/x^=m^» %=aju,. 

Ca is directed outward normal to the earth’s axis, and has the magnitude 

|C2| = maa)2sm v^^aco&m 9. 

We can call the third constituent F^ the “ composite centrifugal force ” 
(force centrifuge compos6e) or Coriolis force. Its complete vector expression 
[cf. Eq. (29.4a) ] is given by 

(6) F^=27nVreiXo). 

We have here written instead of the vector Vi corresponding to the 
preceding Vi; by this we wish to indicate that quite generally it is the 
velocity relative to the rotating reference system that gives rise to F^. 
According to (6) the magnitude of F^ is 

(6a) |F^|=2m o) sin w), 

so that, in our case, 

(6b) |F^| =2m <o cos 6. 

cos 9 is of course just the sine of the geographic latitude. As for direction, 
F^ is perpendicular to both equivalently, to Gi and Cg. 

The sense of F^ is given by the direction of advance of a right-handed 
screw turning from Vrd to co. This is illustrated in Pig. 48 for a particle 
moving from south to north. Two positions, one in the southern and one 
in the northern hemisphere, are shown. In the former, corresponding to 
the sense of the right-handed screw F^ acts from east to west; 

in the latter, from west to east. 
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Instead of a single particle we can also consider a continuous sequence 
of such particles, hence a river flowing along the meridian. Fig. 48 
then tells us that the inertial force of the water moving from south to 
north presses against the righi hank in the northern hemisphere^ against 
the left bank in the stmthem hemisphere. The change of sign in the pressure 
is evidently connected with the sine of the 
geographic latitude occurring in (6b). This 
rule is valid not only for south-north flow, 
but, as wiU be shown in the next section, for 
any direction of v^ei, and therefore, in particu¬ 
lar, also for the north-south direction of flow. 

This is intuitively obvious in our example. 

The west-east velocity of the water deriving 
from the earth’s rotation depends on its 
distance from the axis of rotation, hence on 
the geographic latitude. If the stream moves 
from south to north, the water in the northern 
hemisphere has an excess of west-east mo¬ 
mentum imported from more southerly 
latitudes; this excess manifests itself as a 
pressure eastward, that is, against the right 
bank. But similar reasoning must hold in 
the case of north-south motion. In that 
case the water imports a deficiency of west- 
east motion from the northern latitudes. 

Let us mentally add the deficient amount in the sense of Fig. 41, once with 
+ sign, once with — sign. The part added with - sign has an east-west 
direction, and therefore exerts a pressure westward, i.e., again on the right 
bank. The same process of reasoning shows that in the southern hemisphere 
the river exerts excess pressure on its left bank, for south-north as well as 
north-south motion of the water. 

Geographers have proved by numerous examples that the pressure 
against the right bank in the northern hemisphere manifests itself in a 
stronger erosion of the right embankment (Baer law of river displacements); 
-in addition the water stands slightly but measurably higher at the right 
shore of the river. 

Of much greater significance are the effects of the Coriolis force on 
ocean currents (deviation of the Gulf Stream and tidal currents of the 
northern hemisphere to the right). 

It is, however, in the atmosphere that its effects are most pronounced. 
The well-known law of Buys-Ballot states that the wind does not blow 
in the direction of the pressure gradient, but is deviated considerably. 



of Coriolis force: a mass point 
moves along a meridian of the 
rotating earth with constant 
velocity Vrej corresponding to 
the constant angular velocity 
as seen from the earth’s 
center. 
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to the right in the northern, to the left in the southern hemisphere; it is 
only at the equator that it follows the pressure gradient exactly. 

All these phenomena are immediate results of Newton’s first law and in 
the last analysis derive from the fact that in mechanics the rotating earth 
is not an admissible reference frame. 

In this section we have calculated the Coriolis force with the help of 
spherical polar coordinates. In problem V.l we shall derive it in cylindrical 
coordinates. 

§ 29 . The General Differential Equations of Relative 

Motion 

We replace the earth by an arbitrary rigid body R, which rotates with 
instantaneous angular velocity about a fixed point 0. Let P be a 
particle which moves with arbitrarily varying velocity relative to B, Its velo¬ 
city with respect to space is then composed of this relative velocity and the 
velocity in space of a point of the body instantaneously in coincidence 
with P. According to (22.4) the latter is given by wxr. As in (22.4) 
we shall designate by w the velocity of P with respect to space; furthermore 
we shall call v (instead of v^i) the relative velocity of P with respect to B. 
We then have 

(1) w=v+a)Xr. 

Let us agree that temporal changes be designated by an overhead dot if 

d 

observed from space, by ^ if observed from the body B, We can then 


write 


(2a) 

w=f, 

(2b) 

dr 

(2o) 

r=§+‘»xr. 


''The acceleration of our point P in space is given from (1) as 
(3) w=v+ci>xr+<ixr. 

In the middle term of the right member we substitute the value of f from 
(2a) and (1) to obtain 


(3a) 


4»xr=«x v+(|i> X (« xr). 
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We shall transform the first term on the right of (3) by replacing the arbitrary 
vector r in (2c) by v. This yields 

(3b) v=g+®xv. 

Substitution of (3a) and (3b) into (3) gives 

(4) w=-^+26>xv+<DX(G)Xr)+(bxr. 

We notice that according to (26.8a) we can write either or ^ in the 
last term of Eq. (4). 

From (4) we proceed to the inertial force acting on our particle by 
multipl 3 ring both sides by —m. At the left we then have the inertial 
force F* in space; the first term on the right is the inertial force observed 
in the non-inertial reference system JB, which we shall call The second 
term on the right gives the expression for the Coriolis force which we met 
in (28.6), viz., 

(4a) - 2m oX v= +2m vx<).>= F^. 

Our present treatment therefore supplements that of the preceding section 
by furnishing a general derivation of the Coriolis force. In the next to 
last term of Eq, (4) one easUy recognizes (after multiplication by — m) 
the ordinary centrifugal force C, which appears to act on our particle by 
virtue of the rotation of the reference system B, and which was designated 
by Ga in Eq. (28.6). 

From (4) we therefore have, coUeoting all the terms, 

(6) F*=F;^i+C+F,+mrxa>. 

Here we replace F^j by its value from the definition 

Fpei— ^ ^ 

and recall that due to the equilibrium of external and inertial forces in the 
system fixed in space we must have 

F4-F*=0. 

Thus we obtain general differential equation of relative motion 

(6) = F+G+Fg+mrxo). 

We see that in the system B there appear, in addition to the actual 
external force, the fictitious forces C and F^; from the standpoint of an 
observer moving with B, they act in the same maimer as the external 
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force F; actually, they result solely from the inertia of the particle m 
fixed in, or moving relative to, a non-Newtonian reference frame. The 
last term on the right of (6) is of similar origin; it stems from a possible 
acceleration or change in direction of the rotation. Applied to the earth it 
corresponds to the polar fiuctuations and can certainly be neglected as 
vanishingly small. The differential equation (6) will be used in the three 
following sections and in problems V.l and V.2. 

§ 30. Free Fall on the Rotating Earth ; Nature of the 

Gyroscopic Terms 

Whenever we try to measure the effect of gravity, it is not just the gravi¬ 
tational attraction itself, but the resultant of the earth’s attraction F and 
the centrifugal force C that is observed. The fiattening of the geoid, i.e., 
of the mean terrestrial surface, is itself determined by this resultant, and, 
in fact, in such a manner that the geoid is everjrwhere normal to it. If 
we put 

(1) F+C=-mg, 

the gravitational acceleration g is a vector which has the magnitude gr, 
but a direction along the normal to the geoid, rather than along the produced 
radius of the earth. 

From (29.6) we obtain, in view of (1) and (28.6) and with neglect of the 
term in i), 

(2) 5=-g+2vx<o. 

Let us now resolve this vector equation 
into coordinate equations by introducing 
an orthogonal system 9], 5, fixed in the 
earth, and defined as follows (of. Fig. 49): 

north-south direction on the earth, 

(3) 7^=: west-east direction on the earth, 

£ == point of observation zenith— 
normal to geoid. 

We then have, in component form, 

dt dt ’ dt) * 

g -(0, 0, g); 

a> — (—cdcos^, 0, cusin^); 




Fig. 49. Free fall on rotating 
earth. System of coordinates: g 
along a meridian, rj along a circle 
of latitude, g along the normal to 
the geoid. 


( 4 ) 
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^ being the geographic latitude as in Fig. 49. It then follows from (2) that 
-2“Sin^f -2a>oo8^f 

^+g== 2a)COS^^ 

Before proceeding to integrate (6) we wish to examine the general 
character of these equations. They are distinguished by the fact that the 
array of coefi&cients of the right-hand side is antis 3 nnnietric. Let us 
introduce abbreviations 

(6) a=2<*)sin0, j8=0, y= —2ct)C0S^. 

The array then is clearly antisymmetric about the diagonal, as shown 
below: 



dt 

drj 

dt 

dg 

dt 

dfi 

0 

a 

? 

dhj 

d? 

— a 

0 

y 

<7+ 

y 1 

-iS 


0 


This antisymmetric character indicates conservation of energy. If diagonal 
terms were present or if, speaking more generally, the array of coefficients 
had a symmetric partj we should have dissi^pation of energy. 

For let us multiply Eqs. (6) row by row by and add. All 

the coefficients of a, and y on the right vanish, and we are left with 


that is, 

(8) jr+F= const. 

Here T and V are the kinetic and potential energy of relative motion (where 
we have put the mass=l). This conservative character of our array of 
coefficients can be made evident even without calculation; for by virtue 
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of the factor vxw, is perpendicular to the motion and therefore does no 
work, in analogy with magnetic forces in electrodynamics. 

If, on the other hand, the array of coefficients had a symmetric contri¬ 
bution, we should have 

(9) |(2’+F)<0 

where the < sign results from the assumption that the signs of the coefficients 
satisfy the physically necessary conditions corresponding to a damping of 
the motion. It is seen that (9) results not in conservation, but rather, 
as asserted, in dissipation of energy. An example (only one-ditnensional, 
it must be adxnitted) of the dissipative character of an even array of coeffi¬ 
cients is furnished by Eqs. (8) and (9) in the treatment of damped oscillations 
of Chapter II, § 19. 

With Lord Kelvin we call the terms of an antisymmetric array of 
coefficients gyroscopic terms. The name suggests that they indicate an 
internal gyration of the system (in our case the earth) which has not been 
taken into account explicitly in setting up the problem, but has instead 
been incorporated in the choice of coordinates (in our case the rj, S). 
Such gyroscopic terms play an important role in general laws conceming 
the stability of equilibria and motions. 

We shall now proceed with the integration of Eqs. (5). Let us postulate 
a free fall from height h without initial velocity. We therefore require 
at ^=0: 


( 10 ) 




(it dt dt 

From the first and third Eq. (6) we then have 

(11) ^=2co7ysin^, =2a>77 cOB^. 


Replacing these in the second Eq. (6), we obtain 
(12) <?=2w?co8f 


The integral of this equation is found by the general rule laid down in 
connection with Eq. (19.4), viz., “ particular solution of the inhomogeneous 
equation + general solution of the homogeneous equation.” In the present 
case this leads to 


' 40 )' 


i t+A sin 2<i}t+B cos 2ct)t. 
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Conditions (10) require that we put 

B=0, i.e., 

Cl /j sin 2a>«\ g<io%4>lj. sin 2«y^\ 

261 2(j r 2w y 

According to the meaimig of rj, of. (3), this is the eastmard deflection, 
i is the southward deflection. IVom (11) and (13) it satisfies 

dE . j , /. sin2a>A 

J=(7Sin^cos^(«- 

whose solution, with due regard for ( 10 ), is 

/t A\ > • I I 1—COB2£t)<\ 

(14) 0008^^2-4^Ji—)■ 

With the help of (13) and ( 10 ) we finally obtain &om the second Eq. (11) 
the motion along the vertical, 

( 16 ) 

wt is a very small number of order of magnitude (time of fall) -r (1 day). 
We can therefore develop the solutions in powers of wt. In lieu of (13), 
(14), and (16) we then obtain 

77 =cos <!> wt, 1 =^ sin^ cos ^ [wt)^ 



The eastward deflection is accordingly of the first, the southward deflection 
of the second order in wt. The deviation from the law of freely falling 
bodies along the vertical caused by the earth’s rotation is likewise only 
of the second order in The eastward deflection has been observed in 
several instances and found to be in agreement with theory; under favorable 
circumstances (deep mine shaft) it amounts to several centimeters. 

Evidently these (observable or unobservable) deflections are due to 
the fact that the initial conditions ( 10 ) which lie at the very basis of both 
theory and experiment prescribe rest with respect to the earth. They hence 
imply a certain velocity in space, which is of the magnitude (earth’s angular 
velocity) • (distance from axis of earth). This velocity is somewhat different 
from the velocity with which the earth’s surface moves away under the falling 
body. It is then clear that the body does not hit the earth at the exact 
yeftical projection of its initial position, 
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§ 31. Foucaulfs Pendulum 

Once more Eqs. (30.6) are in force, but with the added condition that the 
mass point have the constant distance I from the point of suspension of 
the pendulum. We write this condition in a form similar to that used for 
the spherical pendulum (18.1), i.e., 

( 1 ) = 0 

and introduce the Lagrange multiplier associated with it. Eqs. (30.5) 
then read 



dt» — 



(2) 

d'V n ■ idi 


— 2 cu COB <l> ^ “1" X'ff 


II 

2 <uC 08 ^§ 

+AS. 


We shall of course restrict ourselves to small oscillations. We therefore 
regard | and | as small quantities of the jGbrst order; from (1) it follows 
that =1 up to quantities of the second order. More precisely, for 
points in the neighborhood of the rest position we can write 

^=--Z (l+quantities of second order), 

since S is of course directed vertically upward. The third Eq. (12) then 
shows that up to quantities of the first order 

(3) g=^ — AZ, hence A= — 

Once more we write down the first two Eqs. (2), neglecting the term in ~ 
because small of second order, and using the abbreviation 


(4) 


u=cosm<f>. 

to obtain 

dt* 

-2«§+ff=0 

(6) 

d*7j 

dt^ 

+2«^+f’7=0- 


It ip convenient to consolidate them in complex form by multiplying the 
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second Eq. (6) by i, adding it to the first one, and, as on p. 142, Eq. (26.10), 
introducing the new variable 

( 6 ) 8=^i+ir), 

We obtain 

(7) 

which is a homogeneous linear difierential equation of second order with 
constant coefficients. Note that it is the gyroscopic character of the 
middle terms of Eqs. (6) which made step (6) (7) possible. 

Eq. (7) is solved by putting 

8=A 

Substitution in (7) gives 

a2+2t^a-f=0, 

a quadratic equation in a with the roots 

(8) oci=and 

It follows that the general solution of (7) is 

(9) 

The constants A^ and A 2 are determined from the initial conditions. In 
agreement with the experimental arrangement we shall stipulate that these 
be 

(10) i^a, ,=0. §-|=0 at(=0. 

We therefore imagine that the bob is pulled by an amount a out of its 
plumb line position along the positive ^-axis, i.e. (cf. Pig. 60), southward 
along the meridian, and then released without impulse. From (10) the 
initial values of our complex variables are 

(lOa) a=a, at«=0. 


Eq. (9) then gives 

( 11 ) Ax'^A^^a^ 

(11a) -4iaiH--42aa=0, 
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Next we calculate the expression for ^ ; it is somewhat less involved 
than that for s itself. Recalling (11a) we have 



from which, according to (8) and (11b), 



We arrive at the following conclusions: whenever the sine factor vanishes, 
we have 

S=0 and hence § = §=0. 

This represents the occurrence of a turning point or cusp in the trajectory 
of the boh. According to our initial conditions (10), the first one of these 
occurs at t=0. If we put 



succeeding cusps occur at 

f _^ f _ m j. _ 

is the duration of a complete to-and-fro motion. 
Putting (that is, c«>=0) makes Eq. (13) agree with 
the period of oscillation of a simple pendulum without 
terrestrial rotation — as would bo expected. 

In order to see where the bob of our Foucault pen¬ 
dulum is located at we make use of (13) and (11) 
to obtain from (9) 

The bob therefore has the same distance a from its rest 
position as it had at the outset of the motion, but its 
azimuth no longer coincides with the southward meridian, 
as initially, but has acquired a lag with respect to this 
direction given by the angle 



Fia. 60 . 

Foucault’s pen¬ 
dulum, Bird’s- 
oyo view of tho 
trajectory of tho 
bob. Initial dis¬ 
placement to 
the south; west¬ 
ward deflection 
in a complete 
oscillation. 
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The bob is thns deflected westward, cf. Fig. 50. We can explain this by- 
saying that for zero rota-fcion of the earth the pendnlxun bob would pursue a 
straight south-north-south course. In our case, however, the Coriolis 
force, through its ‘‘ pressure on the right bank,” displaces the trajectory 

by an angle ^uT eastward while the bob is swinging out, ^uT westward 
while it is moving back. 

Foucault’s experiments of 1861 and those of his countless successors 
yielded only qualitative results; a quantitative investigation of all sources 
of error was carried out by H. Kamerlingh Onnes, later leading authority 
in the field of low temperatures and discoverer of superconductivity, in 
his Groningen thesis of 1879. 

§ 32 . Lagrange*$ Case of the Three-Body Problem 

We cannot resist the temptation to conclude our analysis of relative 
motion with the proof of a famous principle enounced by Lagrange (Paris 
Academy, 1772): The three-body probUm can be solved in closed and elementary 
form if one assumes that the triangle formed by the three celestial bodies always 
remains similar to itself. The masses of the three bodies are completely 
arbitrary. 

The proof of this principle will show that 

1. The plane through the three mass points is fixed in space. 

2. The resultant of the Newtonian forces on each of the three points 
passes through their common mass center. 

3. The triangle formed by them is equilateral. 

4. The three- points describe conic sections similar to each other, 
with the common mass center at one focus. 

The proof given by Lagrange is rather involved. It can be simplified 
if, with Laplace, we assume from the start the first conclusion above. 
Carath6odory^ has, however, shown that even without this assumption an 
elementary proof is possible. His starting point is our vector equation (29.4) 
resolved in orthogonal coordinates. We ^all follow his proof with minor 
modifications. 

We consider the plane S which passes through the three points Pj, 
P 2 , Pa (masses ?%, m^) and therefore also through their center of mass 0. 

Without spoiling the generality of the problem we can define the latter 
as being at rest. S therefore rotates about the fixed point 0 ; this rotation 
includes a component causing S to turn into itself about its normal at 0. 
Call cj the total angular velocity. We imagine ourselves to be located on 
a frame fixed in S from which we observe the motion of the points Pjg, in a 
way s im i l ar to that in which we observed “the motion of Foucault’s pendulum 


1 Bayr. Akad. Wise. 267 (1933). 
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from the earth. Prom 0 we measure the radius vectors to the points P^,; 
v^i; and axe their velocities and accelerations as observed from S. Making 
use of the vector rule (24.7), we write down the differential equations (29.4) 
of the motion in the form 

W ^+2wXVj(,-f<o(rA • «)• •' 


■rfca>* + «xrft=^- 


is the vector sum of the Newtonian gravitational forces acting at 
Thus, for example, 


( 2 ) 


mi" 


gm, r,—fi 


Ontj Ts—Ti 


|r,-ril* [rj-Til ^ Irs-rij® Irs-rif 


We fix a Cartesian coordinate system in S, with origin at 0, and a;, 2 /, arbi¬ 
trarily oriented, in the plane of ; at 0 we erect the 2 J-axis perpendicular 
to jS. In Eulerian fashion we resolve <o along these axes, 

(3) < 0 = (Ctli, 0 ) 2 , 0 ) 3 ). 

Let the component 0)3 (rotation of 3 into itself) be determined by considering 

the direction of one of the vectors OPj^ fixed in 3. But we assumed that 
the triangle PiP^Pz to remain similar to itself; it follows that each 

of the other two vectors OPj^ as well has a direction fixed in 8. We can 
then write 

(4) r;i,= A («)(%, 0), 

where ajg, by. are the Cartesian components of Py, at some given initial time. 
The function X[t) determines the common change in scale of the vectors 

OPjQ and hence also that of the triangle ^ ^ 

derivatives of A, we obtain from (4) that 


(4a) 


yjc h> 0 )» 

A(<) (<»fc, 0 ). 


dVfe 

dt 


It further foUowB that the resultant force F* of Eq. (1) has a vanishing 
a-oomponent, and x- and ^-components inversely proportional to A®. We 
shall write this force in abbreviated form as 

( 6 ) Ij- ^ (£.. 0 ). 

Next we write down the z-component of Eq. (1) perpendicular to S, 

2A(fc)i6;^— a)jaj^) +Att)j(aj^«>i-l-6j^(«)8) + A(a»i6jp — <02aj,) =0, 
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or, factoring out hj^. 


(6) {—2Aa)2+A(a)8Ct>i’- {2Acu3L+A(a)8a)2-l-a)i)}6;5.= 0. 

The two brackets { } are functions of t independent of h. Calling them 
f{t) and g{t), we obtain 


( 6 a) 


/(*) _ ftfc 


We have, however, assumed that the points Pjj. form a triangle, i.e., are not 
coUinear. The three ratios 6 /a must therefore be unequal. In that case we 
can satisfy ( 6 ) only by putting/=gr=0. Explicitly 

2 Aa)i= —A(ai3C02+a)i), 

2Ac02= A(cU3Wi-- a>2)' 

Multiplication by a>i and a >2 respectively, followed by addition, yields 

2A___ 

A 

and, by quadrature, 

( 8 ) ct>i^+ct> 2 ^=-p* (7= constant of integration. 

We proceed to write the x- and ^-components of the differential Eq. ( 1 ). 
They are 

Aa^ — 2 co 3 A 6 ft+coiA(a;^wi+ 6 ;fcCU 2 ) -”Aaji.(0)12+0^2®+<*>3^) — 


+2 (o^Xajf,+ 0)2 A (ajg o)x+bjg cug) — A 6 ;i; ( 0 ) 2 ®+ 0 ) 3 ^)+ 0)3 Aa^i. = ^» 
or, arranged in factored form, 

{A—A(o)2^+o>3*)}a;j.—{2a)3A+A( — ^*>ict)2+^^3)}6fc— ’ 

{2o)8A+A(a>iO)2+co3)}a^4-{A—A(o)i*+o)3*)}6;i.= 

The brackets { } of the first equation and similarly those of the second, 
when multiplied by A^, must therefore each satisfy three linear equations 
with constant ooejB&cients (independent of ^). This is possible only if they 
are themselves constant. It follows that the difference of the first and fourth 
brackets and that of the third and second brackets each equal a constant 
divided by A®. We then have 

a o ^ A * jS 


(10) 
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A suitable consolidation gives 






from which the absolute magnitude 

(11) D=(4*+iS®)* 


is obtained. A comparison with ( 8 ) would lead to 
( 11 a) A=^ = const. 


unless both C and D were to vanish. Now according to (10) A= const, 
would make both and <02 constant, so that, from (7), 0)3 would have to 
be zero. By suitable choice of the coordinates x, y one could even make 
0 ) 2 = 0 ; the first Eq. (9) would then yield Lj^=0. In that case the three 
points Pj^ would have to be coUinear, contrary to our hypothesis. 

We must therefore put O=jD=0 and obtain from either ( 8 ) or (11) that 

(12) o)i=o>a=0. 

This proves statement 1, that the plcme S rotates tdlih anguUir vehcil/y 0)3 into 
itsdf; its normal is fixed in space. 

If we apply the equation of angular momentum to our system we see 
that the motion of the points within the plane B cannot contribute to 
the areal velocity constant. This constant is hence directly determined by 
the angular velocity 8, We must have 

const. = = 03 (a|+&|)- 

For this we can write 

( 12 a) A* 0 ) 8 = y (y= constant); 


it follows that 

(12b) 2 A 0 ) 3 +A 0 ) 3 —0, 

By virtue of (12) and ( 12 a, b) Eqs. (9) simplify to 

(13) 


A a* bjc 


The requirement contained in them says that the moment of Fi 

about 0 vaixishes, for 

(14) 


iriXFi 
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so that Fi passes through the mass center 0. The same holds for F 2 and 
F 3 . This is our assertion 2 which states that the, resultant of the forces acting at 
Pjg passes through the muss center of the particles 

We can make use of (2) to write (14) more explicitly. We have at once 


(16) 


riXFi mgrixr, ^ 

lri~ril* Irs-rij® 


But from the definition of the mass center, 

(16) 77iiri+m2r2+m8r3=0, 

and therefore 


rjL xrg+mari X tg=0. 

Substitution into (16) yields 


that is, 

(17) Ir2-ri|=lr3-ri|. 

Similarly we find 

(17a) 11 * 3 —r 2 | = |ri—r 2 |, etc. 

We have thus arrived at statement 3: the triangle is equilateral. 

The quotients and ^ occurring m (13) can each be determined. 
To this end, let us call Xs the side of the triangle, where 

According to (2) and ( 6 ) we then have 

^ = ^{”^2 (“2~ ®l)+ (ffls- Ol)} 


and, in view of (16), 

(18) " 5 ^“ ?{"~^“^ 2 “^ 3 }- 


The right member of this equation is symmetric in the mj^ and the coordinates 
aj^, it therefore represents the value not only of —> but of ^ and 
also of Substitution of this value in (13) yields * 


A®A- 


z! 

A 


G 


(mi+TWa+ma). 


(19) 
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This differential equation in A describes the motion in time, i.e., the rhythm 
with which our equilateral triangle alternately expands and contracts. 

There is, however, a simpler way to gain insight into this secular 
motion and at the same time into the form of the trajectories; we abandon 
the plane 8 and observe the motion from a plane 8' coinciding with S, but 
fixed in space. In /S' the only force acting on the mass point is the 
resultant force directed toward the mass center which is at rest; the 
fictitious forces (Coriolis, centrifugal, etc.) occurring in ( 1 ) drop out. Prom 
( 6 ) and (18) the magnitude of is 

(20) - 


The only quantity in the right member that varies in time is A®. With the 
help of (4) it can be expressed in terms of 


A*= 



Let us replace A by this value in (20), define a new mass 


( 20 a) 






and the total mass Instead of (20) we then obtain 

mi MO 

Each of our three mass points hence moves in space independently of the 
others, as if endowed with a mass mj/, and attracted to a mass M at rest 
in 0 in a Newtonian manner. It therefore describes a conic section with one 
focus at 0. 

In order to be able to say something about the magnitude and mutual 
position of the three conic sections we must take into account the initial 
conditions implicit in the state of motion we have postulated. Let us for 
example consider the instant at which A= A^xtr "^hen the distance 

( 21 ) 

of all the from 0 is an extremima. According to (4) the radial velocity 
in /S is then equal to zero; the velocity in 8\ i.e., in space, is given by the 
component 0)3 of angular velocity multiplied by the distance ( 21 ); the 
factor (a|+ 6 |)* occurring in this distance is thus a measv/re of the similarity 
not only of the initial velocities and initial distances from the common mass 
center, but at the same time of the size of the three conic sections resulting 
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from these initial values. With this, staiemerit 4 is established. The positions 
of the three conic sections axe distinguished by the angles which the three 

radius vectors QPj. form with each other. 

In the special case 7ni=m2=ma, where the mass center coincides with 
the intersection of the medians of the equilateral triangle, the conic sections 
are congruent and displaced by 120® with respect to each other. 

In addition to this motion in conic sections there is, according to 
Lagrange, a class of motions eapressible in elementary form in which the 
three bodies are located on a rotating straight line. However we do not 
want to go into this here. 

Let us finally point out that firom the specialized three-body problem 
of Lagrange one can pass to a correspondingly specialized 9i-body problem. 
In the case of n equal masses and suitable initial velocities one then obtains 

27T 

n congruent Kepler ellipses, which are displaced by an angle — with respect 

to each other and traversed in the same rhythm. At one time this mode 
of motion was temporarily advanced for electrons to explain the L-spectra 
of JE-rays [Ph^silsal. Zeits, 19, 297 (1918)]. 



CHAPTER VI 


INTEGRAL VARIATIONAL PRINCIPLES OF 
MECHANICS AND LAGRANGE’S EQUATIONS FOR 
GENERALIZED COORDINATES 

§ 33. Hamilton's Principle 

We have already met a variational principle of mechanics, that of 
d’Alembert. This principle compares the state of a system at any given 
arbitrary instant with a neighboring state obtained from it by a virtual 
displacement. The principles which we are about to consider are iTitegrdl 
principles. They differ from the former in that we shall be concerned with 
the successive states of the system during a finite interval of time, or, what 
amounts to the same thing, over a finite section of the trajectory. These 
states are then compared with certain corresponding virtual neighboring 
states. 

The different integral principles with their various names are disting¬ 
uished by the way in which the correspondence between the original states 
and their neighboring or varied states is established. They aU have this 
in common: the quantity to be varied has the dimensions of action. They 
can therefore all be collected under the name principles of Least Action^.” 

While power, as we already know, is a quantity of dimensions Energy X 
Time"^, action has dimensions Energy X Time* An example of this is the 
elementary quantum of action, or Planck’s constant, which we shall encoun¬ 
ter in § 46, i.e., the quantity 

6.624 • erg sec. 

We shall first deal with Hamilton's principle. It differs from that of 
Maupertuis, to be treated in § 37 (though historically the latter came first), 
in that here the time is not varied. This means that the system arrives at any 
given point of the actual trajectory, of coordinates at the same time as at 
the corresponding point of the varied trajectory, of coordinates 
The following statement sums up this property of Hamilton’s principle: 

( 1 ) 8 «= 0 . 


^ In English-speaking countries this usage is not common. We shall hence at once 
distinguish Hamilton’s principle from the principle of least action (sometimes 
called the Principle of Maupertuis).—^T baitsIiATOB. 

131 




182 


Integral Variational Principles of Mechanics 


VI.33 


We must remark at this point that when we speak of the trajectory 
or path of the system, we do not mean the trajectory of a point of the 
system in a space of three dimensions, but rather a curve in a space of many 
dimensions, characteristic of the motion of the system as a whole. Thus, 
in the case of / degrees of freedom, this curve lies in the /-dimensional space 
of the coordinates (of. p. 48). 

In addition to the condition (1) we demand that another restriction be 
imposed on the variations in Hamilton’s principle; the end points 0 and P 
of the section of the trajectory under consideration and of its varied neigh¬ 
boring trajectory must coincide in space. Hence 
coordinate x, 

(2) &c—0 at ^=^0 ^=^ 1 - 

The adjoining figure has been drawn to aid in visua¬ 
lizing symbohcaUy, in three dimensions, the relation 
of the actual path (soM) to the virtual one (dashed). 

The displacement 8q, resulting from the variations of 
the coordinates Sa, is to be completely arbitrary except 
at the two end points, with the restriction that hq be 
continuous and differentiable in t. There is a one- 
to-one correspondence between any point on the real 
path and one on the varied path, obtained from the 
former by a displacement hq, and two such points 
belong to the same time t. 

We shall now derive Hamilton’s principle. We 
start out with the form ( 10 . 6 ) of d’Alembert’s principle, 

n 

A;»l 

We therefore consider a system of % discrete mass points which may, how¬ 
ever, be coupled by either holonomic or non-holonomio forces of constraint 
of unspecified nature. It follows that the 80 ?;^., Sz^^., which must of course 

satisfy these constraints, are not independent of each other; in the holo- 
nomic case of / degrees of freedom only / can be chosen arbitrarily. In 
the non-holonomio case they are related by differential conditions. 

We shall at first take up a purely formal transformation of relation (3), 
by writing 

d d 

yhere w^ shall at once ask ourselves what the meaning of an expression 


we have, for any 


P 



Fig. 61. Variation of 
the “ trajectory *’ in 
Hamilton’s principle. 
The time is not varied. 
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such as is. For this purpose we compare not only the actual path 

of the with the virtual path of the but also the velocity Xj^, along 

the actual path with the velocity along the virtual path at the same 

instant t. The latter velocity is defeed by the identity 

We equate these two w^ays of writing the varied velocity and obtain 

( 6 ) = 

Let us introduce this result into (4), 

( 6 ) Uf,Sxt,= ^(xt,8xji,)-ii,8d;g,= 

Similar equations hold of course for the coordinates t/^ and jzjj.. Hence (3) 
can now be written in the form 

(7) 

The second term on the right is nothing else but the virtual work 8 PT, that 
is, the work done by the external forces in our virtual displacement. On 
the other hand, the first term on the right is the variation of the kinetic 
energy T given by 

which occurs when wo pass from the real to the virtual trajectory. Eq. (7) 
can therefore be simplified to 

(8) 8^*)=sr+s PF. 

Before deriving some further conclusions from this, we shall digress for 
a moment to make some remarks about the relation (6). Let us write it 
down once more, in the form 

(9) 

If we recall that f is not varied, and that 8t=0 implies 8i^=0, we can 
replace (9) by 


(9a) 


dBx _ ddx 
db dt 


or also d8x=^8dx. 
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Eq. (9a), especially in the second form dS=8d, plays a fruitful if somewhat 
mysterious role in the older calculus of variations of the Euler type. We 
note that (9a) really says the same thing as the somewhat trivial Eq. (6) 
relating the time derivative of the virtual displacement to the virtual 
variation of velocity, except that (9a) contains the two assumptions that 
the time is not subject to variation and that the virtual displacement is 
continuous. 

We now return to Eq. (8) and integrate it over t from The 

left-hand side vanishes because of (2) and we are left with 

(10) p (82’+8]f)«ft=0. 

Owing to the type of variation embodied in Hamilton's principle, this can 
also be rewritten as 

(11) 8 {^Tdt-ir r8Trrf<=0. 

J to •f 

It would, however, be erroneous to replace the latter integral by SjWeK; 
for while it is true that the virtual work 8W and the amount of work done 
in d^, i.e., dW, have a well-defined meaning, this is not so for ^he work W 
itself. W is, in general, not a ‘‘ state varMU.^^ It is a state variable only 
if dW is a perfect differential, that is, if the external forces satisfy those 
conditions which guarantee the existence of a potential energy 7 [cf. § 6, 
(3)]. In that case we can replace 

jsfV^ by -j8Vdt=-Bjv<U 

in Eq. (11), which then takes the classically simple form 

(12) 3p(T-F)d^=0. 

J to 

This is the equation one usually thinks of when one speaks of Hamilton's 
principle. It is valid, according to the statements of p. 46, for conservative 
systerris. We can call equation (11) Hamilton’s principle generalized to 
include non-conservative systems. 

We now clam that Eqs. (12) or (11), respectively, contain the sum- 
total of mechanics, just as does d’Alembert’s principle. This emphasizes 
the special significance of the energy-like expression 7. In mechanics 
it is called the Lagrangian function (or Lagrangian, for short) and takes 
Eq. (12) into 


(13) 


sj Ldt=^0 where L=T—V, 
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In words, the time integral of the Lagrangian is an extremum. Helmholtz 
relied heavily on the variational principle in Hamiltonian form in his last 
works; he extended it to electrodynamics, and called L the kinetic potential. 
The name “ free energy,” as opposed to the “ total energy ” T+F, would 
be equally justified in view of its wide use in thermodynamics. 

Hamilton’s principle derives special value from the fact that it is totally 
independent of the choice of coordinates. In fact, T and F (as well as SIF) 
are quantities of immediate physical significance, which can be expressed 
in any desired set of coordinates. We shall make use of this property in 
the following section. 

Hertz was of the opinion that Hamilton’s principle was valid only for 
holonomic systems. This error was corrected by 0. Holder (Gottinger 
Nachr. 1896). 

Hamilton’s principle goes counter to our need for cause-and-effeot 
relationships, as do aU the other variational principles involving action 
integrals. For here the sequence of events is determined not by the present 
state of the system, but is instead derived under equal consideration of 
both its past and future states. It seems then that the variation principles 
are not causal, but rather teleological. We shall come back to this point 
in § 37, where we shall deal with the historical origin of the principles. 
There we shall also briefly touch on the conversion of Hamilton’s principle 
into forms useful in fields of physics other than mechanics. 

§ 34. Lagrange's Equations for Generalized Coordinates 

Let us consider an arbitrary mechanical system. We shall for the 
present assume that its parts are coupled by holonomic conditions only. 
The number of degrees of freedom of the system is /. We can then introduce 
/ independent coordinates which determine the position of the system at 
any given instant. We shall call them, as on p. 49, 

(1) Ji, 2a> • • • 9/* 

These are our position coordinates. To them we add the “ velocity 
coordinates ” 

(la) ji, ja, . . . gj,. 

The qjg and qj^ together completely specify the state of the system at any 
instant. 

Let us be more explicit : let the system be described for the moment 
by n >f coordinates which need not necessarily be Cartesian. 

Let n—f conditions hold between them, of the form 

( 2 ) 


* 2 . • • • *=/+!./+ 2 , . . . » 
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We can then define aa some function of tCi,.. 

(2a) F ^29 * • • h=^lf 2, . . . 

Let us denote the partial derivatives of F;;. with respect to by F^j^,; a 
differentiation of (2) and (2a) with respect to t then gives 


(2b) 




i-1 


r 

\0, Xj=/+1, 


. n . 


We can oaleulate from this the as linear functions of the qj^, with coefiS- 
cients that depend on the a^, . . . x^, or, by virtue of (2) and (2a), on the 
qi, • • • qf The kinetic energy T, a homogeneous quadratic function of the 
x^y just as it would be were it expressed in Cartesian coordinates to begin 
with, again becomes a homogeneous quadratic function of the qj^ with 
coefficients that depend on the qj^,. For the present we shall postulate that 
the potential energy F is a function of the qj^ only, without, in principle, 
excluding the possibility of later making V a function of the q^^, as well. 
In this connection we may now complete the definition (33.13) of L by stating 
that 


Lis to he regarded as a function of the qj^. and qj^. 

For the time being we shall exclude an explicit dependence of L on L 
It is in this sense that we now write down the variation of L, i.e., the 
difference between the values of L in the virtual varied state 
original state qj^\ 

K 

This variation is now introduced into Hamilton’s principle 


(3a) 



0. 


This form differs from that in (33.13) in that we have written the variation 
under the integral sign, whereas we had previously put it in front. The 
two forms are, of course, equivalent by virtue of rule (33.1), which says 
that t and are not varied. In any case, Eq. (3a) corresponds to the 
formulation (33.10) in which we first encountered the principle. 

We now carry out the integration over the time indicated by (3a) on 
the general term of the second sum of (3). For this purpose we alter the 
form of this term by a pa/rtial integration, a procedure which has been 
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( 4 ) 



d 


dlt. 


In the last member of this double equality the first term vanishes because 
of the conditions laid down in (33.2). The complete expression (3) for 8L 
therefore yields 


(4a) 




Now the Sqj^ are independent of each other. We can therefore make all but 
one of them zero. This one we can also make zero everywhere along the 
‘‘ trajectory ” of Eig. 61 except in the neighborhood of a single point, or, 
what amounts to the same thing, during a time interval /It at an arbitrary 
time t In order to satisfy (4a) we now require that 

J At 

But At is finite, and Sqjf, does not vanish during the interval At, Hence 
we must have, for any time t and any index Jk, 


( 6 ) 


d dJj ^ dJj _Q 


These are Lagrange's equations for generalized coordinates, or, as they are 
also called, Lagrange's equations of the second hind, specialized to the case 
so far considered in which the forces acting on the system have a potential 
and the internal constraints of the system are holonomic. 

If one or the other of these assumptions is dropped, we arrive at an 
extended form of these equations; let us hence consider two cases. 

The first case is that in which the forces are not derivable from a 
potential. In that case the form (33.11) of Hamilton’s principle wiQ have 
to be our starting point. We think of the virtual work STT of the external 
forces as expressed in terms of the virtual displacements and are led 
to write 

(7) 

* In general wo use the term “ Euler’s equation ’* of a given variational problem 
to designate an equation of type (6), and the derivation of (6) from (4) and (6) is 
typical of the derivation of Euler’s equation in any such problem. We can there¬ 
fore say that Lagrange’s equations are the Euler equations for the variational 
problem characterissed by the function Zr, 
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We shall call the coefSioients here introduced the gemralized (x^mpomirds 
of force associated with the coordinates qj^. This is a formal extension of 
the force concept, which is of course admissible as a mathematical definition. 
Furthermore it is quite useful. Thus we can now restate the definition of 
the moment of a force about an axis given in (9.7) as follows: the moment 
of a force is the generalized force associated with the corresponding angle 
of rotation. It is clear that the quantities defined in (7) no longer possess 
vector character, nor need they in general have the dimensions of dynes 
any longer. From (7) it is seen that their dimensions depend instead on 
the dimension of the associated Thus moments of force must, as we 
already know, have dimensions of work, hence ergs, for the associated Bqy, 
are angles and therefore dimensionless. 

If we now introduce (7) in (33.11) and carry out the transformations 
indicated by Eqs. (4) and (6), we clearly obtain, m place of (6), 


( 8 ) 


dtdqjf. dqjc 


We can write this in a somewhat more general form as 


(8a) 


dt dqjQ Bqjg 


This is more general because now we can take into account the case where 
some of the forces acting are derivable from potentials, others not. We 
need only write the corresponding to the latter type of forces on the 
right side of (8a). The potential energy of the former, on the other hand, 
can be combined with the kinetic energy T to form the Lagrangian L 
of (8a). 

Eqs. (8a) are then the Lagrcmge equations for forces some of which are 
not derivable from jpotentiais. 

If now we drop the second of the previously stated assumptions, i.e., 
postulate that the constraints of the system are in part non-holonomio, the 
introduction of the coordinates qj^ is made invalid. For by definition non- 
holonomic conditions cannot be put in the form (2) and hence cannot be 
eliminated by proper choice of the q. We are then forced to introduce an 
excessive number of q, that is, a number greater than the number of degrees 
of freedom for infinitesimal motion. The latter is /— r where f is the number 
of degrees of freedom for finite motion and r the number of non-holonomio 
conditions. These can be written as virtual conditions in a form similar 
to Eq. (7.4), 

• • • 9y)82^ifc—Oj 2, . . . r. 


( 9 ) 
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They imply a restriction on allowable variations One takes this 

restriction into account by multiplying each of the Eqs. (9) by a Lagrangian 
multiplier and then adding it under the integral of (33.13). One obtains, 
with the jF in somewhat abbreviated notation, 




The Eulerian transformation proceeds as in (4), where instead of (4a) we 
obtain 


( 10 ) 




(d^_ 


dqjc 



2 




Here the are no longer independent of each other, but are connected 
through relations (9). One can, however, argue as on p. 67: of the bracketed 
0 coefficients of in (10), r can be made to vanish by a suitable choice 
of the A^. In the remaining sum over A?, only/— r of the all independent 
of each other, are left. The same line of reasoning as after (6) now forces 
us to the conclusion that the remaining brackets must vanish, too. We 
then obtain the complete system of / equations, 


( 11 ) 


d dXj 31/ _ > XT 

dt dqjc dqj^ ^ ^ 


We can designate these as Lagrange's equations of the mixed type, since they 
fall halfway between Lagrange’s equations of the first and second kind. 

We may mention that this mixed type occurs not only when we are 
unable to eliminate some of the conditions (case of non-holonomic con¬ 
straints), but also whenever we do not wish to eliminate them. Por it can 
happen that we are interested in the force of constraint that a holonomic 
condition exerts on the system. This force, as it turns out, is represented 
by the A^ associated with the condition in question [just as in Eq. (18.7) 
dealing with the spherical pendulum], and can be obtained by integration 
of Eq. (11). 

Evidently we can finally combine the types (11) and (8a), for the case 
that we simultaneously drop both assumptions stated after (6). 

Instead of doing this, we shall lastly concern ourselves with the following 
question: how and under what assumptions can the principle of the con¬ 
servation of energy be derived fi:om Lagrange’s equations (6)? 

As already emphasized, above Eq. (3), Ir is a function of the g^ and the 
qjg] we further require, as earlier, that L not coviain t explicitly* In that 
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case Eq. (3) is valid not only for the virtual changes 8q, Sq, but also for 
the secular changes dq, dq, so that we have 



On the other hand we emphasized at the same place that T is homo¬ 
geneous quadratic function® of the qj^. We can therefore apply the Euler 
rule 



for homogeneous functions. Differentiation with respect to the time gives 



We now subtract (12) from (14), Because L=T— F, the left member 
becomes 


^ j_£Z. 

dt dt‘ 


On the right the second terms cancel provided F is mdeper\derd of In 
that case, by means of Eq. (6), the first terms on the right cancel as well, 
so that we obtain 


(14a) 




dt 


from which we conclude that 

(16) T+V^E. 

The law of the oomerwiion of energy is therefore a consequence of Lagrange^s 


We must now examine the assumptions leading to this important 
conclusion. 

a) Erom the meaning of T we can say that the kinetic energy is deter¬ 
mined by the position and velocity of the system, hence by q and q ; T could 
depend on t explicitly only as a result of the elimination of the equations 


3 Even when this is not the case and L is instead assumed to be any desired function 
of the and g^, a generalized conservation law of the form H *= — L=const. 

can be given. In Chapter VTII we shall caU the function H thus defined the 
“Hamiltonian”; the cozuservation law contained in Eq. (15o) is a special case 
of the above equation. 




VI.34 


Lagrange’s Equation for Generalized Coordinates 


191 


of constraint, in case the latter depend on t Now we have already seen 
on p. 68 that such constraints do work on the ByBiem, and therefore upset 
the conservation of energy. It is then indeed necessary for the validity 
of the conservation law that T not contain the time explicitly. 

b) The assumption that L does not depend explicitly on t therefore 
reduces to the assumption that V is independent of t. This condition, too, 
is necessary. Otherwise one would have to add the term 

dt 

on the right side of Eq. (12). This term would then reappear with opposite 
sign in the right-hand member of Eq. (14a). Instead of y+F= const, we 
should then obtain 

(16a) 

that is, the law of the conservation of energy would be invalidated. 

o) Suppose that V depends not only on the but also on the 
With the aid of (6) we obtain as the difference of the right members of 
(14) and (12) 

(16b) 2, * ag*. Z 03* ” * 2,3* Site 

This case does lead to a conservation law, which has, however, the unfamiliar 
form 

(16c) T+ V- 2 jfc ^“Const. 

One more conclusion can be drawn from the above which will be useful 
to us later. We shall calculate - (T+F), by using the expression 

(13) for 2r and reverting to the assumption that F is a function of only 
the We then arrive at 

or 

(16) 

The total energy T+F can he ccdculcUed from the expression for the 
Lagrangian. 

* Sometimos such time-dependent conditions are called rheonomous (fluid) as opposed 
to time-independent conditions which are characterized as soleronomons (iisedt 
rigid). 
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The rather abstract developments of this section will come to life with 
the examples of the following section. To prepare ourselves for these we 
shall specialize the two expressions 




and 




occurriog in (6) for the simplest case, the motion of an isolated mass point 
expressed in Cartesian coordinates x, y, z. We have 

g = i=mi,etc. 


— = 
dx 



Since, according to this equation, ^ represents the a;-coordiaate of momen- 

dL 

turn, we shall, quite in general, oaU the (x>mp(ment of gemralized Trmnmtvm 
hdcmging to qj^,. Since on the other hand ^ furnishes the ai-component of 

QT 

the force, we shall label the two terms resulting from •“ as q-<mn/pom 7 da 
of geinercdized force, 


(17) 


dq dq dq 


pirp 

Q is an eoctemal force as in Eq. (7), whereas ~ is b, fictitious Lagrange force 

dependent on the way in which the q coordinate varies with position. In 
the case of Cartesian coordinates x, y, z where curves of constant q are 
parallel to each other, a given q^ is independent of the q^, {k^i) and the 
fictitious force vanishes. 


§ 35 . Examples Illustrating the Use of Lagrange's 

Equations 

We have chosen examples which were treated earlier by elementary 
methods, in order to demonstrate the superiority of the Lagrange formalism. 

(1) The Cycloidal Pendulum. 

The obvious coordinate q in this case is the angle of rotation of the 
wheel generating the cycloids in Kg. 26. The Cartesian coordinates expressed 
in terms of this angle are, according to (17.2), 

x—a{<l>—Bm<f)), i;=a(l--oos^) 

y—a(l+cos^), y= —asin<^ 
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From these we calculate 

^ =ma*(l — cos 

V=mgj/=mga(l + COB </>) 

(1) L=ma2(l--cos <l>)<^^—mga{l+coB 

This is all we need to know about the geometry and mechanics of our system. 
The Lagrange formalism automatically takes care of the rest: 

BL * BL * 

^ =2ma2(l —COS <!>)<(>, Bin <l><f>^+mga Bm<l> 

^ =2?na®(l - cos^)<^+2ma2 sin ^ 

or, when substituted into the differential equation (6), 

(l-oos<;J)^ + gsiix^^a= £smf 

Introduction of the half angle and division by 2 sin simplifies this to 

(2) sin|^ +icoB I ^oos 

J2 1 

It can easily be verified that the left member equals — 2^cosi^. Our 

differential equation (2) is therefore identical to the previous Eq. (17.6), 
by means of which we were able to prove the rigorously isochronous 
behavior of the cycloidal pendTolum. 

(2) The Spherical Pendulum 

Here the angles 6 and polar angle and geographic longitude respec¬ 
tively on the sphere of radius are the given coordinates of the mass point. 
The liae element is 

so that the kinetic energy becomes 

As in (18.6a) the potential energy is 7=mgl cos 6 and therefore 

(3) (^+sin29 4»)-mgl cos 6. 
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And now the automatic calculation along the Lagrange pattern sets in. 
After division by constant factors, the differential equations for 6 and ^ are 


( 4 ) 


sin cos I sin S=0 


The second of these equations is the law of conservation of areal velocity, 
in agreement with (18.8). Note that we have here avoided the calculation 
which necessarily preceded this equation in the earlier treatment. With 
the help of the areal velocity constant 0 of Eq. (18.8), the first of Eqs. (4) 
can be written 




£1 ssilj. 


I sin 6. 


The second term on the right is equivalent to the gravitational torque 
|L|=m^Zsin 6, this being the generalized component of force associated 
with the angle in the sense of (34.7). The first term is a fictitious 
Lagrange force in the sense of (34.17); the origin of this force is the fact 
that the lines along which the angle B is measured on a sphere do not run 
parallel but diverge from the pole. 

It is instructive to apply to this example the extension of Lagrange^s 
equations for which provision was made in Eq. (34.11) by introducing the 
excess coordinate r together with the B and Now r is of course fixed 
through the relation r—Z; nevertheless we are interested in this coordinate 
because it will give us, by means of the multiplier A, the pressure of the 
mass point on the surface of the sphere, or, what amounts to the same 
thing, the tension in the suspension cord of the pendulum. In order to 
obtain the pertinent differential equation we need only replace (3) by 

(6) L= ^ 8m®0 ^®) - mgr cos B 


and form a third Lagrange equation to be added to the two of (4), 
(2 • * * 

( 6 ) j^mr’-mr6^—mr&m^B (l>^+mgooG B^Xr. 


We have put the quantity occurring in (34.11) equal to r, for in order 
to obtain agreement with Eq. (18.1) we have written the condition r—Z 
in the form 


If -we set r=l aaid f=r=0, it follows from (6) that 
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(7) AZ==mgfC0B d—ml{d^ +Billed 

This is in agreement with (18.6) if there we transform the rectangular 
coordinates to 0, </>. Such a calculation is once more avoided by the use of 
the Lagrange scheme. 

(3) The Double Pendulum 

Here the two angles <l> and tfs of Fig. 38 are suitable coordinates qjg. 
In the notation of § 21 we write 

X=LBin<l>, rc=j&sin^+isin ift 
Y=LcoB<f>, y=Lcos<^+Zcos 

From these we get the following exact relations: 

= OOB 

F= —MgY—mgy^ — cos^—mgZcos ifj. 

The sign of the last expression is negative because (cf. Pig. 38) Y and y 
have been taken positive in the direction of the force of gravity. We shall 
here call A the Lagrangian formed from T— V since we have used the 
letter L for the length of the pendulum suspension. We obtain 

^ cos 

d<j) 

^ = mPijj-\-mLl cos ^)(^, 

A A • • 

= —(iif+m)§riBin<^-mLZsin (^— 

M = —mgZsin ^)0^. 

In writing down the Lagrange equations from these relations we shall at 

once go over to small ^ are quantities of the same magnitude 

as their squares can therefore be neglected. The equations in question 
are then 

V , ff I ml V 

- M+mh'f'' 


(9) 
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These are identical with the Eqs. (21.3); we need merely switch back from 
coordinate angles ^ to coordinate distances X, x by making use of the 
transformation equations (8) which, for small <l>, tjs, simplify to 




X 

L* 


0 


x-X 

I 


The identity is immediate for the second of Eqs. (9) and (21.3); the same 
is true of the first Eq. (9) and the first Bq. (21.3) provided we introduce 

for 0 in the right member its value from the second Eq. (9). The discussion 
of the oscillation process following Eq. (21.3) is hence immediately applicable 
to our present Eqs. (9) and need not be repeated here. 

In concluding we wish to emphasize that m the present purely formal 
treatment there was no mention whatever of the tension in the pendulum 
string l\ this tension is implicitly contained in the Lagrange equations of 
motion as an internal reaction of the B 5 rstem, as has already been stressed 
in the footnote on p. 112. 


(4) The Heavy Symmetrical Top 

The classical coordinates of this prob¬ 
lem are the Bulerian angles 6, ^ and ^ [6 
and <f> have been introduced already in (26.4) 
and (26.6a)]. We shall define them and their 
corresponding angular velocities as follows 
(of. E^, 62): 

1. ^ is the angle between the vertical and 

the axis of the top; 6 is the angular 
velocity about the line of nodes which 
is perpendicular to both of these 
directions. 

2. tf/ is the angle which the line of nodes 
makes with a fixed direction in the 
horizontal plane, for instance the a;-axis; 

tf/ is the angular velocity about the 
vertical. 

3. ^ is the angle which the line of nodes 
makes with a fixed direction in the 
equatorial plane of the top, for example 

the X-axis; ^ is the angular velocity 
about the axis of symmetry of the top. 



Fig. 52. Lefimtion of the 
Eulerian ajigles $, t/r, and 
their sense. The labeling of the 
axes is in agreement with the 
systems of coordinates intro¬ 
duced on p. 139 (s=vertical, Z = 
axis of top, asshorizontal line 
fixed in space, X-line in the 
equatorial plane of the top, fixed 
in the top). 
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The 6, i// are holonomic but curvilinear oojnponents of the angular 

velocity vector <*>, as opposed to the a> 2 , 0)3 which were rectilinear 
but n(m~holo7iomic components of rotational velocity. Table (10) below shows 
the direction cosines between both sets of components. The table also gives 

the sense of rotation of 0 , <j>, 0 (rule of right-handed screw): 



The first two columns follow in an obvious manner from what was said in 
1 and 3. In order to imderstand the third column, note that the projection 

of the vertically oriented vector ^ in the equatorial plane is ^sin this 
vector in turn is resolved in the equatorial plane into the two components 

indicated opposite wj and < 03 , viz., ^ sin 0 sin and ^ sin 0 cos <f> respectively. 

Notice that our table, unlike those in § 2, can be read only from left 
to right, not from top to bottom. From its rows we now obtain 

aji=cos^^ + sin 0sin^^, 

(11) 0 ) 2 = “■ sin 9 ^^+sill ®cos(11a) o>i^+a) 2 ®—^ + sin®60^. 

0 ) 3 = (^- 1 -cos 6ip. 

Putting /a~ expression (26.17) thorofoi?e becomes 

(12) e ^)+ ^ (^+oos 9 

By virtue of Eq. (25,6a) for the gravitational potential energy V we have 

L^T- F= (^+sin® 9,1^)+ (^+cos 9^f-P oob 9, 

(13) 

P^mgs, 

L is therefore independent of the position coordinates <l> and ^ and depends 
only on their change with time. We say that ^ and iff are cyclic coordinates. 
The name has its origin in the dynamic behavior of a rotating wheel (Greek: 
kvkXoo) which is determined not by its instantaneous position but only by 
its speed of revolution. Hence 

aL_ BL 
dip B’ljr 


0. 
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From Lagrange’s equations the time derivatives of the quantities 


dL 


and 


df 


must then vanish. At the end of the last section we called these quantities 
the generalized momenta associated with ^ and if/. From now on we shall 
always designate them by jp. Thus we write m general 


(14) 



We can then assert that if the coordinates qj^ are cyclic, the momenta 
conjugate to cyclic coordinates are integrals of the motion (i.e., constants 
of integration). In our case we already know the significance of these 
constants from (26.6). We have 

(15) pf^M\ 

Previously, on p. 141, we lacked the expressions of these constants in terms 
of the position coordinates of the top. These can now be derived by applica¬ 
tion of the general rule (14): 

P^=^=‘hi<i>+ooa e^), 

( 1 ®) 81 , ... 

^=/isin2 fl^-f/gcos 0(^+cos difj). 

Combination of (16) and (16) results in 

i I ai 
9 +cos 

(17) ‘ . 

/isina 6 . 


Eqs. (17) exhaust the content of two of the Lagrange equations. The third 
one expresses the rate of change of 


(18) 




and becomes, if (17) is used to eliminate ^ and 

(19) coe e-M" ) ^ P g 

dXi 

The right-hand member, which comes from contains not only the gravi¬ 
tational effect familiar to us from (25.4), but in addition a fictitious force 
which is a consequence of the nature of the coordinate system used, as 
we know from p. 192. 
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Eq. (19) has the character of a generalized pendulum equation. We 
need not be detained with its integration, for we can avail ourselves of 
the integral of energy 

( 20 ) T+V=^E 


which must be identical with the result of a first integration of (19). Let 

us once more eliminate the quantities <f> and ^ of Eq. (12) with the help 
of (17). Then (20) yields 

(M'-M" cos (9\2" 


( 21 ) 


h 

0 


i^'+i j |+Ji;+Pcos5=J5. 


Since Eq. (21) contains three constants of integration, namely Jf', M\ and 
E, it must be the general integral of first order for the problem of the top. 

Finally, just as in § 18 for the spherical pendulxim, we replace 6 and 6 by 

cos0='m; 6 Bm 6 = — u . 


We then obtain 
( 22 ) 

where 
(23) 


/du\2 rr/ \ 

y =^(“) 

J.J. . (2E M" 2P / 




h 


)' 


Since TJ{u) is a polynomial of third degree in u, the time t must be given by 
an elliptic integral of the first kind, as in the case of the spherical pendulum: 


(24) 


Ilf 

_ fdu ^ 

J ui 


The azimuth angle ^ is given from Eq. (17) 
by an elliptic integral of the third kind 
(cf. p. 100), 

u 

(26) ^=j77(-CTrFi“ 

We can now repeat the considerations follow¬ 
ing Eig. 29 on p. 99, aixd arrive at the picture 
of Fig. 53. The trace of the axis of the top 
on a unit sphere oscillates back and forth 
latitude u=U 2 and u=Ui, which it touches. 



Fig. 63. Trace of the axis of 
tho heavy symmetrical top on 
a sphere of unit radius. 

between the two circles of 
At the points of tangency, as 
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shown in Kg. 63, the trace xnay either merely pass by, or make a loop; 
the loop may in turn degenerate into a cusp. During each oscillation the 
axis of the top advances by the same azimuth angled ^yObtained&omEq. (26) 
by a complete elliptic integral of the third kind, similar to that in (18.16). 

In particular, if the top is to describe a regular precession about the 
vertical, it is necessary that the parallel circles % and become merged; 
the curve TJ(%) of Kg. 29 (p. 99) must then touch the axis of abscissae from 
below. This shows that the regular precession of the heavy top is a particular 
form of motion (whereas, in the case of the top under no forces, it is the 
general form of motion). 

If the two roots and do not coincide exactly, but only approxi¬ 
mately, we still seem to have a uniform advance of the axis of the top about 
the vertical; on closer observation one notices, however, that small mUations 
are superposed on this uniform advance, giving rise to what we called a 
“ pseudo-regular precession This is the typical phenomenon that one 
observes in the usual experiments with tops: one first imparts the greatest 
possible angular momentum to the top about its axis by pulling a string 
off its rim, and then sets it point down in a socket pan, taking great care not 
to add a perceptible lateral impulse to the motion. 

We explain this behavior as follows: in such an experiment the initial 
angular momentum M is close to the axis of symmetry; this also follows 
from the Foinsot method for the initial axis of rotation. Hence the axis 
of rotation describes at first a narrow circuit on the unit sphere of Kg. 43. 
The parallel circles touching this circuit are close neighbors 

and remain close during the entire course of the motion, as can be seen 
from our general illustration in Kg. 53. The angular momentum and hence 
also the angular velocity are at first very great; they, too, remain unchanged 
during the motion apart from frictional losses. The nutations are therefore 
very rapid and almost invisible. The top seems reluctant to 37 ield to the 
influence of gravity, instead constantly “ sidestepping ” in a direction 
perpendicular to the force of gravitation. It is this paradoxical behavior 
which has for centuries attracted amateur and professional investigator 
alike to the theory of the spinning top. 

§ 36 . An Alternate Derivation of Lagrange*s Equations 

Even though the derivation of Lagrange’s equations for generalized 
coordinates from Hamilton’s principle is unsurpassed in clarity and brevity, 
we feel that it is somewhat artificial. The transformation properties of the 
various dynamic variables, which form the core of the Lagrange equations, 
are not brought to light. The following derivation will remedy this 
situation. 
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We focus our attention on a system of mass points {n being divisible 
by 3), subject to arbitrary constraints, chosen holonomio for the sake 
of simplicity. The number of constraints is equal to n—/, where f is 
the number of degrees of freedom of the system. Our notation will be 
that of Eq. (34.2), We shall number the coordinates, assumed orthogonal, 
Xi, *2 • • • sinularly we let Xg... X^ be the components of the external 

forces. Tonally we shall call 5i, ^2 • • • components of momentum 

of our mass points. We would have preferred to name them P 2 • • • 
as agreed to in (36.14); this notation must, however, be reserved for 
the generalized momenta. We have 

(1) i=l, 2 .. .71, 

where the are of course equal in groups of three. The motion of our 
system is described by Lagrange’s equations of the first kind (12.9) which 
are, in the present notation, 


( 2 ) 


dii 


dt 




. + 2 
/4—/+1 



t a=s 1, 2 ... 71. 


We now introduce the generalized position coordinates gfi,... gy, which can 
be and are to be chosen in such a way that, just as in (34.2), the n—f 
conditions Xfc=0 are identically satisfied. Then Eqs. (34.2b) must hold 
between the old and the new velocity coordinates; we solve these for the 
cc and write them as follows; 

/ 

(3) ^i=X<kk^k’ »=1, 

Jfc«l 

The called in (34.2b), are functions of the a?! . . . and therefore also 
of the , gy, as stressed in § 34. We see that whereas the old and new 
position coordinates are connected by an arbitrary 'goirJb trarisfcyirmation^ the 
velocity coordinates transform linearly, the coefficients depending on the 
position coordinates. 

What is the transformation character of the components of force ? We 
shall call the new force components Qj^. and define them as in (34.7) by 
means of the invariance of virtual work, that is 

(4) 

t-1 Arts 

We now pass from virtual to real displacements and from these to the 
CDrrespoading velocities. By virtue of (3), Eq. (4) becomes 

f n f ^ 

2 Qkkk^ 2 


(4a) 
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The unlike the are independent of each other. Hence their coefiS.- 
cients on the right and left of (4a) must be equal, so that 

(5) k=1.2...f. 

i=-l 

This is the transpose of transformation (3); in (3) we sum over the A, in 

(5) over the Written explicitly, 

^ 21-^2 * * * 

^2 ”®21^l“t“^22^2 • * • 03 = ®i2-^l 4'^22‘^2'1" ' * * 

The transposition hence consists of an interchange of and a^. We say 
that the components of force transform contravariantly^ (or are “ contra'^ 
gredient ”) to the velocity coordinates. 

The components of rnormrdvm transform like the components of force, 
that is, covariantly to them. For we can think of the momenta as those 
impulsive forces which cause our mass points, initially at rest, to take 
on the required velocities. If we call the new momenta py, they can be 
expressed in terms of the old by means of the relations 

n 

( 6 ) Pk’='2<hk^- 

These are the defining equations for the py. The definition is rather clumsy, 
but can be converted quite readily to a more meaningful form. For this 
purpose let us consider, as on p. 186, the expressions for the kinetic energy 
as function of the q on the one hand, and as function of the x on the other. 
We shall distinguish the two expressions, wherever necessary, by writing 

Ti or Ti. 

We then form 

n\ r^i 

' ^ Sjft-Zafci 

The bracket is to remind us that in differentiating with respect to we 
must keep the q^ as well as all q^ (ij^h) fixed. According to Eq. (3) the 
term in brackets is just On the other hand the elementary expression 

e'^dentlyyields ^=4 


® In the theory of general relativity it is cxistomary to denote by a superscript 
{Q^» P^) those quantities which, like Q and the p (about to be defined), transform 
contravariantly (i.e., are “ contragredient *’) to the q^. We believe, however, 
that this usage, so important in general relativity, can here be dispensed with, 
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Instead of (7) we then have 

( 8 ) 




n 


The right member is identical to that of (6). 


Hence the result: 


We can now assmne that the external forces are derivable from a potential 
7 independent of the q, and introduce the Lagrangian L = jT— F, so that 
(9) can be rewritten 


(9a) 






We have thus quite generally justified the definition of the anticipated 
in (36.14). 

We are now in a position to transform the equations of motion (2) to 
generalized coordinates. To this end we multiply them successively by 
the different a^j^(k=l,. .n) and sum over i. By Eq. (6), the fibrst term in 
the right member becomes 


( 10 ) 




?Z. 


In the second term on the right the factor of is 

n Qjm 

(11) 2“^*^ ^t-/+i,•••« 


Now Eq. (3) tells us that 



This becomes evident if one writes (3) in the equivalent form 

and holds all q except qjf. fixed. Instead of (11) we can now also write 


But according to (34.2) it is precisely for /!=/+ 1,,n that the have 
been made identically zero by our choice of the so that the partial 
derivatives of the with respect to the vanish as well. Hence the 
right member of our equation reduces to (10). 
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The left member, 

is transformed into 

( 13 ) 

i i i 

where we have made use of (6) and (12). The last sum can be written in 
the form 


where the index g of T is to remind us that T must be converted to a 
funotion of the g, q before the differentiation with respect to is carried 
out. The right side of (13) will then become 


(13a) 


dp^ BT . 

dt dqjQ 


Since it is to be equal to 
(14) 


(10), we finally obtain 

£F 

Hk hk 


Referring back to (9a) we see that this is identical with the Lagrange 
equation in form (34.6), or, if we do not assume the existence of a potential 
energy, with that in the form (34.8). 

We have thus convinced ourselves that we need not have recourse to 
Hamilton’s principle to derive the Lagrange equations; we need merely 
make a thorough study of the transformation properties of the dynamic 
variables involved. 


§ 37 . The Principle of Least Action 

In the conclusion to § 33 we spoke of the teleological character of our 
integral principles. "Teleological” means "shaped by a purpose,” 
" directed toward an end.” " Among all possible motions, Nature chooses 
that which reaches its goal with the minimum expenditure of action.” 
This statement of the principle of least action may sound somewhat vague, 
but is completely in keeping with the form given it by its discoverer. 

In the formulation of the principle not only teleological but also 
theological beliefs played a role. Maupertuis recommended his principle 
with the assertion that it best expressed the wisdom of the Creator. 
Leibniz, too, must have had such arguments in mind, as shown by the 
title of his Theodicie (justification of Gbd). 
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Maupert-uis published his principle in the year 1747. He was referred 
to a letter of Leibniz of the year 1707 (the original of this letter has been 
lost); he nevertheless defended his priority with passion, even throwing 
his weight as president of the Berlin Academy into the dispute. The 
principle acquired a mathematically definite form only later in the hands 
of Euler and especially Lagrange. 

In the formulation of the principle of least action given above two 
things are not clear. 

1. What is meant by the word ‘‘ action ” ? Clearly not the same entity 
as in Hamilton’s principle, for we are dealing with a formulation which, 
though related to that of Hamilton, is yet distinct from it. 

2. What is meant by the phrase, all possible motions ” ? It is quite 
essential to define precisely the class of all motions to be considered for 
comparison; only thus shall we be able to choose from this class the real 
motion as the most purposeful or favorable. 

Regarding 1: Leibniz took the product 2T dt as his element of action. 
In what is to follow we, too, shall designate by action integral the quantity® 

( 1 ) 

Maupertuis, who, like Descartes, regarded the momentum mv as basic in 
mechanics, took mvds to be the element of action. It is clear, however, 
that the definitions of Leibniz and Maupertuis are equivalent in the case 
of the single mass point, since 

(2) 2Tdt=mv • vdt^mvds. 

This equality carries over to arbitrary mechanical systems, provided 
that by action we understand the sum of the mi.Vjf.d8jg for all the mass points 
of the system. 

Regarding 2: in Hamilton’s principle we had restricted the sum total 
of motions to be compared by means of conditions (1) and (2) of § 33. 
Here we shall keep (2), but alter (1). Instead of 8t =0 we shall now require 
that 

(3) 

We shall therefore compare only trajectories of the same energy E as that of 
the real trajectory under investigation. This condition implies of course 
that our principle is now valid only for motions in which energy is conserved, 

• The factor of 2 is of courso unimportoat as far as tho minimum property of is 
concerned. It is, however, convenient, especially for the formulations of § 44. 
Incidentally Leibniz was stUl in doubt as to whether he should take or, as 
we nowadays do, Jmt?* as “ live force.” 
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i.e., motions caused by forces which have a potential. If we call the potential 
energy of the real path F, that of the varied paths F+ SF, we must have 
because of (3), 

(4) Sr+SF=0, SF=-Sy, BL = BT-BV = 2BT. 


To visualize the change in the state of affairs 
caused by condition (3) we recall Fig. 51. There 
two points related by a variation Sg belonged to 
the same time t. This is now no longer the case. 
The time of the varied point is t-\- U rather than 
t (cf. Fig. 54). Hence our varied path does not 
reach the end point at time «=<!, but, according 
to the way our figure is drawn, at a later time. 
On the varied path a point Q is reached at a 
time ^=ii, whereas on the original path the 
corresponding point (also labeled Q) is reached 
at an earlier time 

We now repeat the calculations of § 33. Eqs. 
(3) and (4) of that section remain valid, but 
Eq. (5) must be altered because, as stressed there, 
it is valid only for 3^=0. We find the condition 
replacing (5) by forming 

/Rx dix+dx) dx 

Let us transform the quotient of differentials on 
the right by writing 



Fia. 64. Variation of tlie 
“trajectory” in the prin¬ 
ciple of least action. Since 
the energy ib not varied, 
point q of tho original path 
and of the varied 

path belong to dilforent 
times t and t+dt. To tho 
endpoint JP on tho roal 
path is assigned tho point 
Q on the varied one. 


( 6 ) 


d(a;+(^a?) 

db 

dt 


dx d 




where we have neglected products in small quantities of order higher than 
the first. From (6) we therefore have 

8i = 4(Sa;)-ir|(80, 

or 


(7) 


|(8a;)=8z+a:|j(8«). 


If we introduce this in (33.4), we have, with index h arbitrary, 
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Eq. (8) is valid for coordinates y and a as weU as *. Therefore (33.3), 
rather than leading to (33.8) as before, yields in this instance 

w =ST+2r|(8t)+spr. 

Here we make use of (4) to put 

(9a) SPr=-87=+8r, 

thereby giving as the right member of (9) 

(10) 285r4-22’^‘- 


Let us now integrate (9) from to In this process the left member 
vanishes because of condition (33.2); we then obtain, using (10), 


( 11 ) 


T 


BTdt+2 (^TdSt=0. 
J <0 


This, however, is nothing but 

( 12 ) 

or, recalling (1), 

(12a) 


28 (*^Tdt=0 

J to 

8/g=0. 


This concludes the explicit proof of the principle of least action, as envisaged 
by Maupertuis. 

Let us subject the transition from (11) to (12) to some further scrutiny. 
In Hamilton’s principle the two symbols 

and jsTdt 

could be used interchangeably because of the condition =0; use of 
this was made for instance in the transition from Eq, (33.10) to (33.11). 
From our present viewpoint the expressions are, however, different in 
character, as comparison of Bqs. (11) and (12) above will show. 

In particular, let us consider a motion under no forces. In that case 
T — E, BO that, with the help of (3), Eq. (12) gives 

(13) 8 r‘d«=S(«i-<o) = 0. 

J ^0 

This is the principle of least time (principle of “ earliest arrival ”) which 
Fermat formulated and applied to the refraction of light, after Heron, in 
ancient times, had treated the reflection of light in a similar fashion. 

In the case of a single free mass point we can put v = const, instead of 
T and write in place of (12), 
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(14) 8ji;*=sj(fe=0. 

TMs is the principle of the “ shortest path.” It determines the trajectory 
of a free mass point, for instance on a curved surface or — as in general 
relativity — m a manifold of arbitrary curvature. Such a trajectory is 
called a geodesic. We shall come back to this point in § 40. 

In his celebrated Konigsberg Vorleswngen uberDynamik of 1842 (published 
by Clebsch) Jacobi justified the necessity for completely elmiinating the 
time t from the principle of least action. This is possible, because 

and therefore 



Instead of (12) we can then require that 

(16) Sj[2(i5-F)]i[2m;fe<fe|]i=0. 

With E fixed, the variation here concerns only the spatial properties of 
the trajectory of the system; there is no longer any mention of the passage 
of time during the motion. 

Let us come back once more to the teleological aspect of the principles 
of Hamilton and of least action. Hotice that the “ least action ” may, 
under certain circumstances, also be a greatest action ”; for in demanding 
that 8...=0 we do not’necessarily obtain a minimum, but rather in 
general only an e;xtremum. We see this most simply in the example of 
the geodesics on the surface of a sphere, which are arcs of great circles. 
Suppose that initial point 0 and endpoint P lie on a specified hemisphere. 
Then the arc of a great circle connectiog them directly is iudeed shorter 
than all arcs lying in planes through 0 and P but not containing the center 
of the sphere. Yet the complementary arc, which proceeds from 0 to P 
in the opposite direction, traversing the hemisphere not containing the two 
endpoints, is also a geodesic; and this line is longer than all other arcs 
of circles which join 0 to P over this hemisphere. We therefore conclude 
that in general we do not need to think of the mtegral principles as 
demonstrating the “purposefulness” of Nature; they merely constitute 
an unusually impressive mathematical formulation of an extremal property 
common to the laws of dynamics. 

Maupertuis claimed that his principle was generally valid for all laws 
of nature. Nowadays we are more inclined to accord this property to 
Haanilton’s principle. We mentioned on p. 186 that Helmholtz made this 
principle the basis of his studies in electrodynamics. Since that time 
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iategral variational principles of Hamiltonian form have been used in the 
most diverse fields. 

In volume II we shall have direct recourse to this principle in order 
to gain deeper understanding of the concept of fluid pressure. A special 
advantage of this procedure will be that we shall obtain not only the 
differential equations — in this case partial differential equations — of the 
problem, but also the boundary conditions which the solutions of these 
equations must satisfy. The same turns out to be true for other problems 
with continuous mass distributions (capillarity, vibrating membrane, etc.). 
In many cases it is flrst necessary to look for the Lagrangian L of the 
problem at hand before L can be used in the variational principle. Such 
a case, for instance, is the motion of an electron in a magnetic fleld; there 
the force acting is not derivable from a potential F. Relativistic problems 
form another case; there one should not use the expression for the kinetic 
energy derived in (4.10) to build the Lagrangian. Instead the expression 

(16) moC^j(l-^)*dt 

must be used as the kinetic contribution to the action principle. The 
Bulerian derivation of this term leads directly to the relativistic momentum p 
of (3.19) and therefore also to the law of the velocity-dependent electron 
mass. In general, especially outside of mechanics, the search for the 
Lagrange function L which leads (via the variational principle) to given 
differential laws is an arduous problem for the solution of which there are 
no universally valid rules. The previously mentioned problem of the 
electron in a magnetic field was solved in a simple manner by Larmor 
and Schwarzschild. A separation of L into a kinetic and a potential 
contribution according to the pattern L^T—V is then in general no 
longer feasible. 

It is to be emphasized that the quantity under the integral of (16) is 
nothing but the element of proper time (2.17), which was recognized by 
Minkowski as the simplest invariant of the special theory of relativity; 
Einstein furthermore generalized it in the form of a world line element in 
the general theory of relativity. In the form (16) Hamilton’s principle 
therefore automatically satisfies the invariance requirement of relativity 
theory. In this property Planck'^ saw the most brilliant success which 
Hamilton’s principle has achieved,” 


^ Cf. the instructive article in Die KuU/u/r defr Oegemoa/rt, Part HI, § HC, 1, p. 701 
(B. G. Teubner, Leipzig 1916). 


GHAPTEK VII 

DIFFERENTIAL VARIATIONAL PRINCIPLES OF 

MECHANICS 

§ 38. Gauss* Principle of Least Constraint 

Gauss was not only a very eminent mathematician, but also an 
astronomer and geodesist, and, as such, a passionate calculator of numerical 
results. It was he who founded the method of least squares, which he 
evolved with successively greater depth in three extensive treatises. If, 
as happened now and then, he was asked (against his will) to deliver a 
lecture at the University of Goettingen, his preferred topic was always the 
method of least squares. 

His brief paper of 1829 entitled “ On a New General Fundamental 
Principle of Mechanics is concluded with the characteristic sentence, 
“It is quite remarkable that Nature modifies free motions incompatible 
with the necessary constraints in the same way in which the calculating 
mathematician uses least squares to bring into agreement results which are 
based on quantities connected to each other by necessary relations.’’ 

Gauss called his new fundamental principle the principle of least con¬ 
straint, He defined the measure of constraint as follows: consider a mass 
point of the system, and form the product of its mass by the “ square of 
the deviation of this point from free motion.” The sum of this product 
over all mass points of the system defines the constraint. Let us number 
the mass points and their rectangular coordinates as on p. 66. We then have 

3n 

(*) 

as the measure of the constraint of a system of n mass points; for the 
“ free motion ” which would occur were the internal constraints neglected 
is given by 


Thus the quantity contained in the parenthesis of (I) is indeed the “ devia¬ 
tion from free motion ” caused by the constraint on the mass point. 


^ CreUe’a Journal^, Math. 4, 232 (1829); Werke 5, 23. 
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It can (cf. p. 61) also be called the ** lost force ’’ divided by the mass, so 
that instead of (1) we can write 

(2) 2 (lo8tforce)|. 

Notice that here the lost forces and reciprocal masses play the same role 
as the errors and weights in the calculation of errors. 

We must now define what is meant by the expression ‘‘ least constraint,’^ 
that is, we must indicate what quantities are to be kept fiLsed and what 
quantities are to be varied in the calculation of 8^=0. 

We shall keep fixed 

a) the instantaneous state of the system, i.e., the position and velocity 
of each of its mass points. We must therefore put 

(3) Srj^=sO, 

b) the constraints to which the system is subject. If we take these in 

the holonomio form F^{xi, must, in the variation S-Z?, take 

into account the secondary condition 



where r is the number of conditions, 3?^—r=/therefore the number of degrees 
of freedom of the system. Let us dijBferentiate Eq. (4) twice with respect to t. 
This yields terms in Sx, Sx and 8x. Because of (3) we need keep only those 
in 8£, that is, 



c) the forces acting on the system and, of course, the masses, so that 
we have 

(5) Si3r^=0, 

The remaining quantity Xfg is then the only one to be mried. 

Taking the secondary conditions (4a) into accoimt by the method of 
Lagrange’s undetermined multipliers, we obtain from (1) 

(^) 8-Z=2 2 

fc-i L ^ 

Only/=3w.—r of the 8^;^ are independent. As on p, 66 we ean, however, 
choose our in such a way as to make r of the { } vanish, so that only 


} 


8®j=0. 
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/ terms are left in (6). The Sxjf, of these remaining / terms can now be 
treated as independent. It follows that their f associated { } must vanish. 
We therefore arrive at Lagrange’s equations of the first kind in the form 
(12.9). 

Clearly the proof extends without change to non-holonomic constraints. 
Thus we are indeed confronted by a ‘‘ new general fundamental principle of 
mechanics,” as claimed by Gauss in the title of his paper. This fundamental 
principle is fully equivalent to d’Alembert’s principle. Like the latter it 
is a differeTitial principle in that it deals only with the present behavior 
of the system, not its future or past behavior. Here we do not need the 
rules of the calculus of variations, but only those of the ordinary differential 
calculus in the determination of the maxima and ininima. 

§ 39. Hertz's Principle of Least Curvature 

Strictly speaking this principle is but a special case of that of Gauss. 
Nevertheless Hertz was able to call his principle, if not new, at least com¬ 
pletely general; the reason tor this is that he succeeded in replacing aD 
forces by means of connections between the system in question and other 
systems interacting with it »(cf. p. 6). Hertz was hence able to restrict 
himself to systems under no forces. In order to give the principle its soxaght- 
for geometric interpretation, he found himself obliged, moreover, to assume 
all masses to be multiples of a unit mass, say of atomic origin. The factor mjg 
in Gauss’ expression (38,1) then becomes 1, while Xj^ becomes 0. It follows 
that (38.1) goes over to 

( 1 ) ^=24 

fc-i 

Here we have indicated by means of the upper index N of the summation 
that the number of unit masses of the system to be summed has been 
augmented in an unspecified manner by a suitable number of unit masses 
corresponding to the mteractiog systems coupled to the given system. 

Let us change (1) by writing 

d^x ^ 

in place of where (2) ds^^'^da^. 

fc-i 

This is permitted because of the special form of the principle of energy. 
This principle is a consequence of Lagrange’s equations of the first kind, 
and hence also of the principle of least constraint. For our present 
specialization the principle of energy can be written 

1 V ldxu\^ 
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or, more concisely, 

A division of (1) by tbe square of this constant yields thus the quantity 



Hertz calls da the element of line, the curvature of the trajectory 
described by the system, and postulates 

(4) 8X-0. 

Every free system rernmns in a state of rest or of uniform motion along a path 
of least curvature. 

The mode of expression (of. Art. 309 of Hertz’s book cited earlier) is 
chosen so as to recall Newton’s formulation of the first law. 

The mathematical treatment of postulate (4) follows that of Gauss and, 
on the basis of the conditions of variation stipulated under (a) and (b) on 
p. 211, evidently leads to Lagrange’s equations of the first kind for a system 
under no forces (with m^^l). 

What justifiles Hertz in calling ds the “ line element ” and the 
“ curvature Evidently these concepts are to be interpreted in a poly¬ 
dimensional sense. We are not in three dimensions, but in an N-dimensional 
Euclidean space of coordinates , Xj^, In this space the element of 

line is indeed given by (2). We shall now discuss the cases of two and 
three dimensions in order to show that the square of the curvature of a 
trajectory is quite generally given by (3). 

According to Eq. (5.10) we have, in the space of coordinates x^, a?a, 



From Fig. 4b, Ae is the angle between two neighboring tangents to the 
path whose points of contact with tho path are a distance As apart. These 
tangents have direction cosines 

(6) S + S + reepetiydy. 

Now these direction cosines are at tho same time the coordinates of the 
two points fonnod by tho intersection of a unit circle about the origin of 
coordinates with two radii drawn from the origin parallel to the tangents; 
moreover the angle Je is measured by the arc of distance between these 
two points of intersection. According to (6) we therefore have 
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and from (6), 

In the space of the three coordinates Jc is once again the 

angle between neighboring tangents to the three-dimensional trajectories. 
The unit circle is now replaced by a unit sphere through the center of which 
parallels to the two tangents are to be drawn. The distance between their 
points of intersection with the surface of the sphere measures Je in units 
of arc: 


From (6) we thus obtain an expression for K which now has three terms. 

The generalization to a space of N dimensions and to the equation (3) 
of N terms is now obvious. 

With this we must conclude our report on the mechanics of Hertz. As 
mentioned on p. 5, his is an interesting and stimulating idea, carried out 
with great logic; because of the complicated replacement of forces by 
connections it has, however, borne Kttle fruit. 

§ 40. A Digression on Geodesics 

We define as geodesics of an arbitrary curved surface the trajectories 
of mass points under no forces (hence no friction) constrained to move on 
the surface. Let the mass of a particle be equal to 1, and the equation of 
the surface F{x, y, z)=0. 

The principle of least action states that these geodesics are also the 
shortest possible lines or, more generally (of. p. 208) lines whose lengths 
are extrema. Since conservation of energy holds, the velocity along the 
path is constant. By choosing the constant of energy properly we can put 
the velocity equal to 1 and therefore replace ^ by 

We obtain the basic definition of geodesics if we describe our trajectories 
by Lagrange’s equations of the first kind. Written vectorially, these are, in 
our case, 

(1) v=AgradF. 

V has the direction of the principal normal to the trajectory if, as in our 
case, i;=const, so that i=0 (cf. § 6, beginning of (3)); it follows (of. same 
place) that v lies in the osculating plane, grad F, on the other hand, has 
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the direction of the nonnal to the sTirface, since for any translation (dec, dy, dz) 
on the surface we have 


BF j , BF j , BF j r\ 

SO that the direction 

BF ^ BF ^ ^ 

Bx * By ' Bz 

is indeed nonnal to that of the displacement. Eq. (1) therefore contains the 
basic definition of geodesics which states that the principal normal of a 
geodesic coincides with the Tiormal to the surface, or equivalently, the oscuUtlmg 
plane of a geodesic contains the normal to the surface. 

We now appeal to the principle of least curvature. According to it 
the geodesic has a smaller curvature than neighboring paths; the neighboring 
paths are, according to conditions (38.3), restricted to pass through the same 
point with the same tangent as the geodesic at the point considered. We 
obtain the total class of these neighboriag paths by passing through the 
tangent in question all possible skew planes and determinmg their inter¬ 
sections with the surface; the plane containing the normal to the surface 
furnishes the geodesic. According to Hertz’s principle these skew sections 
have a greater curvature than the normal section, or, equivalently, a smaller 
radius of curvature. 

This fact is in agreement with Meusnier’s theorem in the differential 
geometry of surfaces, which states that the radius of curvature of an oblique 
section equals the projection of the radius of curvature of the normal section 
on the plane of the oblique section. We thus recognize in Meusnier’s theorem 
a quantitative expression of the general content of the principle of least 
curvature. 

Let us fiLnally apply Lagrange’s equations of the second kind to our 
geodesics. We thereby enter the sphere of thought of Gauss’ great treatise 
of 1827 (*‘ Disquisitiones generales circa superficies curvas ”), which, ex¬ 
tended to four dimensions, is also the sphere of thought of the general 
theory of relativity. 

While Lagrange introduces arbitrary curvfiinear coordinates q, Gauss 
uses as coordinates on the surface two arbitrary families of curves which 
cover the surface with a “ grid.” As customary, we shall call them 

(2) u—const., const. 

In these coordinates Gauss writes the line element ds in the form 

( 3 ) ds^=Edafi+2Fdudo+Odv^. 

The “ first differential parameters ” E, F and Q are to be thought of as 
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fonctionfl of u and v. They are connected with the rectangular coordinates 
X, y, z of the points on the surface by the relations 

W= — 5 ?. 

The square of the line element divided by 2dt^ is the expression of the 
kinetic energy T of our (unit) mass point moving on the surface. We can 
thus transform the Lagrange equations for generalized coordinates to 
Graussian notation by forming 


du du 


d d 

If, fi n al ly, we put ^ in place of the differential equation of the geodesics 
is, according to the method of Lagrange, 

tA\ 1 r/(iw\a , ftSF dwdw , dG-[&o\i\ 

for the i^-coordinate. We need not write down the corresponding differential 
equation for the v-coordinate; by virtue of the principle of energy (in our 
case 1) it must be identica;! to (4). 

Gki<uss derives Eq. (4) in Art. 18 of the cited treatise by means of the 
principle of the shortest path. Here we merely wanted to point out the 
fact that Gauss’ method of general surface parameters (2) is equivalent to 
Lagrange’s method of the mechanics of systems. Both methods are invariant 
with respect to an arbitrary transformation of coordinates and depend only 
on the intrinsic properties of the surface or of the mechanical system 
respectively. 



CHAPTER VIII 

THE THEORY OF HAMILTON 
§ 41. Hamilton*s Equations 

In Lagrange’s equations our independent variables were the and qj^,. 
In Hamilton’s equations, which we shall now derive in two different ways, 
the qjQ and p* are the independent variables; the latter is defined by 
Eq. (36.9a). Whereas the characteristic function of Lagrange’s equations 
was the “ free energy ” T— F, regarded as function of the qj^, and g^, in 
Hamilton’s equations the characteristic function is the total energy T+V, 
regarded as function of the g;^ and This function we call the Ilainiltonian 
function or simply the HcmiUonian, and we designate it by H(g, p) just 
as we called the firee energy the Lagrangian and designated it by L(g, g)* 
Between H and L there exists relation (34.16), which we shall write 

( 1 ) 

using the definition of the pj^. 

Let us at once extend the basis of the theory by recalling the last part 
of § 37: we shall drop the decomposition of L into a kinetic and a potential 
contribution and, in addition, permit an explicit dependence on t According 
to p. 190, such a dependence may arise if either the equations of oonstraint 
or the defining equations for the coordinates contain the time. We then 
write the Lagrangian in the generalized form 

(la) i-L(«,g,g). 

Let us keep Eq. (1) as our definition of the Hamiltonian associated with L, 

(lb) H^H{t,q,p) 

although H then loses the meaning of total energy. As before, the are 
given by the relation 

(l c) 


If we take Hamilton’s principle 

(Id) 8 f Ldt=0 

as our fundamental principle of mechanics, we obtain Lagrange’s equations 
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j-ust as in § 34—in spite of the new extended meaning of L, For purposes 
of the following we shall write these equations in the form 

('•) K-g- 

(1) Derivation of Hamilton’s Equations from Lagrange’s Equations 
Let us \mte domi the total differentials of H aaid L: 



and, by means of Lagrange’s equations (le) and the definition (lo) of the 
Pjp transform dh to 


Let us, on the other hand, form the total differential of (1) with the 
help of (2b): 

(3) ^=^ik^k+^k^k-^^-'2;Pk^k-'2;Pk^k- 

Cancelling of the last term on the right against the second term jdelds 
(3a) _ ^dt- 

This expression for dH must, of course, be identical to that of Eq. (2). 
If we equate the coefi&cients of cfe, we obtain 


Comparison of the coefficients of dqj^ and ipj^ yields 


(4) 


. as . aE 

Pk — 


These relations, exhibiting an amazing symmetry, are “ Hamilton’s 
ordinary differential equations ” or, for short, Hamilton's equaUoTis, 

Incidentally, they jSrst occurred in the much earlier Mecanique 
analytique ” of Lagrange (Sec. 5, § 14), where they were, however, derived 
and put to use only for the special case of small vibrations. 


(2) Derivation of Hamilton’s Equations from Hamilton’s Principle 
In the light of (1) we write this principle in the form 
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- 8 jL(ft= 8 J [H{t, q, p) - 'Epk qje]^ 

where we can transform the last term in the parenthesis bypartialintegration, 

(6) — r PuMk^= f Pk^1e^~Pk^k \ • 

The integrated term vanishes because of the way in which the variation 
is carried out in Hamilton’s principle. Substitution of (6) in (6), followed 
by collection of terms in and Sp;;., yields 

If it were permitted to treat the 8^;^. and the as independent variations, 
one would be justified in putting the factors of 8^;^. and 8p;j. separately equal 
to 0 for every value of the index i;, and so obtain Hamilton’s equations (4). 
This, however, is not allowed; for while and enter in jBT as independent 
variables, they are related in time through Eq. (lo), a fact which might 
conceivably cause our Eq. (7) to be satisfied identically. We notice, however, 
that a partial differentiation of (1) with respect to {q^ being held constant) 
causes the second { } of (7) to vanish identically. We conclude, therefore, 
that the first { } must vanish as well. 

One of the reasons why we derived Hanoiilton’s equations in the second 
way is that we wish now to make an important remark coimected with it. 

We know that Lagrange’s equations are invariant under arbitrary 
“ point transformations,” i.e., that they keep their form if we replace the 
qje ^ coordinates Qj^ connected with the former by relations 

of the type 

(8) Qk^fkiiv 32> • • ■ ?/)• 


The associated Pj^ are then given by 


that is, by linear functions of the 2?i whose coefiSlcients are functions of 
the qjg, just as in (36.3). 

Wo shall now show that Hamilton’s equations are invariant under the 
much more general transformations 

Qk=Ski^>p) 

Pjf=gif(q.p), 
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where the and gj^. are arbitrary functions of the two sets of variables 
qjf. and jpjg —^arbitrary, that is, to within a restriction to be mentioned below. 
In particular, the need no longer be linear in the 

Let us suppose that Eqs. (9) are solved for the p in terms of the Q, P 
[we must of course require that Eqs. (9) be so constituted that this is possible] 
and are substituted in the expression H{q^ p). Let us call H this new trans¬ 
formed Hamiltonian. We then have 

( 10 ) H(q,p)^H{Q,Py 

Let us, moreover, compare the quantity occurring in (6) with 

^Pjc Qjc- 1^ is sasy to see that the two expressions would be equal in a 
transformation (8), (8a). We now require that this equality be maintained 
in a general transformation (9), apart from an additive term. The latter 
we require to be a complete time derivative of a function F' of the q and p, 
or, alternatively, of a function F of the q and Q We hence put 

( 11 ) 

with arbitrary F. This is the restriction on transformation (9) mentioned 
above. 

In the substitution of Eqs. (10) and (11) in (6) the additional term 
dF 

vanishes in the integration and subsequent variation, since hq and 8Q 
vanish at the endpoints; Eq, (5) then retains its earlier form, becoming 

8j(fl(<2, P)-JPkQk)dt=o. 

Furthermore, nothing is changed in our transformations (6) and (7); we 
conclude that Hamilton’s equations remain valid in the new variables. In 
complete correspondence to our Eqs. (4) we now have 


( 12 ) 



Transformations (9), as subjected to restriction (11), are called canonical 
traTiaformations or® coTitact trarisformatioTis. The reason for the latter name 

^ If jF' is originally given as a fimction of q and jp, we can of course solve for p from 
the first Eq. ( 9 ) and substitute it in F', thus obtaining a new function F of q and Q . 

* The terms are not entirely 8ynon3niious, their difierenoe being one of definition. 
We need not be detained with this difference, but remark that under suitable 
conditions either of the two transformations can be shown to be a special case 
of the other. Cf,, for ins t an ce, Whittaker, AncdyHcaZ Dynamics (Dover), Chapter 
or Osgood, Mechanics (Macmillan), Chapter XIV,—^TBAirsiiA,Tonf 
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is a geometric one. Let us consider a liypersurface in the /-dimensional 
space of the ^ 2 * • • * 

(13) z^z{qi, .. . q^y, 
the quantities 

dz 

determine the position of the tangent plane to the hypersurface and can, 
for this reason, be interpreted as the coordinates of this plane. We require 
that there exist a condition 

(14) dz= 

fc -1 

between the coordinates of the point qj^ and those of the plane This 
condition insures the “ union of lineal elements,” i.e., the continuity of the 
coordinates py. as we pass from an arbitrary point of coordinates to a 
neighboring point. Let us now introduce new coordinates Py by means 
of Eq. (9) and calculate (13) in terms of these new coordinates. Let the 
result be 

z^Z(Q,P). 

We now demand that this new expression again represent a hypersurface 
touched by the planes of coordinates P at the points determined by the Q. 
From (14) we must therefore have 

(16) dZ^f^Pj^dQ^, 

fc -1 

or, with p a factor of proportionality, 

(16) dZ- JPfc p {dz -%). 

Thus the contact between the surface and its tangent plane at a given point 
has been preserved in a transformation of the point. Let us compare condi¬ 
tion (16) with Bq. (11), which, when multiplied by dt, can be written 

(16a) Jp^dq,, = JPj,dQ^+dF. 

If we put dF^dz-'dZ in (16a) and p=l in (16), the two conditions are 
in agreement. This may constitute adequate justification for the name 
“ contact transformation.” 

In transformations of the generality of Eqs. (9) the meaning of the Py, 
as components of momentum is obscured. For this reason we prefer to 
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call the Pjcf 'Qjc canonical variables; Pj^ and Qj^ are then said to be canonically 
conjugate. Because Hamilton’s equations are invariant under transforma¬ 
tions (9) [with restriction (11)], they are often called Hamilton's canonical 
equations. 

It is to this invariance under canonical transformations that Hamilton’s 
equations owe their special significance in astronomical perturbation theory. 
They also play an important role in the statistical mechanics of Gibbs, a 
topic which we shall discuss in Vol. V. 

We conclude our treatment of Hamilton’s equations with a remark 
dealing with the principle of energy. 

In agreement with Eq. (2) we have, quite generally, 



According to (4), the parenthesis vanishes for all k. We then obtain, in 
general. 


(17) 


dt dt 


If, in particular, H does not depend explicitly on i, we arrive at the 
conservation law 


(18) ^=0, const. 

This law is more general than that of the conservation of energy, for, 
according to (1) and (lo), it states that 

(18a) ^l^q^-L=oomt. 

where L must not depend explicitly on t, but otherwise can be quite arbitrary. 
It is this conservation law to which we alluded in footnote 3 of Chapter VI. 
Eq. (18a) leads to the conservation of energy if L can be split up into two 
contributions, a kmetic one homogeneous of second degree in the qj^, and 
a potential one independent of the 


§ 42. Routh^s Equations and Cyclic Systems 

In Eqs. (10) and (11) of § 34 we considered a ** mixed type ” of 
equation resulting from a combination of lagrange equations of the first 
and the second kind. We shall now become acquainted with a mixed type 
of equation arising from a combination of Lagrange’s equations of the second 
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kind mth those of Hamilton. The new equations bear the name of Routh® 
who, for several decades, dominated the study of mechanics in Cambridge 
as “ coach and examiner in the “ tripos.” Somewhat later Helmholtz^ 
developed the same equations as the basis of his theory of monocyclic and 
polycyclic systems, a theory which he intended to use in the solution of 
the fundamental problems of thermodynamics. 

We subdivide the degrees of freedom of the system into two groups. 
One group, containing /— r degrees of freedom, can be described by Lag- 
range’s position and velocity coordinates 

?lJ ?2 j • • • 9^/—f> ?2» • - • 2/—r» 

and the other, containing r degrees of freedom, is to be represented in terms 
of Hamilton’s canonical variables 


2/-r+l> 2/-r+2> • - • 2/J i^/~f+2> • • • 5^/- 

Instead of the Lagrangian L or the Hamiltonian H we now construct a 
Routh function JR, which is to be a function of the 2/ variables enumerated 
above and, for the sake of generality, of the time as well: 

(1) R {t, ffi, ga,. . . qfi ft, ft. • • • • • • 2»/)- 

jR is to be defined by the equation 

(2) 22= 2 2i> • • • V’ • • • «/)• 

/!■=/—r+1 

We see that for r=/, B transforms to the Hamiltonian (41.1); for r«0, 
where the summation on the right vanishes, it goes over into the Lagrangian 
(apart from sign). Evidently we could have replaced definition (2) of jR 
by the equivalent condition 


(2a) J2=£r {t, gi, ... g^,; Pi, . . . Pf)- 2 Ph h- 

We now proceed as in Eqs. (41.2) to (41.4). We form the total differential 
of jR, on the one hand from (1), 

® In this ooniiootion wo wish to mention the two volumes of Routh’s Treatise on the 
Dynamics of a System of Rigid Bodies; I, Elementary Part, n, Advanced Part. 
It is a collection of problems of unique variety and richness. Routh first developed 
his form of the dynamical equations in the prize article A Treatise of Stability 
of a Gwen State of Motion, (1877). 

^ Berliner Akad* (lSS^)asodOreUe*sJownalf, Math 97. 
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(3, i 

A—1 &«1 &-/“r+l 

and on the other, from (2), 

r / 

(3a) 2 Z 

k^f-r+1 Af«/-r+l 

For dL we can use the expression (41.2b), which we shall, for greater clarity, 
decompose into 

(3b) 2i>fc‘*3ft+ 2p*«*gfc+ S Pk^k- 

Jb-1 i-1 A:-/~r+l 

Substitution in (3a) causes the last term of (3b) to cancel against the middle 
term of (3a), so that we are left with 

Xj-I jfe-l jfe*»/-r4.1 

A term-by-term comparison with (3) yields the relation 

?:? = _ 
dt ““ dt 


and the scheme of equations given below: 


for A;=l, 2, . . . /—r 

for fc=/-r+l, /-rH-2, ... / 


828 

dR 

(6) 

Pk 




. dR 


Hk 



The /—r equations on the left are of the Lagrange type with i= —J?, 
whereas the r equations on the right are of the Hamiltonian type with 


The application of these equations to cyclic systems, which Routh had 
in min d when he formulated them, proceeds as follows: we assume that 
the coordinates of the second group are cyclic, so that, from p. 197, they 
do not occur in the Lagrangian; in that case neither do they occur in the 
Routh function. The associated are then constant [from the upper equation 
of the right group of Routh’s equations (6) or, as remarked on p. 198, 
from Lagrange s equations]. We can now replace these constant values of 
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the and, with the help of Eq. (41.1c), those of the (generally not constant) 
associated in Eq. (2). We thus obtain a Eouth function which depends 
only on the jf— r coordinates of the first group of and qj^. For these 
coordinates the left group of Eq. (6) above is valid. We have, therefore, 
reduced the problem to /— r equations of the Lagrange type. 

Eouth used his method chiefly in the difficult problems of the stability 
of given states of motion. Let us instead illustrate the method with a 
reasonably simple example, that of the symmetrical top. The cyclic 
coordinates of this doubly cyclic problem are the Eulerian angles <f> and 
according to Eqs. (36.15) to (36.17), we have 


{-J^ -cos e J +M 


M" cos e 




Ja "I Iisin*!? ’ 


by virtue of (35.13) the Eouth function then becomes 

« Jf-* (Jf'-Jf-oos0)» fiAo (3f'-Jf-oos0)* I P ran R 


= -^fl'+0(e), 


With g*— d, the lower equation in the left group of our present Eqs. (6) 
then yields 

Pk=ii^ 


and the upper equation of the same group gives 


( 6 ) 


1x6= 


ee 

"" do' 


which is, of course, in agreement with the ‘‘ generalized pendulum equation ’* 
(36.19). This example may serve to illustrate the usefulness of Eouth’s 
method, particularly for problems more difficult than the one presented. 

In 1891 Boltzmaim gave a series of lectures on Maxwell’s electro¬ 
magnetic theory at the University of Munich. He devoted his first lectures 
to the detailed consideration of a doubly cyclic mechanical system in order 
to illustrate the mutual inductive effect between two electrical circuits. 
The carefully worked mechanical model, consisting mainly of two pairs of 
beveled gears with centrifugal governors, is preserved in the museum of 
our Institute. To us it seems much more compUcated than Maxwell’s theory 
which it was intended to illustrate. Hence we shall not use it to clarify 
this theory, but instead take advantage of it in an exercise on the differential 
of an automobile, to which it is similar in its essential features. 
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Let ns filially generalize the mathematical formalism which led ns jfrom 
Lagrange’s to Hamilton’s and to Routh’s equations. We consider a function 
Z of two variables (or two sets of variables) x and y, and let 

( 7 ) dZ{x,y)=Xix-^Yd/y, 

If we wish to replace x,yhj X, 7 as independent variables, it is convenient 
to consider, instead of Z, the “ modified function ” 


(8) TJ (X, 7)=xX+yT-Z (x, y). 

Indeed a differentiation of (8) at once gives, in view of (7), 


(9) dU(X,Y)==xdX+ydT. 

Eqs. (7) and (9) are identical to the “ reciprocity relations ” 


( 10 ) 




du au 
ex~^* aY~y- 


If, on the other hand, we wish to replace only one of the original variables, 
say y, by its “ canonically conjugate ” 7, we shall have to “ modify ” (8) to 

(11) F(a;,7)=2^7-Z, 
which yields 

(12) dV(x,Y)^^Xdac+ydY 


with the “ reciprocity relations ’* 


(13) 



£Z 

BY 


=y- 


The. transition from Z to U can be compared with that from Lagrange to 
Hamilton, that from Zto V with the transition from Lagrange to Routh. 

Such a change of independent variables and the attendant modification 
of the characteristic function is called a Legendre tramformatim and plays 
an extensive role in analysis. We have mentioned it chiefly in order to be 
able to refer to it in our study of thermodynamics (Vol. V). 


§ 43. The Differential Equations for Non-Holonomic 
Velocity Parameters 

Whereas the differential equations considered so far were aU modeled after 
those of Lagrange for generalized coordinates, the theory of the spinning 
top brought us in contact with equations of an entirely different, much 
simpler structure, viz.^ Euler’s Eqs. (26.4) for the fl-ngnlfl-r velocities 
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0)2 and 0 ) 3 . Let us determine what relation they bear to Lagrange’s equations. 
The difference between the two types stems from the fact that the 

0 ) 1 , 0 ) 2 , CU 3 are not holonomic coordinates like the 0 , but linear fimetions 
of these which are not integrable with respect to t. The connection between 
them is given by Eq. (36.11). Let us immediately consider the unsymmetrical 
top with kinetic energy 

( 1 ) 2’=g(ilV+^2«2*+4‘03*). 


and for brevity restrict ourselves to the case of a top under no forces. 
We start out with Lagrange’s equation for the (^-coordinate 


( 2 ) 


dt d<f> 


According to (35.11) 






= 1 , 


d(i)i 

d<i> 


= 0 ) 2 , 



^ 6)3 

d<i> 


= 0 , 


so that, in view of ( 1 ), 

dT r ^^1 I r _i_ r ... _ r ,. 

BT T I T I T ^^9 iT T \ ^ ^ 

30 = A +-^2 ^2 00 +^8 ^3 00 == (A - -^ 2 ) "1 


Erom (2) we then have 

(3) = 


This is the third Euler Eq. (26.4). 

A HiiYiilflT calculation for the ^-coordinate yields 


0 ^ 
'he ' 


=oos <l>, 


SiOn • j 

—r* = —sm 0 , 
Be ^ 


B<i>^ 

dd 


- 0 , 


^ ^ cos sin ^ <= iff ooB d ooB <f>, ^ ^ sin 0 . 


Erom (1) we obtain 


B!jr 

—r o)i COS ^— 1 % coq sin 

BO 


^ = (Ji £t)i sin <j>+l 2 «2 cos 4) ifiooa 6— wg ^sin d. 
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Lagrange’s equation 

(4) 

hence becomes 


dt 86 86 


O=A^eo8 0-i-i^sm^ 

( 6 ) — Jj 0)1 sin ^ (^+ ^oos fi )—12 0)2 cos ^ (^+ ^cos 

But according to (35.11), 

^+^cos 0=0)3, ^sin 0=o)isin^+o)2oos^, 
so that the second and third lines of ( 6 ) can be 'written 

(J 3 —/ 1 ) 0)3 0)1 sin (J 2 —/ 3 ) 0)2 0)3 COB ^ 
and, together vnth. the first line, 

(6) 0={A^‘- (■r*--r8)«*«8}eos^-{la^*-(I.-/i)^8«i}Binf 

iEinally the Lagrange Equation 

dtd^jr 8t/r 

becomes, after suitable transformation of variables and m view of ( 3 ), 

(7) 0={li^- (Ia-I,)a,,c3}sin^-{j,^-(J3-Ii)a,,coi}cosf 

It follows from ( 6 ) and (7) that both {} must necessarily vanish, so that 
we obtain the first and second Euler equations (26.4). 

The transformation which we have carried out for one specific example 
can be performed quite generally® in the case of an arbitrary number of 
non-holonomic velocity parameters defined as linear (or more general) 
functions of real velocity coordinates. If, as m the case of the rigid body, 
the kine’tio energy takes an especially simple form when expressed in terms 
of these parameters, such transformations can be of signal value for the 
integration of the equations of motion; they can also be useful in that 
they may satisfy non-holonomic conditions. Boltzmann found it necessary 

» Cf., in particular, Q. Hamel, Math, Arm. 59 (1904), and Sitzimgsber. der B&rl. Math, 
Oea. 37 (1938). Furthermore, EnoyM. d. Math, Wise. IV.2, Art. Prango No. 3 
and £f. 
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to introduce the components of momentum corresponding to non-holo- 
nomic velocities in the kinetic theory of gases. He called these components 
“ momentoids.” 

§ 44. The Hamilton-Jacobi Equation 

At the beginning of the previous century the most buixiing question of 
theoretical physics was, wave theory or corpuscular theory of light? 
The wave theory was foimded by Huygens and, at the time mentioned, 
found its conjSxmation in Thomas Young^s discovery of the phenomenon 
of interference. The corpuscular theory, on the other hand, had Newton’s 
seemingly authoritative backing. W. R. Hamilton, astronomer and profound 
mathematical thinker, was just then engaged in a study of the paths of 
light rays in optical instruments. The results of these studies* began to 
appear in print in 1827, at about the time at which the tw'O greatest advocates 
of wave optics, Fraunhofer and Fresnel, died at almost the same early 
age. Hamilton’s work on general dynamics, the results of which we shall 
briefly summarize in this section, came somewhat later, but it is intimately 
related to his investigations in ray optics^. 

Let us add parenthetically that as a result of Planck’s discovery of the 
elementary quantum of action the above-mentioned question must now be 
posed differently. We no longer ask, “ waves or corpuscles? ” but state, 
“ waves 03 well as corpuscles ! ” It seems at first sight impossible to reconcile 
these apparently contradictory concepts; actually they are complementary 
rather than contradictory aspects both of optics and of dynamics. Their 
reconciliation, as Schrddinger has recognized, results from a logical extension 
of Hamilton’s ideas and leads to wave or guantvm mechanics. 

Ray optics is the mechanics of light particles; in optically inhomo¬ 
geneous media the paths of these particles are by no means straight lines, 
but are determined by Hamilton’s ordinary differential equations or 
Hamilton’s principle which is equivalent to them. From the viewpoint of 
wave optics, on the other hand, the ra 3 rs of light are given by the orthogonal* 
trajectories of a system of wave surfaces or wave fronts. According to 
Huygens’ principle, these wave fronts are parallel surfaces. Hamilton under- 

• Treatises on ray optics, Trans. Roy. Irish Acad. 1827, with supplements of 1830 
and 1832. His work on dynamics appeared in. the Trans. Roy. Soc. London 1834 
and 1835. 

’ In the formulation by Jaoobi this connection was lost. It was newly worked out 
in 1891 by F. Klein {Naturforscher-Oes. in Halle ; Gea. AbhcmdL., Vol. H, 
pp. 601, 003). 

^ This is true of optically isotropic media. In anisotropic media such as crystals 
the orthogonality between ray and wave front is no longer an ordinary Kuclidean 
one, but a non-Euclidean, generalized tensor orthogonality. 
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took to represent the family of wave surfaces by a (perforce partial) 
differential equation and to extend this method to the polydimensional 
space of the of an arbitrary mechanical system. As we shall see, the family 
of wave surfaces is then given by 5= const., where 8 is the least action 
function of Eq. (37.1). The trajectories orthogonal to the surfaces are 
determined by the equation 


( 1 ) 


ds 


(1) Conservative Systems 

For the moment we deal with a mechanical system in which energy is 
conserved and can be resolved into a kinetic part T and a potential part F. 
T, V and H are hence not explicitly dependent on t. 

We start out with Eq. (37.9), and replace SW in the right member by 

-8F=8(3’-JS?)==8!r-8J?. 

The right member of (37.9) then becomes 

(2) 2ar+2rj8«-8^. 


Next we transform the left member of the same equation to generalized 
coordinates p, q, 


(3) 




Equating (3) and (2) yields 

(4) 28!r+2r|j8«-8E=|22’fc8?*. 

We integrate (4) with respect to t between the limits 0 and t to obtain 

(5) 8^-i8i0^=^8g-^o8go, 

where 8 is defined by Eq. (37.1) and Pq and refer to the lower limit 
t=0 of the integration, p and Sq to its upper limit t, 

Eq. (6) indicates that we must regard the action integral S as a function 
of the initial position the final position q and the energy E, i.e., that wo 
are to use the arbitrarily assigned total energy E as variable in place of 
the time t: 

S-S (gr, g-j, E). 

According to (6), the motion as a function of time is tlien given by 

/nr\ ' ^ dS ■ 
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where and q are held fixed. If, instead, we keep E fixed and vary either 
q or go, (5) yields 


( 8 ) 


d8 dS 

Po — 


The first of these relations is in agreement with our assertion (1); as for 
the second, we shall soon transform it to a more convenient form. 

It must be admitted that we have not gained much in the way of know¬ 
ledge of the motion as long as S is not known in the form (6). Let us, how¬ 
ever, recall the equation of energy 


E{q,p)=E, 


where we substitute the value of p from Eq. (8) to obtain 
(9) 

We regard (9) as the determining equation for the characteristic function 8- 
It is called “ Hamilton’s partial differential equation ” or the Hamilton-- 
Jacobi equation for conservative systems. With T homogeneous of second 
degree in the p (F can be assumed independent of the p), it is of second 


Let us suppose that we have found a complete integral of this equation, 
i.e., a solution that contains a number of assignable constants equal to the 
number of degrees of freedom of the problem. Call these constants 

01,02,... a^. 

Since 8 itself does not occur in (9), it is determined by (9) only up to an 
additive constant. One of the above constants of integration, say Oi, is, 
therefore, in excess and can be replaced by an additive constant which 
remains unassigned. We may replace oq by our energy parameter E, so 
that the complete integral can be written in the form 

(10) 8^8 (g, E, og, og, . . . o^)-l-const. 

The classic method used to arrive at such a complete solution is that 
of separation of variables —^a method often, but not always, applicable. We 
shall deal with this method in § 46. In § 45 we shall show how Eq. (10) 
leads to a knowledge of the motion of the system. 


(2) Dissipative Systems 

We shall now adopt the general viewpoint that the Lagrangian L and 
hence the Hamiltonian H depend on t. In general it is then impossible to 
decompose L and H into T and F; if, in particular, a potential energy F 
does exist, it will have to depend on the time. This case is important for 
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the perturbation problems of astronomy and quantum mechanics. There 
exists then no energy principle, hence no total energy constant E. It 
follows that we cannot use the principle of least action, but must revert 
to Hamilton’s principle. Consequently we define a characteristic function 
fif*, given by the integral occurring in Hamilton’s principle, 

(11) r Ldt, 

J ^ 

and regard as function of the initial and final positions and of the time 
of travel t, 

( 12 ) S*=^S*(q,q,,t), 

This is to be compared to Eq. (6) where the constant total energy E (non¬ 
existent in the present case) took the place of t 

dS’^ 

Let us now form gj- > first by means of (11), 


(13) 


dS* r 


next by means of (12), 

(1^) 


The relation analogous to (8) used here. 


(16) 


®3*! 


is easily verified. Merely differentiate (11) 'with respect to q^. and recall 
Eq. (41.1e). 

In view of the general definition (41.1) of E, the comparison of (13) and 
(14) now yidds 


(16) 




from Eq. (16) we have, therefore. 



This is the Hamilton-Jacohi eqvMion in general form. It includes our earlier 
Eq. (9) as a special case. To show this, let us assume, as in (a), that 
H is independent of t. From (17) it follows that is linear in t. Hence 
we put 





VIIL45 Jacobi’s Eule on Integration of Hamilton-Jacobi Equation 233 


and conclude from (16) tliat--a=jEr, i.e., equal to the energy constant 
which now exists; b proves to be identical to our former characteristic 
function 8, Thus Eq. (17) reduces to the special form (9) in this case. 

The remarks made in (a) concerning the integration of (9) apply equally 
well to the more general Eq. (17). The complete integral of the latter now 
contains /+1 constants, one of which is again additive. Instead of (10) 
we can then write 

(18) 8*=3*{q,t, oq, 02 , . . . a^)+const. 

§ 45. JacobVs Rule on the Integration of the Hamilton- 

Jacobi Equation 

We stated in coimection with Eqs. (44.8) that the second of these did 
not lend itself to ready integration. The reason for this is that we integrated 
our partial differential equation, not in the form (44.6), but in the forms 
(44.10) and (44,18), respectively. In Eq. (44.7), 

( 1 ) 

on the other hand, we had obtained an equation describing, very directly, 
motion in time. We shall now prove that if we differentiate 8 with respect 
to the constants of integration Og, Og, . . . o^ instead of U, we obtain 
equations 

(2) k=2,Z,...f 

which describe the geometric configuration of the path of the system, provided 
that we regard the as a second set of constamis of integration. This is 
Jacobi’s rule for the case (a). In the case (b) it takes the even simpler form 

(3) 

Here we have f equations of uniform structure which give both the temporal 
and the spatial course of the motion of the system. 

We can introduce the same simplicity into case (a) by formally writing 

(3a) 

where we have put jSj and a^. 

We shall restrict our proof to case (a). Let us recall the definition (41.11) 
of a contact transformation, which we shall write, for purposes of the 
following, 
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(4) dF {q, Q) 2"^ k^Qk- 

Let 118 compare this iiyith the total differential of the characteristic function 
(44.10), 

dS (g, 25, a)= 2 e + 2 S'***’ 

i-l i=2 

■which becomes, "with substitution from. (44.8) and (2), (3a) of this section, 

/ f 

(6) ^S(g, a)=>pji,dgfc+2^fcda*. 

ifc-1 ifc-1 

This equation agrees with (4) if w© identify 

(6) F with flf, with a^, with - 

Now w© know that, by means of a transformation Pje~^Qici ^k satisfying 
condition (4), w© pass from Hamilton’s equations (41.4) 



* 


to Eqs. (41.12), 



Qk= 


aH 

^Pk 


In view of (6) these become, in our case. 


0 ) 





dH 

^Pk 


But from (41.10), 

H{Q,P)^H(q,p), 

or, by virtue of (6), 

H (a,—jS)=P=ai. 

It follows that 


(9) 


OT _ r 
L 


Thus Eqs. (7) become 

(10) ^fc={ 


1 for i*=l. 

BB [O fork-1, 

0 for h>l; 

S/ffjfe'lO/or *!>1. 

1 for k=l. 

- _rOfork=l, 

Ofor *>1; 

~\0fork>l. 


These equations tell us nothing new regarding the a^j.; they merely confirm 
that the are constant© of integration. The same can be said of the 
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equation for from we simply have (to within an additive 

constant of no importance), nothing new in view of Eq. (3a). Bqs. (10) 
for jSjjj with fc>l, on the other hand, furnish the proof of Jacobi’s rule; 
they state that, like the a^j., the are integration constants. 

The proof can be extended without important changes to the case (b) 
provided we make the definition of a contact transformation somewhat 
more general. Since we do not need this result in the following, we shall 
not be detained by it. 


§ 46. Classical and Quantum-Theoretical Treatment 
of the Kepler Problem 

In this section we wish to show how the Hamilton-Jacobi method of 
integration leads unambiguously and directly to the solution of the planetary 
problem of astronomy. We shall, furthermore, discover with surprise that 
the same method is made to order for the requirements of atomic physics 
and leads in a natural way to the (older) quantum theory. 

We begm with the Lagrangian of the two-body problem with fixed sun 
M, expressed m polar coordinates, 

( 1 ) + + 

from which we calculate the momenta 
(la) ^r=mr, 

Substitution of these in (1) and a change of sign in the potential energy 
yield the Hamiltonian 

and, from (44.9), the Hamilton-Jacobi equation 

( 2 ) 

Let us apply in this example the method of “ separation of variables *’ 
mentioned on p. 231. 

We try a solution of the differential equation (2) of the form 


(3) 
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in which B depends only on r and ® only on If we replace the right mem¬ 
ber of (2) by the general function / (r, ^), we obtain 


(Sa) 




In general, such a rdation does not hold. If, however, / is independent of 
as in OUT case, we need merely put 0 equal to a constant, say C (called 
the separation constant ”). B is then determined by the equation 


( 4 ) 




which is solved by quadrature, yielding a complete integral. The assumption 
that / is independent of ^ is evidently equivalent to the fact that in 
our case is cyclic, that is, it does not occur explicitly in the differential 
equation. We see that the method of separation of variables is based on 
special symmetry properties of the given differential equation, symmetry 
properties which are often, though by no means always, realized. 

We now follow the general pattern of § 46, put 0— Og and separate (2) 
into 


(S) 


( 6 ) 


dS 




Eq. (6) is the law of conservation of angular momentum, that is, Kepler’s 
second law; the separation constant cl 2 is the constant angular momentum, 
essentially identical to the areal velocity constant used in Eq. (6.2). Eq. (6) 
gives the variable radial momentum. 

To calculate the characteristic function S, we integrate (6) and (6) 
and form (3). Eeplacing E by oq, we obtain 


(7) 




The lower limit of integration can be chosen arbitrarily since it merely 
affects the magnitude of the additive constant. 

Let us, for the present, focus our attention on the geometric trajectory, 
i.e., on Kepler’s first law. To do this we follow (46.2) and form 


(8) 
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It is evidently convenient to introduce instead of r as variable of 
integration and to rewite (8) 


(9) 


= |^2m^ ai-i-GmJfs 


i: 


__ 


Here and s„.^ are the reciprocals of the distances from sun to aphelion 
and perihelion. Comparison of the two integrals yields 


( 10 ) 


2maci 

^min ^max 

tta 


. ^ 2Qm^M 
^BQln + ^max “ 

aa 


Now we wish to obtain (9) in convenient trigonometric form; the trans- 
formation 


(11) 


«min+^max , 5max*”toln 
“-5-+-S- 


suggests itself. It takes ^—^max t4==4"l ajcid «=«niin — 

From (9) we then have 

( 12 ) 

and, making the assignable lower limit of integration equal to 1, 

(13) jSa^cos-i-w, u=oos(^—]3a). 


Finally we return from to a via (11) and take note that, according to 
p. 42, Fig. 7, 

1 ^ 1 
®mln— a (1 + fl) ’ ^inax~ a (1 - e) ’ 

SO 

1 . e 

0(1 0(1 

From (13) we then obtain the equation of an ellipse in the familiar form 

nA\ 1 _ l+eooB(^~y?,) 

^ r o(l~e*) ’ 

where the constant can be absorbed into the defimtion of 
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For experimental reasons the astronomer is interested not so much in 
the geometrical form of the trajectory as in the motion as a function of 
time. Here again the Hamilton-Jacobi method gives the answer in the 
most systematic fashion, namely, by means of Eq. (46.1), 

from which we obtain, after substitution of the variable a, 

^ /«o «* [(«-«nilii)(«mar-«)]t‘ 

With this equation we complete our former treatment in § 6, where the 
position of the planet as a function of time was left undetermined. With 
the help of the “ eccentric anomaly of Problem 1.16 as the new variable 
of integration [its symbol u should not be confused with the auxiliary u 
in Eq. (11)] equation (15) can be solved by elementary integration and 
leads directly to the celebrated Kepler equation 

nt=u—€Qmu 

mentioned in the cited problem. 

It is well-known that two- and several-body problems play a central 
role in modem atomic physics as well. In the hydrogen atom the electron 
moves about the nucleus, the proton, like a planet about the sun. Here, 
too, the Hamilton-Jacobi method has proved of surprising value. It 
literally shows us the point at which quarUum numbers must be introduced. 

In the older quantum theory, whenever the Jfeth degree of freedom was 
separable from the remaining ones, one defined a ;phase irdegral (also called 
“ action variable ”) of the degree of freedom given by 

( 1 ®) = 

The integral was to be taken over the whole range of values of the variable 
One then asked that Jjj. be an integral multiple of Planck’s elemen¬ 
tary quantum of action (of. p. 181), 

(16a) =s njji. 

With pjf. in (16) expressed in terms of the characteristic function 8y one 
obtains 

(17) = = 

A8]^ is the “ modulus of periodicity ” of the function 8^ i.e., the change 
suffered by 8 when qj^ runs through a complete cycle of its values. 
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The electron of a hydrogen atom has coordinates and 

The differential equation (2) for 8 and its solution (7) can be transferred 
directly from astronomy to atomic physics, provided we replace the gravita¬ 
tional potential energy by the Coulomb energy — ^ • 

Since the range of the coordinate <t> extends from 0 to 27r, we obtain 
from (7) and (17) 

(18) AS^ = 27r a2 = n^h. 


is the azimuthal quantum number; ag, as we know, is identical to the 
azimuthal moment of momentum 

The range of values of the r-coordinates extend from to and 
back. Eqs. (7) and (17) therefore yield 


(19) 


= 2 [2m (e - i’) -^] ^dr = 


is the radicd quantum namber. The quadrature is best performed by 
complex integration in the r-plane; once this is done, (19) becomes 


( 20 ) 


— + 2iri 


fTie* 

(1ml)* 


— n^h. 


The energy of the hydrogen electron in the quantum state is, 

therefore. 


( 21 ) 


E 


2jr*Jm e* 


It is negative because the energy was set equal to zero for injBnite electron- 
proton distance (see the above expression for the potential energy). 

Eq. (21), together with Bohr’s postulate of the radiation of energy in 
quantum jumps, led to the first understanding of the hydrogen spectrum 
(the so-called Bahner series) and from there to the modem theory of spectral 
lines in general. 

Present-day developments of atomic theory have gone beyond the 
description of electronic orbits here presented. As mentioned at the begin¬ 
ning of § 44, investigations following Hamilton’s line of thought have 
resulted in a more profound wave-meohanioal conception of atomic processes. 



PROBLEMS 
Chapter I 

Ll« Elastic collision?-, n equal masses M are placed in contact with 
each other along a straight line. Two masses M, hoth having velocity v, 
collide with the row of n masses from the left. Evidently the laws of 
momentum and energy are satisfied if the two masses on the left transfer 
their velocities to the last two masses on the right. Show that these laws 
cannot he satisfied if only one mass is expelled on the right, or if the two 
last masses on the right are set in motion with different velocities Vi, v^. 

1J2* Elastic collision with unequal masses. Let the last mass m on the 
right he smaller than the remaining masses. Let a mass M collide from 
the left with velocity f?Q. Show from the principles of energy and momentum 
that it is impossible for m to be the only mass set in motion. If it is assumed 
that only two masses are set in motion, what must he their velocities? 

1.3. Elastic collision v>ith unequal masses. Let the last mass M' on the 
right he greater than the remaining ones. Make the same assumptions as 
in Problem 2, taking notice, however, that the next-to-last mass on the 
right transfers its momentum toward the left. What is the velocity of 
M* and of the first mass M at the left end of the row? What happens if 
M* is very large? 

1.4. Inelastic collision between an electron a/nd an atom. An electron 
m, of velocity v, collides centrally with an atom M initially at rest. The 
atom is excited and is raised from its ground state to an energy level E 
units above it. What is the minimuTn initial velocity Vq that the electron 
must have? 

You will find one quadratic equation each for the final velocities v of 
the electron and F of the atom. The minimum value Vq results from the 
requirement that the radical occurring in the solutions for v and F be real. 
The value of Vq is somewjiat higher than would be expected if only the 
conservation of energy were called into play, although the difference is not 
observable because the ratio Jf/m^2000 is very high. 

^It is essential that the student carry out the experiments described in Problems I.l to 
1.3 h im self. This can be done with coins on a smooth support, with elastic spheres 
so suspended on strings that they touch in the position of rest, or jQnally with 
marbles in a trough. 
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If the ooUidiDg particle is of the same, or approximately the same, mass 
as the struck one, the required minimum energy is about tvdoe that expected 
from conservation of energy alone. 

1.5. Rochet to the moon. A rocket with continuous exhaust shoots 
vertically upward. Let the exhaust velocity be a relative to the rocket 
and “ m be the mass expelled per second, and assume both constant in 
time. Assume that the motion occurs under constant gravitational accelera¬ 
tion gr, friction being neglected. Set up the equation of motion and integrate it 
under the assumption that the initial velocity of the rocket on the surface 
of the earth is zero. If ffc=i^of the initial mass Wo^da=2000 meter- seo"^ 
what height has the rocket reached at «=10, 30, 60 sec.? 

1.6. Water d/rop falling throfwgh eatwrated atmosphere. A spherical water 
droplet falls, without friction and under the influence of gravity, through 
an atmosphere saturated with water vapor. Let its initial ra^us (<=0) 
be c, its initial velocity, Vq. As a result of condensation the water drop 
experiences a continuous increase in mass proportional to its surface; as 
will be shown, its radius then increases linearly with tune. Integrate the 
differential equation of the motion by introducing r instead of t as indepen¬ 
dent variable. Show that for c=0 the velocity mcreases linearly with time. 

1.7. Falling chain. A chain lies pushed together at the edge of a table, 
except for a piece which haiigs over it, initially at rest. The b'nkA of the 
chain start moving one at a time; neglect friction. The energy written in 
the usual form is here no longer an integral of the motion. Instead, the 
impulsive (Carnot) energy loss must be taken into account in writing the 
balance of energy. 

1.8. Falling rope. A rope of length I slides over the edge of a table. 
Initially a piece Xq of it hangs without motion over the side of the table. 
Let X be the length of rope hanging vertically at time t. The rope is assumed 
to be perfectly flexible. Show that the principle of energy in the form 
T+V= const, gives an integral of the motion. 

1.9. Acceleration of moon due to ejarOCs attraction. The moon’s distance 
to the earth is about 60 earth radii. Assume that the lunar orbit is a circle, 
once traversed in 27 days, 7 hours and 43 minutes. From this the accelera¬ 
tion of the moon toward the earth (centripetal acceleration) can be calcu¬ 
lated. Comparison of this value with that from Newton’s law of gravitation 
gave the first confirmation of this law. 

1.10. The torgpie as a vector quantity. Consider a rectangular coordinate 
S 3 rstem {x, y, z), with r the radius vector of the point of application of a 
force F. We now pass to a second coordinate system {x', y\ z'), obtained 
from the former by rotation. Show that the moment of force F about the 
origin of the first coordinate system transforms like a vector, i.e., like 
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r=(a:, y, z). To prove this one must assume that both coordinate systems 
are of similar sense (both right-handed or both left-handed). 

1.11. TAc 0 /Prom Eq. (6.6) with .4 = 0, 

the hodograph of planetary motion is given by 

g=i=-^siii^, 7 )= +^oos^-t-J5, 

where M is the mass of the sun, G the angular momentum constant, ^ 
the true anomaly (cf. Fig. 6). Show that the trajectory is a hyperbola or 
ellipse, depending on whether the “pole” f=7;=0 of the hodograph is 
excluded from or included by the hodograph. Also describe the limiting 
cases of parabola and circle in terms of the position of this pole. 

1.12. ParaUd beam of electrons passing through the field of an ion. 
Envelope of the trajectories. A source located at infinity shoots off electrons 
(charge e, mass m) along parallel paths with constant initial velocity v^. 
An. ioxuzed atom A (charge mass M) is fixed at the origin. If e and E 
have the same sign, what area surrounding A is never touched by the 
electrons? 

Take the 2 /-axis as the direction of the incident particles; treat the 
problem as plane. It will be easiest to write the trajectory of an electron 
in polar coordinates with A as pole of the coordinate system and focus of 
the hyperbolic trajectory. The boundary of the above-mentioned area is 
obtained as the envelope of the electronic trajectories. Because of 
one can consider A to be at rest. 

Show that if e and E have opposite signs, the envelope of trajectories 
seems to jdeld the same boundary, but that it is now devoid of physical 
meaning. 

1.13. Elliptical trajectory under the influence of a central force directly 
proportional to the distance. Consider a mass m under the influence of a 
force directed toward a fixed point 0 (center of force) 

F=-ibr 

(r = Om, i;=const.). Show that the following three laws hold for the motion 
of m: 

1. m describes an ellipse with 0 as center. 

2. The radius vector r sweeps out equal areas in equal times. 

3. The period T is independent of the shape of the ellipse, depending 
only on the force law, i.e., the values of h and m. 

1.14. Nuclear disintegration of litMvm (Kirchner, Bayer. Akad. 1933). 
If a hydrogen nucleus (proton, mass m ) collides with velocity with a 
nucleus of (lithium of atomic weight 7), the latter splits into two a- 
particles (mass Wa=4 m^). These two oc- particles fly off in almost (but 
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not exactly) diametrically opposite directions. Assume that the a- 
particles fly off symmetrioally wiHh respect to the line of collision, and -with 
equal velocities, and calculate the angle 2^ between them. Notice that in 
addition to the kinetic energy of the proton, there occurs another energy 
E liberated as a result of the mass defect, which is greatly in excess of E^ 
and is likewise transmitted to the two a- particles. Thus the final answer 
for cos^ contains not only and wia, but also the kinetic energy of the 
proton, and E, 

In the units customary in atomic physics, 14-10® ev (electron-volt). 
In an experiment 0.2-10® ev; what are the values of Va, and 2^? 

1.15. Central collisions between neutrom and atomic midei; effect of a 
block of paraffin. Neutrons are slowed down but Httle by a lead plate 
60 cm thick; a layer of paraffin about 20 cm deep, on the other hand, 
absorbs them completely. This can easily be understood if one remembers 
that in a central collision the kinetic energy of the neutron (mass m~l) 
is completely transferred to one of the hydrogen nuclei of the paraffin 
(proton mass Jl!fi=l); whereas the amount of energy transferred in a 
central collision with a lead nucleus (mass ilifa=206) is hardly worth men¬ 
tioning. Draw a curve showing the kinetic energy which the initially motion¬ 
less atomic nucleus (of mass M) receives from the neutron (mass m) in a 
central collision, as a function of the ratio Mjm. 

1.16. Kepler's equation. The secular variation of the motion of the 
planet in its orbit is determined, in differential form, by the principle of 
angular momentum. In order to obtain the secular variation m integral 
form, one can, following Kepler, proceed as follows (Kg. 66). 

Draw a circle about the 
center of the ellipse with the 
major axis as diameter. We 
now associate a point K on 
the circle with the planet 
located at pomt E of the 
ellipse at the time t. If we 
take the principal axes of the 
ellipse as coordinate axes, 
point K has the same ab¬ 
scissa as E. Whereas E is 
given by its polar coordinates 
r, ^ (pole 8), K is deter¬ 
mined by polar coordinates 
a, u (pole if). Thus with the 
true anonudy <f> we associate 



Fro. 55. Kepler's construction of the oocentrio 
anomaly u and its connection with the true 
anomaly 
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the eccentric ancmaly (as in. the text, we comt both from aphelion in 
the direction of motion, at variance with astronomical usage, where the 
anomalies are counted from perihelion, though, of course, also in the 
direction of motion of the planet). 

The coordinates x and y of the planet E can be expressed, on the one 
hand, in terms of r and and on the other, in terms of one of the semi¬ 
axes of the ellipse and the eccentric anomaly % so that, with K given, 
E is also given. The course of the motion of point K on the circle is then 
determined by the cdebrated Kepler equation 


= (it — c sin u). 


Here e is the eccentricity of the dliptical trajectory, and 



O 

ah* 


where a, h are the semi-axes, O the gravitational constant, M the mass of 
the sxm, C the areal velocity constant. 

In order to derive Kepler’s equation, start out with the polar equation 
of the ellipse, referred to iS as pole and the ray 3A (aphelion) as polar axis. 


y-a- r.. , 

1—6 OOB 0 

where p is the “ parameter ” a(l-- €^). Now use the transformation rela¬ 
tions referred to above to introduce u in place of and obtain the equation 

r=a(l+€Cos u). 

Diffeocentiation of these two equations, elimination of r and <f>, introduction 
of the principle of angular momentum and of Eq. (6.8) finally yield Kepler’s 
equation by an integration, provided we stipulate that at ^=0 the planet 
is at aphelion. 


Chapter II 

II.l. Ncm-Jiolcnumic conditions of a roUing wheel. A sharp-edged wheel, of 
radius a, rolls without sliding on a rough plane support (think, for example, of 
a hoop rolling on an even road.). Its instantaneous position is determined by 
assigning values to 

1. coordinates x, y of the point of contact of the wheel with the support, 
referred to a rectangular coordinate S 3 rstem a, y, z whose a;y-plaiie coincides 
with the support; 

2. angle Q between axle of wheel and a-axis; 

3. angle ifs formed between the tangent to the wheel (intersection of 
the plane of the wheel with that of the support) and the a;-axis; 
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4. angle ^ that the radius toward the iustantaneous point of contact 
of the wheel makes with an arbitrary fixed radius, this angle to be counted 
positive, say, in the direction of rotation. 

In finite motion the wheel therefore has five degrees of freedom. The 
mobility of the wheel is, however, restricted by the condition of pure rolling 
(without slipping) brought about by the static friction between wheel and 
support; indeed, with the wheel moving along its instantaneous direction, 
the distance Ss moved along the direction of the tangent must equal aS^. 
By projecting this equation on the coordinate axes we then obtain the 
conditions of constraint 

(1) 8x=aQOS S^:=:asin^8^ 

which the displacements Sx^ 8y and 8j> must satisfy. 

Hence the rolling wheel has only three degrees of freedom in infinitesimal 
motion. 

Show that conditions (1) cannot be reduced to equations between the 
coordinates themselves. To do this, show that the existence of an equation 

Vi ^)=0 [6 does not occur in (1)] is incompatible with conditions (1). 

n.2, ApproxmiaU design of a flywheel for a dovMe-actiTi^ one-cylinder 
steam engine (of. also § 9 (4)). A double-acting piston engine is one in 
which steam is introduced alternately on both sides of the piston, so that 
work is done during both strokes of a cycle. 

Let us assume, for simplicity, that the steam pressure remains constant 
during each stroke (full pressure or Diesel cycle), and let us, moreover, 
suppose that the connecting rod is of infinite length. The variable torque 
as a function of crank angle ^ transmitted from the piston to the crank 
shaft is then given by 

for the half-cycle in which the crank moves from the backward to the 
dead forward position [of. Eq, (9.6)]. Here is a constant; ^ is counted 
in the sense of rotation from the dead backward position. During the 
second half-cycle, from forward to dead backward position, under the same 
assumptions as made above (viz., 1. double-acting engine, 2. operation under 
full pressure, 3. infinite connecting rod), the torque changes according to the 
same law, provided ^ is now measured in the sense of rotation from the dead 
forward position. 

Let the load on the engine be given by the constant torque TT, corres¬ 
ponding to a power of N HP with n r.p.m. Thus the driving torque L is 
variable, while the load torque W is constant. As a result the angular 
velocity of the engine fluctuates between a maximum, value and a 
minimum value its mean value being given approximately by 
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0 > mfl.T “f" ir><n 

®m=-2-* 

It is the pioipose of the flywheel to prevent the relative fluctuation, that is 
the degree 8 of imbalance of the engine, given by 

ft 0 ) mAx — <Ji> min 

from exceeding a given limit. How great must the moment of inertia of 
the flywheel be if the inertial effect of the moving masses (piston, piston 
rod, cross head, connecting rod and crank) is neglected? 

11.3. Gentrifugal force under increased rotation of the earth. How fast 
must the earth rotate and how long would the day be in order that cen¬ 
trifugal force and gravity just cancel at the equator? 

11.4. Poggendorff's experiment. From one end of the beam of a balance 
we suspend a weightless pulley which can rotate without friction. A 
string U passes over the pulley; on one side the string carries the weight P, 
on the other, the weight P+p, where p is a small additional weight, just 
as in Atwood’s machine. Initially p is fastened to the axle of the pulley 
by means of a thread u. On the other side of the balance these weights are 
suitably equilibrated in a pan. The thread u is then burned. 

(a) With what acceleration do the weights P and P+p rise and fall, 
respectively? 

(b) Is the beam of the balance displaced in this process? 

(c) What is the tension in the string 17? 

11.5. Accekrated inclined plane. An inclined plane is moved in a 
vertical direction according to a given dependence on the time. Investi¬ 
gate the motion of a body of mass m sliding down the plane without friction; 
in particular, consider the case that the iaolined plane is moved with the 
constant accelerations -|-gr and — g. 

11.6. Prodmta of inertia for the uniform rotation of an unsyrnmetrical 
body about an axis. An unsymmetrical body rotates uniformly about an 
axis whose ends rest in bearings A and B. What reactions A and B must 
be exerted by the bearings? Oalculate them from d’Alembert’s principle; 
show that they result from the total centrifugal force applied at the center 
of gravity and from the resultant moment of the centrifugal forces acting 
on the individual mass elements. 

From p. 66 we know the reactions caused by the weight of the body 
alone; we can therefore omit their effect here. 

II-7. Theory of the Yo~yo. A disk-shaped body of mass M and moment 
of inertia I is provided with a deep symmetrical groove in the median plane 



III.3 


Problems 


247 


perpendicular to its axis. A string is wound on the shaft of radius r in 
the groove. The loose end of the string is held in the hand. One then lets 
the body fall, with the stidng taut at all times. As the body descends, it 
acquires a rotational acceleration until the string is Tmwound. Then follows 
a transition stage, not to be considered m detail here, the result of which 
is that the body shifts from one side of the string to the other. The string 
now winds around the shaft in the opposite sense, and the body climbs 
with rotational deceleration, and so on. What is the string tension 

(a) in descent? 

(b) in ascent? 

Assume that r is so small compared to the distance of the axis from the 
loose end of the string that the string can at all times be considered to be 
vertical. 

11.8. Particle moving on the surface of a sphere, A mass point moves 
on the outside of the upper half of a sphere. Let its initial position and 
initial velocity be arbitrary, except that the latter is to be tangential 
to the surface of the sphere. The motion is to be frictionless, occurring 
solely under the influence of gravity. At what height does the mass point 
leave the sphere? 


Chapter III 

111.1. Spherical pendulum with infinitesimal oscillations. In general, 
the nodal points of the trajectory of a spherical pendulum advance during 
the course of the motion. For sufSlciently small oscillations, however, the 
nodal points must be flxed, for we are then dealing with an harmonic 
elliptical motion. Estimate in what order the advance A<l> of the nodal 
points vanishes with vanishing area of the ellipse. 

111.2. Position of the resonance peak of forced, damped oscillations. 

In a forced oscillation with damping the maximum amplitude of oscillation 
lies, not at as in the case of no damping, but at a value below cdq 

(of. Fig. 33) depending on the amount of damping. 

Find for what value of |{7| is a maximum. 

[Show that the maximum of the velocity amplitude \C\ct) (or of the 
time average of the kinetic energy) occurs exactly at w—wq.] 

111.3. The galvanometer. A galvanometer is connected through a 
switch with a direct-current source of constant EMF E. At tune 0, 
the switch is closed. After a sufl&ciently long time the galvanometer deflec¬ 
tion reaches its final value What is its motion between the initial 
position of rest, a=0, a=s0, and the final position, a^a^p? 



248 


Problems 


IIL4 


Three ejBfocts have to be taken into account. First, an external torque 
proportional to the electric current and hence to the EMF acts on the 
galvanometer of moment of inertia I. Second, there acts a damping torque 
proportional to the angular velocity, which tends to slow down the motion. 
Third, the torsion in the suspension acts as a restoring torque and is pro¬ 
portional to the deflection a. Let p be the factor of proportionality of 
the damping torque, coq that of the restoring torque. 

Distinguish and explain graphically the three cases 

(a) weak damping (p < coo), 

(b) aperiodic (** critical”) dampiag (p=a)o), 

(c) strong damping (p > oq). 

III.4. PevAuJ/um under forced motion, of its point of suspension. 

(a) A particle is suspended from an inextensible string and oscillates 
without damping under the influence of gravity. The point of suspension 
is moved along a straight horizontal line according to some given law of 
displacement ^ =f[t). 

What are the equations of motion of the system, the mass of the string 
being neglected? Derive them either from d’Alembert’s principle or from 
Lagrange’s equations of the first kind. 

The equations of motion become considerably simplified if we pass to 
small oscillations, i,e., retain terms of only the first order. 

If we make the additional assumption that the displacements of the 
point of suspension are harmonic in time, the equations of motion can 
easily be integrated. As the pendulum is set moving, say by a motion 
of the point of suspension, its proper frequency is excited; the amplitude 
of this proper frequency is gradually damped out (though we shall neglect 
damping in the analysis), thus leading to a steady state of oscillation with 
the same frequency as that forced on the point of suspension. Show that 
when the motion has thus become stationary, suspension point and mass 
m move in the same sense below the resonance frequency, in opposite 
seooses above it. 

(b) Make a si milar analysis of the case in which the point of suspension 
is subjected to a vertical displacement tj, with special emphasis on the 
case that the acceleration of the point is constant. What is the period of 
oscillation if the point of suspension is displaced with accelerations 
and —gf? 

ni.5. Practical arrangemera of coupled penduhms, sketched in Fig. 66. 
Between fixed supports 4 and B is stretched a weightless, fiexible 
and dastic wire. Its tension S is regulated hy an adjustable weight G 
attached to the loose end of the wire hanging over the iron B. Two 
pendulums are suspended bifSarlg at points <7 and D which divide the 
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segment AB into three, let ns say, equal parts. The bifilar suspensions, 
indicated as simple suspensions in the sketch, enable the pendulums to 
swing out with good accuracy in a transverse direction, i.e., normal to 
the plane of the drawing. By increasing O the coupling between the two 
pendulums is made weaker (not stronger, as might at first be thought!). 
In what is to follow, we shall assume the coupling to be weak, which means 
that S is large compared with the weight of the pendulum bobs. We 
further suppose the an^es of deflection and of the pendulums with 



Fio. 66. Wire AODJB is held taut by the weight It is deformed 
into A34B or, for the opposite deflection, into AZ'4:'B, the deflection 
being caused not only by the gravitational action on masses 
and m^, but also by the inertial eflects of the pendulums. The 
latter are labeled 1 and 2, are of lengths li and I,, and suspended 
bifilarly, so that they swing out normally to the plane of the 
drawing (the bidlar suspensions are not shown in the figure). 
and are the instantaneous deflections from the vertical. 

respect to the vertical to be small. (Befer to Fig. 66 for notation; 3' and 
4' are the deflections of the points of suspension G and D symmetrically 
opposite to 3 and 4.) These angles are then approximated by 

sin<jSi“^i=2i:;i&, 008^1=1 

h 

sin^a=r=^2“^^^» cos^8~l. 

With neglect of the y-component of the small oscillations we have for mi 
and similarly for m 2 , 

(1) mi^=S^i0os^i«Si m2g^S2 0OB<l>2^32 

(2) -Si sin <f>i= ma« 2 = “^^2 ^ 2 *= 

At the points of suspension C and D, 81 and 82 respectively must, at any 
instant, be in equilibrium with the tension /S; the latter is altered negligibly 
little by 81 and 82 - This yields two more conditions between Xi, x^ and 
x^. We can solve th^e for and x^ and substitute them in (2). We then 
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obtain the simultaneoiis dififerential equations of coupled pendulums. 
Verify that these are indeed in agreement with Eqs. (20.10). 

III. 6 . The osciUation quencher. A system capable of oscillatiDg in the 
a?-direction (mass Jf, proportionality constant of the restoring force, E) is 
coupled by means of a spring (constant k) to a mass m, in such a way that 
m, too, can oscillate in the a;-direction. We require that when an external 
force Pa,=ccoscoi acts on the mass Jf, this mass M stay at rest. What 
conditions must be satisfied by the system (m, ft)? 


Chapter IV 

IV.1. Momenta of inertia of a plane mass distribiition. Prove that 
for any plane mass distribution the moment of inertia about the polar ” 
axis (perpendicular to the plane) equals the sum of the moments of inertia 
about two mutually perpendicular equatorial axes (in the plane of the 
mass distribution, intersecting in the polar axis). Specialize the foregoing 
to a circular disk. 

iy«2. Rotation of aiopciboid its principcd axes. According to Pig. 46a, b, 
the rotations of an unsymmetrical top about the axes of the largest and 
smallest moments of inertia are stable, that about the axis of the intermedi¬ 
ate moment of inertia is unstable. Prove this analytically. Start out with 
Euler’s equations of motion and put the angular velocity about the axis 
of rotation a)i=const.= ft)Q. Angular velocities and cuj about the other 
two principal axes are initially zero, but, due to a perturbation, acquire 
values dUffierent from zero. If we suppose the perturbation small, the first 
Euler equation states that to a first approxunation remains unchanged, 
= cDo. Prom the other two equations one obtains a system of two linear 
differential equations of first order in cu 2 and 0 ) 3 . Put co^^aehi and 0 ) 3 = 
with arbitrary constants a and 6 , and substitute in the two equations. The 
discussion of the resulting quadratic equation for A yields the proof of the 
above assertion. 

iy.3. High and hw shots in a billiard game. Follow shot and draw 
shot. A billiard ball is hit with horizontal cue in its median plane, i.e., 
without “ English At what height h above the center must the cue hit 
the ball so that pure rolling (no slipping) will ensue? Work out a theory 
of balls struck high and low, taking into account the kinetic friction between 
ball and cloth. By how much does the velocity of the center of mass grow 
in a high shot during the total time friction is acting, and by how much 
does it decrease in a low shot? What time elapses before only pure rolling 
remajnis? 
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The Bdjxie method can be used to explain the phenomena taking place 
on collision with another ball, i.e., follow and draw shots. 

IV.4. Parabolic motion of a billiard ball How must a ball be struck 
so that the initial motion of its center of gravity and the fl-yin of rotation 
are not normal to each other? Show that the direction of the force of 
friction is constant as long as the ball slides. What is the trajectory of 
the center of the ball? After what time does pure rolling ensue? 


Chapter V 

V.l. Bdative motion in a plane. A plane rotates with variable 
velocity o) about its normal at one of its points 0 . 

What forces in addition to the centrifagal force must be applied to a 
mass point so that its equations of motion in the rotating plane take on 
the same form as in the inertial frame of a spatially fibced plane? It will 
be convenient to introduce complex variables x-\’iy in the spatially fixed 
plane, i+ir) in the rotating plane. 

V.2. Motion of a partide on a rotating straight line. A mass point 
moves without friction on a straight line which in its turn rotates with 
constant angular velocity m about a fixed horizontal axis intersecting, and 
perpendicular to, the straight line. Calculate the motion on the rotating 
straight line as a function of time, and show that the force of constraint 
(guidbog force) and the component of the gravitational attraction along 
this force just balance the Coriolis force. 

V.3. The sleigh as the simplest example of a non-holonomic system 
[after 0. Carath 6 odory, Z. angew. Math. Mech. 13, 71 (1933)]. The sleigh 
is regarded as a rigid plane system with three degrees of freedom in finite 
motion, one degree in infinitesimal motion. (Of. the rolling wheel in 
Problem II.l, which had five degrees of freedom in finite motion, three 
in infinitesimal motion.) 

Neglect the sliding friction on the snow, or, alternatively, think of it 
as permanently compensated by the puU of a horse. One must, however, 
take into accoxmt the friction F exerted laterally by the snow tracks 
against the runners of the sleigh, for it prevents any lateral motion of these. 
Let this friction be concentrated at one point of application 0. 

An f^-systom is fixed in the sleigh. The ^-axis runs horizontally along 
the center lino of the runners and passes through the center of mass G 
with coordinates f-a, 7 ]= 0 , and the 77 -axis passes horizontally through 
the point of application of F. In the horizontal plane of the snow we fix 

an a;y-system. Iict <f> be the angle between tb© axes of ^ and a?, the 
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instantaneous angular velocity of the sleigh about the vertical; M is the 
mass of the sleigh, I its moment of inertia about the vertical through the 
mass center; u, v are the components of the velocity of the point 0 
(^= 77 = 0 ) along i and 07 . 

(a) Derive the three simultaneous differential equations for the quantities 
u, V, o) with F as external force, using the method of complex variables 
of Problem V.l. 

(b) Simplify them by introducing the non-holonomic condition v —0 and 
determine F from them. 



!Fio, 67, Trajectory of a sleigh for various values of 
h, after OarathSodory. 

(c) Integrate them by introducing, instead of an auxiliary angle 
proportional to 

(d) Verify that the kmetic energy of the sleigh is constant (because F 
does no work). 

(e) Show that, with suitable choice of the time scale, the trajectory of 
point Ointhe a;y-planepossesses a cusp at «=0 andasymptoticallyapproaohes 
straight lines for ± 00 , as shown by the curves of Kg. 67 borrowed from 
Carath 6 odory. 


Chapter VI 

VI.l. Example illustrating Hamilton^$ principle. Calculate the value 
of Hamilton’s integral between the limits ^=0 and t=t^ 

(a) for the real motion of a falling particle, z=^\gt^\ 

(b) for two fictitious motions z=^ct and ai®, where the constants c and a 
must be so determined that initial and end positions coincide with those 
of the real path, in agreement with the rules of variation in Hamilton’s 
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principle. Show that the integral has a smaller value for the real motion (a) 
than for the fictitious ones (b). 

VI.2. Once more the relative motion in a jplane and the motion on a 
rotating straight line. Treat Problems V.l and V.2 by means of the Lagrange 
method. 

VI,3. Once more the free faiU on the rotating earth and Foucault^s 
pendnilum. Verify that these problems, too, can be treated by Lagrange’s 
method without knowledge of the laws of relative motion. This prooedtire 
is interesting and simpler in thought than that of Chapter V; it does 

however, require a careful inspection of the numerous small terms occurring. 

dee ’ 

only after the differentiations ^ and have been carried out should 

the usual approximations of large terrestrial radius and small angular velo¬ 
city be made; until then, aU terms must be carried. 

Start out with ordinary spherical polar coordinates r, 6 , where r is 
measured fi:om the earth’s center. Next compare these with coordinates f, 
ly, £ introduced in Pig. 49. Let R be the earth’s radius, 0q, i/sq the coordinates 
of the projection on the earth of the initial position of the freely falling 
body or of the point of suspension of the pendulum. We then have the 
following relations between coordinates r, 0 , 0 and f, 77 , J of the falling or 
oscillating particle m, 

(1) S^B(0^0^), 77=Bsm^(^-^o)» 
with 

( 2 ) ^o^cDt, ss: g — ^=oolatitude. 

Prom this 

t=r 

and, conversely, 

(3) r«=(l+yf, 

+ r~t, 

where the angle 0 occurring on the right must, according to ( 1 ), be regarded 
as a function of i. 

These values are to be replaced in the expression 
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for the kinetio energy, which becomes, as a result, a function of 17 , J, 
I, 7 ] and If we denote the terms later to be dropped by, we can, 
for instance, calculate from T 


w 

H \ 

(5) 


(6) 


Afi 

our potential 

(7) 



■} 


ddT > .. , 

atag 

BT I dT , ... 


V=^mg(r—B)=mgC- 


Verify tha+ in this manner we obtain Eqs. (30.6) for the free fall and 
Eqs. (31.2) for Foucault’s pendulum, from which follow the results developed 
earlier. 

VI.4. “ WobbliTig ” of a cylinder rolling on a plane support. A circular 
cylinder of radius a has an inhomogeneous mass distribution, so that the 
center of mass G has the distance s from the axis of the cylinder. The cylinder 
rolls on a horizontal plane under the influence of gravity. Let m be the 
mass of the cylinder, I its moment of inertia about an axis through the 
mass center parallel to its axis of symmetry. Investigate the motion with 
the help of Lagrange’s method, introducing the angle ^ rotated through 
as generalized coordinate q. In calculating the kinetic energy, put the 
point of reference 

(a) in the center of mass, 

(b) in the geometrical center, 

of the cylinder and verify that in both cases the same differential equation 
in <l> results. 

Show by means of the method of small oscillations ” that the equili¬ 
brium of the cylinder is stable with 0 in the lowest, and unstable with 0 
in the highest position. 

VL5. Differential of an mJtornobile. If the driven wheels of an auto¬ 
mobile are not to slide, they must be able to turn at different speeds on a 
curve. This is achieved by the differential (Fig. 68 ). The engine drives the 
driving wheel (13) in which axle A is flxed. Two bevel gears (o)) sit on A 
in such a way that they can rotate independently about A. They, in turn, 
are in mesh with the pair of bevel gears (c^i, wj) on which they may roE 
(of. Fig. 68 , left) as A turns. 
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The axle of the reai wheels of an automobile is cut at the center (Fig. 58, 
right). Fixed to the left end of its right half is the bevel gear (wj), to the 
right end of its left half, the bevel gear (cog). The two halves of the rear 



Fig. 58. The differential of an automobile, at the same time a 
model (after Boltzanann) for the induotion effect of two coupled 
circuits. Left: view along rear axle of vehicle. Bight : side 
view of this axle. 

axle are therefore coupled by the differential in such a way that they can 
turn with different angular velocities. 

Set up the kinematic relations between angular velocities Q, cj, cdi and 
0 ) 2 . Next make use of the principle of virtual work to derive the condition 
of equilibrium between the driving torque L acting on (S3) and the torques 

and L 2 acting on (oj) and ( 0 ) 2 ). 

What is the equation of motion of the system? Let and I 2 be the 
moments of inertia of (o)i) and (cug), I that of the pair of gears (co) about 
the axis of A, T that of (o)) about the axis of the driving wheel. Neglect 
the contribution of (S3) to 

If one rear wheel is accelerated, for instance by decreasing friction, the 
other wheel is retarded, even if driving torque and frictional torque remain 
equal there. 





HINTS FOR SOLVING THE PROBLEMS 


Almost all numerical caloiilations occurring in these problems can be 
carried out to sufficient accuracy by means of a slide rule. Let us call 
express attention to this useful tool for quick approximate calculations. 

1.1. The proof that can be derived either algebraically or 

geometrically. In the latter case use and as rectangular coordinates 
in a plane diagram. 

1.2. The velocities of the expelled masses are, respectively, 


Ajsa. 1 




13. Here we obtain the formulas of 1.2 with a change of sign. 

1.4. Verify that the quadratic equation for F leads to the same minimum 
value Vq as that for v. 

1.5. The differential equation to be integrated is 


With the independent variable instead of t one obtains 

and, by an additional integration (is^height above earth’s surface). 


For small t we obtain, by neglecting higher terms in 



The numerical calculation with equation (1) yields 
10 30 50 sec 

2=0.54 5.65 18.4 km 

1.6. Since water has specific gravity 1, the mass of the drop is 
^ dwi=477r*dy. In condensation, on the other hand, with a 

a factor of proportionality, dm—4i7Tf^a.dt; it follows that dr= a dt In terms 
of r the differential equation is then 
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By virtue of the initial condition v^Vq for r=c its solution is 



for c=0 and ^;Q=0 we have, respectively, 



1.7. Let X be the instantaneous length of chain hanging down. With 
the mass of the chain per unit length put equal to 1, the equation of motion is 

^{xx)=xx+x^=gx. 

Since its integration is somewhat difiScult—after the substitution 
leads to an elliptic integral—we shall be satisfied with expressing the quanti¬ 
ties r, V and Q (Carnot energy loss per unit time) in terms of a;, x and x 
and showing that by the equation of motion we have 

r+F+Q=0, and hence, T+F^feO. 

1.8. Our equation of motion is Ix—gx, This linear differential equation 
with constant ooefl&cients has a solution of the form (3.24b). The validity 
of the principle of energy can be read off either in differential form from 
the equation of motion, or in integrated form from its solution 

x=:a{e°^+e’~^), a2=y> a— 

1.9. The numerical data given in the problem permit the calculation 
of the centripetal acceleration of the moon in m-seo"®. For the radius r 
of the earth we can take the original definition of the meter, r=—lO’m. 

The law of gravitation, on the other hand, yields ^ as the centripetal accelera¬ 
tion after the gravitational constant G has been eliminated by means of 
^ as on p. 20. The two numerical values thus obtained are in satisfactory 
agreement. 

1.10. Set up the transformation equations for the coordinates as in 
(2.6), but with (Xo= j8o=0. The components of the transformed moment 
L' are found to be linear expressions of the components of L with coeflScients 
equal to the cofactors of the transformation scheme. For the latter we 
have the relations 
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PYi = 


a* oj 

A A’ 


py2 


Of Oi 

A A’ 


to be proved from the orthogonality conditions. Here p== ± 1, according as 
the transformed system has the same sense (“ nnimodular transformation ”) 
as the original system, or the opposite sense. 

1.11, Prom Eqs. (6.8) we have [according to Pig. 7 and Eq. (6.6), B.is 
negative] 

o a 

It follows that for the ellipse (e<l)^^ > |J5|, for the hyperbola (€>1) 


^ < |S|. Now 12= ^ is the radius of the hodograph circle, |JB| the 

distance of the center from the pole. Prom this the assertion made in the 
statement of the problem follows at once. 

The table below, in which 


1 IDI 


signifies the magnitude of the planet’s velocity at perihelion, shows how 
the limiting cases of the circle and the parabola fit into the scheme. 


Planetary Trajectory 

€ 

\B\ 

Hodograph 

«0 

circle 

=0 

=0 

center at pole 

GM 

O 

ellipse 

<1 

<B 

hodograph includes 
pole 

^ 2GM 
< ”0“ 

parabola 

=1 


hodograph passes 
through pole 

2GM 
” 0 

hyperbola 

>1 

>B 

hodograph excludes 
pole 

. 2GM 


1.12. In the difEerential equations (6.4) we must replace OM by ± 

where the upper sign (attraction) corresponds to the case of the positive 
ion, the lower sign (repulsion) to that of the negative ion. Note that here 
i=0, —and the meaning of ^ is the same as in Pig. 6, so that Eqs. 

(6.6) give for 
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Eq. (6.6) then becomes 

(1) i = ±^jl_sin^)_^cosf 


G changes from trajectory to trajectory with the distance of the firing 
direction from the y-axis. It follows that (1) represents a family of 
curves. To obtain the envelope of this family, differentiate Eq. (1) with 
respect to (7, then eliminate G from this and the original equation to obtain 


( 2 ) 


p=± 


4:eE 
mcvl * 


Note that any electron path consists of only one branch of a hyperbola, 
whereas (1) represents both branches; verify—most simply by a sketch of 
the corresponding families of curves—that Eq. (2) is the envelope of the 
actual electron paths only in the case of repulsion. 

1.13. It will be easiest to use the method of harmonic oscillations 
of § 3, (4). It is, however, instructive to check that the methods of § 6 
also lead to the desired end. 


1.14. The nuclear reaction treated here is not an elastic collision; 
nor is it an inelastic one. It is, so to speak, a ‘‘ superelastic ” one, in that 
the nuclear binding energy E is to be added to the primary energy 
The kinetic energy of the a-partioles can be calculated in the classical form 

Elimination of from the equations of energy and momentum then 
yields Kirchner’s result for the symmetrical case, 


1 ev is that energy 'which, a potential drop of 1 volt (=10® electromagnetio 
units of potential) imparts to the electronic charge e (=1.6 • 10“*® electro¬ 
magnetic units of charge), so that 1 ev=1.6 ■ 10““ erg. 

The mass of the proton is mj,=1.66 • 10“®* g, that of the a-partiole, 
is hence m«=6.6 • 10“®* g. The latter is needed in order to pass from 
Ea, at first expressed in ev and then converted to erg, to the velocity 
The value of Va thus formd shows that the classical form for Ea, was justified 
and that the relativity correction of Eq. (4.11) is negligible. 

1.15. In the second Eq. (3.27) we put 7^=0 and, say, 
one can iminodiatoly calculate the kinetic energy JJf of the struck particle 

after the collision os function of ; hi particular one finds it to be a 

maximum for »= 1 and to be small—only 1.9 % of the maximum value— 
for a!=206. 
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Proceeding from such considerations, Fermi in 1936 worked out his 
method for the production of “ thermal ” neutrons, i.e., slow neutrons of 
uniform velocity, which by frequent collisions have reached equilibrium with 
the protons of thermal energy contained in the parafiBin. 

1.16. The coordinates of E are 

, x—ML=am^u 

(la) 

^SL—SM^r cos ea 

(lb) y=EL=r sin ^=6 sin 

Write the polar equation of the ellipse in r, ^ in the form 

(1) r=€rcos^+p, jp==a(l—€®). 

Substitute the value of r cos ^ from (la) to obtain 

(2) r = €{a cos ca)+a(l — c^)=a(l+€ cos i^). 

A differentiation of (2) gives 

(3) — 

A differentiation of (1) gives 

€sin^i^=-p~. 

From this 

(4) {0 =areal velocity constant). 

Eq. (4) is transformed by (lb) and (3) into 

Finally replace r from (2), to arrive at the differential equation 

(6) {l+€QO&u)dni=ndt (6) 

Integration of (6) yields 

u—€Bmu=nt, 

The integration constant vanishes because we agreed to measure time in 
such a way that for i4=0 we have ^=0. nt is called the mean ancmaT/y 
and, like the other anomalies, is measured from perihelion in astronomy. 
The name comes from the fact that by means of Eq. (6.9) the right member 

of (6) can be transformed to ^ • 
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lU 


II.l. Reduce 


by means of condition (1) of the problem, to obtain for the right member 

(|a cos |a sin g) ^^+ ^8^. 

Now 8<l> and 8 iff can individually be put =0, so that 

(2) 1=0 and (3) o|oos^+a|Bin^+|=0. 

The latter equation is valid for all ^ and can therefore be differentiated 
with respect to iff. With the help of (2) this gives 

(4) -a^sin^+a^co8^=0 

and, after a second differentiation 'with reject to t/i, 

(6) a^oos^+a^8in^=0. 


Prom (4) and (6) it follows that 


( 6 ) 


Sx 


Sy 


= 0 . 


According to (3) we must then also have 


(7) 


5 / 


= 0 . 


(2), (6) and (7) show that there does not exist a condition/=0 dependent 
on X, y, <l>, i.o., that our system is non-holonomic. Proof of G. Hamel, 

'‘Elementaro Mochanik,” 2nd Ed., Leipzig 1922. 

II.2. Draw the work diagram of the engine, that is, the L-ourve and 
the If-line with the crank angle from 0 to w as abscissa. Note that the 
areas onclosod between the X-curve and the abscissa and the If-line and 
the almcissii must bo equal. This yields a relation between and Tf. 
The angles and belonging to and co ^in &ro the points of inter- 

section of the L- and TT-curvos in the diagram, sin^i«sm^a= ^ 2 “ 
w—^ 1 , 33'-0.69 radians. Dotormine the difference in the kinetic 

energy of the jflywlxool between angles <f >2 and <f>i and express it in terms of 
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I, and 8. The equation of energy written for the same interval yields 
the magnitude of the required I in the form 

£5 W. 

m m 

With 

N^'^HP and »=ga>r.p.m. 

one obtains 

I ^43,400^3Agr‘m*seo^ 
in the practical system of units. 

For the magnitude of the earth’s radius see Problem 1.9. For 
the numerical calculation of the length of the day put ( 877 )*= 6 . 

IL4. (a). If one thinks of the beam as held jfixed in position, one need 
only consider the equilibrium of gravity and inertial forces at the pulley 
in a virtual rotation 8^ of the pulley (torque equation). From this one 
obtains the acceleration x of the weights as a small fraction of g, 

(b). Add a virtual rotation of the beam to the foregoing. Here the 
moments of the inertial forces about the fulcrum of the balance beam 
enter. One finds that equilibrium does not prevail. The beam is deflected 
downward on the side of the pan as long as the weight p is falling. In 
estimating the excess weight the diameter of the pulley may be neglected 
in comparison with the length of the balance beam. Another procedure 
using the same approximation is to compare the load on the pan with 
the load due to weights and inertial forces on the other side of the beam. 

II.5. Let the equation of the inclined plane be 


(1) I (2, X, t)=z-ax-<l> (i)=0. 

a=tan a determines the constant inclination a of the plane to the hori¬ 
zontal; is its intersection with the z-axis which varies with time. 
Lagrange’s equations of the first kind (12.9a) give 

(2) i= —Aa, z=X—g, 

In order to determine A, differentiate (1) twice with respect to t, 

(3) z--aa=^(<). 
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Substitution of (2) in (3) yields A; the integration of (2) can now easily 
be carried out. With initial conditions x==i=0, z^Zq at t=0 one 

obtains 

*=- mt-ga^^y 

Prom this we have for +g 

a, z^ + grY00s2a 


and for <l>^—g, 

<» 

a;=a?o, z^z^--g^> 

as for a free fall. A=0 only under the last assximption; otherwise A acts 
as a pressure against the sliding body and hence does work. 

The problem can bo solved by means of d’Alembert’s principle without 
introducing A. Since the time is not to be varied (cf. p. 68), we have, jfrom 
( 1 ), 82 =a So; for the virtual displacements. Prom d’Alembert’s principle it 
follows that 


x+{g+z)a^0, 

which, together with (3), allows one to calculate x and z directly. This 
example illustrates that d’Alembert’s method loads to a solution more 
directly and simply than do Lagrange’s equations; the latter, on the other 
hand, have the advantage that the forces of constraint are quantitatively 
determined. 

II. 6 . In § 11, (1), d’Alombort’s principle was used to derive the equation 
of acceleration of a system rotating under the influence of an external torque. 
Wo introchujod a virtual rotation 8 ^ about the axis of rotation, which we 
shall hero take as our a:-axis. Only the tangential inertial forces were 
relevant, since the normal ones, the centrifugal forces, did no work in the 
rotation 8 ^. 

Hero we ask for the forces exerted on bearings A and H in a uniform 
rotation, or, instead, for tluur reactions A and B. It is precisely the centri¬ 
fugal forces which are relevant, whereas the tangential inertial forces drop 
out in a uniform rotation. If we introduce the virtual translations 8 y, Sz, 
the virtual work becomes equal to the product of 8 y and 82 by the sum of 
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the y- and z-components of the centrifagal forces acting on the single mass 
elements, these forces being 


dmyafi, dmzco!^. 

An integration yields the inertial components T and Z of the ordinary 
swingmg motion of the total mass m, which are to be thought of as applied 
at the center of mass. 

Next we introduce virtual rotations 8(t>y and about the y- and 2 -axis 
respectively. The virtual work done in these is given by 

-S^yjdmxzo)^ and Sc^gjdmxyw^. 

They correspond to the torques 

and 

To determine the bearing reactions A and B, fix the origin of coordinate 
sjnstem xyz^ say, at the bearing A, designate by I the distance between the 
two bearings and by rj and J the coordinates of the mass center along the 
y- and 2 -direotions. We then obtain the two component equations 

Ay+By^-mrja}^ 


and the two moment equations 

( 2 ) 

for the determination of the four unknowns Ay, A^ and By, B^, 

dearly these periodically varying reactions in the bearings are imdesirable 
from the engineering standpoint. To avoid them it is not only necessary that 
the center of mass lie on the axis of rotation 7j=^=0, Eq. (1), but also 
that the axis of rotation be a principal axis of the mass distribution, 
7a.y=0, Eq. (2); see, in this coimeotion, Ch. IV, § 22, near Eq. (15a). 
The fulffllment of this second condition is just as important as that of 
the first. The fulfillment of both conditions is called the “ balancing *’ of 
the rotating body. 

II.7. Let 8 be the tension of the string, z the portion of its length 
that is imwound at any given instant. We have during (a): 

Ia}=8r, 8^m{g-^ z). 
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z and zare positive; because of z =‘ra), 


( 1 ) 


•• • Sr* 

z = ro)= -j , 


( 2 ) 


S 


mg 


during (b): 

The rotation « retains its sense. The torque of the string tension acts 
against co. z becomes negative and we have 


(3) 


• •• • . Sr* 

z=—rw, z=—ra)=»+iy, 


(4) 




mg 



In both cases (a) and (b) the string tension is the same, and constant in time; 
it is smaller than the weight of the rotating body. 

In the transition stage between (a) and (b) one perceives a very noticeable 
pull in the hand which corresponds to the transition from positive momentum 
mi to negative. During this interval S becomes greater than that given 
by Eq. (2). 


11.8. The condition that the particle jump off is, according to (18.7), 
A»=>0 or 

so that, from (18.6), 

(1) mjr|--y(»*+yy+zz). 

Now for every path on the sphere 

xi+yy+zz^O, i.e., a:ic+yy+ 2 J 2 *x — (x^+y^+z*)^ - 1 ?*, 


so that, instead of (1), we can write 


( 2 ) 


mgz 

i 


mv^ 

~r' 


The right side does not equal the centrifugal force along the path, since the 
path is not a geodesic in our case. In agreement with Meusnier’s theorem 
of § 40 it is equal to the projection of this centrifugal force on the normal 
to the spherical surface. 

IVom the equation of energy 


( 3 ) 
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Eq. (2) can therefore be revmtten in terms of the initial values Vq, ZqI 

^2 

(4) 325=220+j = 2 (2 o+Ao)» 

^2 

where Ao=-J-“ is the height of free fall corresponding to velocity Vq. 

III.l. Eor a pendulum hanging almost vertically coordinates x and y 
are smaJOl quantities of the first order; z equals —Z to quantities of the 
second order. For this reason the third Eq. (18.2) gives, to quantities of 
the second order, 

(1) A=-f 

and the first Wo Eqs. (18.2) define, as in Problem 1.13, a harmonic elliptical 
motion of circular frequency 


( 2 ) 


!'-(?)*• 


For the areal velocity constant of the elliptical motion we have 

(3) O.=?^=(f)*a6->0. 
and for the energy constant (initial state e, 0) 

(4) E^T+7=mgl(^-l+fj. 

With 24=77-1 one has, from (18,11), 


U= -^(ri-= J {rji-ri) (ij—ija), 


** /«* C" 

Vl,i- 4 ± \i6 ~ ■ 


From (18.15) we then have 

A substitution modelled after Eq. (46.11) transforms the integral of (6) 
into the knovm iutegral 


C ^dv n R- 

Thereupon (5) yields J^=0, which was to be proved. 
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111.2. The first assertion of the problem is proved immediatelj by 
differentiation of Eq. (19.10) for \0\ with respect to w; the second assertion 
is similarly proved by differentiation of |0|cu with respect to w, 

111.3. Let us designate the proportionality factors of the damping 
torque and the restoring torque by 2pl and respectively. One then 
obtains Eq. (19.9) as the equation of motion of the galvanometer, with the 
difference that the right member is now a constant G and a replaces x in 
the notation. Kt the constants a and b of the general solution 

a= (a cos [(co^ — p^)^i]4-6 sin [(wj— p^)^t] 

to the conditions a=a==0 at i=:0, and the constant G to the condition 
a->-a as^->oo. 

at> 

In the case (a) one obtains a trajosient motion 'with decreasing oscillations, 
in the case (c), a monotonic transient motion towards the final position. 
Case (b) should be treated as limiting case of either (a) or (c); in it -we arciye 
at a secular term containing t as a factor. 

111.4. In part (a) of 'the problem d’Alembert’s principle («, coordinates 

of the oscillating mass point, y positive upward) demands 

(1) jB8a;+(y4-y)8y*0. 

The equation of constraint is 

( 2 ) 

Its variation (t, and hence also f, being held fized) gives 

(3) (*-^)8!c+y8y—0. 

Combination of (1) and (3) results in 

(4) yS'-(*-f)(y+fl')-0. 

Differentiating (2) twice with respoot to t yields a second equation for i 
and y which, together with (4), furnislies the exact differential equation of 
the problem. 

When passing to small vibrations, one must remember that ®-- ^ is a 
small quantity of first ortlor so that, according to (2), y • - ■ I to small 
quantities of second order, y and y are tlxen also small quantities of second 
order, so that (4) becomes 
( 6 ) l3;+(x-i)g--=0. 

With x—one obtains the inhomogeneous pendulum equation 

( 6 ) 
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showing that acts as driving force. The integration is performed as 
on p. 101. The phase relation between the motion of the point of suspension 
and that of the mass point emphasized in the text of the problem corres¬ 
ponds to Kg. 31. It will be instructive to make an experiment with a 
string whose lower end carries a weight, and whose upper end is moved 
horizontally to and fro by the hand. For fast motion of the hand (case 
above resonance) the out-of-phase motion of the two points can be very 
dearly observed. 

Using the method of Lagrange’s equations of the fibrst kind, from 
Lagrange’s equation for y one finds A= — up to small quantities of 
second order, and from the a:-equation one obtains Eq. (6). 

In part (b) of the problem Eq. (1) remains valid. Condition (2) becomes 

(7) 

Its variation yields, instead of (4), 

( 8 ) 

If a; is treated as a small quantity of first order, (7) gives to quantities of 
second order 

(9) y— 

By this, (8) becomes 

(10) 5+2±fa,=0. 

The same follows from Lagrange’s equations of the first kind, since the 
y-equation yields the value 

( 11 ) -^ 

It 

if approximation (9) is used, so that the a;-equation becomes identical to 

( 10 ). 

If the point of suspension is moved upward with constant acceleration 
it follows that the force of gravity seems doubled; if the point is moved 
downward with — y, it seems to be anulled. This points to an equivalence 
between gravity and acceleration, which, together with the equality of the 
gravitational and inertial mass (p. 19), formed the foundation of Einstein’s 
theory of gravitation. 
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III.5. Equilibrium of the tensions at points G and D (necessary because 
the -wire is weightless I) demands that 


so that, from Eq. (1) of the problem, with (Tj^= ^ ^^ ?, 


o'i»i=(2+o'i)!e3-a:4 
(24-o’2)a;4— x^. 


We have presupposed weak coupling, so that and are small numbers; 
they can be cancelled in the right members of (4). Solving for x^, x^ then 
yidds 

(6) ®8~ 3 ‘^1*1+ 3 

*4= I <^2*8+50^1*1 
and substitution in (2) gives 


(0) *1+ ^- *1) *i~ 8^ (o'8*2“ <^l*l) 

*2+^(1— V 2 ) *2°® 8^(o'i*i“ o's^s)- 

These simultaneous differential equations are to be treated just Uke (20.10). 
The meaning, for our problem, of the quantities Wg, introduced 
there can be found by comparison with Eq. (6) above. 


III.6. The effect of ot on Jkf is represented by k{X—x), that of M on 
m by k(x-X), In the two resulting simultaneous differential equations for 
X and X put 21[=0. It will bo found that the condition required—that only 
m take part in tho oscillation—is given by the resonance requirement that 
the circular frequency of the proper oscillation of system (m, k) be equal 
to the circular frequency w of tho external force. 

Such an arrangement is used in engineering practiee as an “ oscillation 
quencher.” It may thus bo used on a crank shaft with a flywheel rotating 
with constant angular velocity < 0 ; there the quencher is a device capable 
of variable rotation; its purpose is to absorb the oscillations of the crank 
with which it is coupled. In such a case the angle rotated through takes 
the place of coordinate x of our problem. 


IV.1. Moments of inertia of plane mass distributions axe important 
for the torsion and bonding of beams in elasticity theory (Vol. II). Because 
of r®=a:^+y* we have 

J r*dm>- j x*dm+ J 
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In problems of elasticity the mass is to be thought of as uniformly distri¬ 
buted with density 1 over the cross section of the beam, so that dm=d8= 
element of area. Por a circular disk of radius a and area one then 

obtains 

J and hence, J,=I„=i>Sfa*. 

IV.2. We leave the ratio of the magnitudes of the three principal 
moments of inertia arbitrary to the very last; we thus embrace, in one and 
the same calculation, the three cases in which A is the greatest, smallest, 
and intermediate principal moment of inertia. 

IV,3. The impulse Z imparts to the ball (radius a) both a translational 
and a rotational momentum, 

(1) Mv=Z and (2) I<ti—Zh, 

where h is the height above the center at which the horizontally held cue 
strikes the ball. The axis of o) is perpendicular to the median plane. The 
peripheral velocity u at the lowest point lies in the median plane and equals 
ao). This is true not only at ^=0 (time of the impact), but also for <>0. 

According to (11.12a), Ma\ so that, for ^=0, by Eqs. (2) and (1), 
(3) ^Mau<=Zh=Mvh. 

v=‘U means pure rolling, and from (3) requires h= | a. Notice that we 
have counted u positive in the direction opposite to v. For high shots 
A>ga the sliding velocity u—v of the point of contact between ball and 

doth is >0 and opposed to t?; fnction is therefore directed along v and of 
magnitude iiMg, Its moment about the center, fiMga, acts against the 
rotation cj. 

For low shots the friction is directed in the opposite way. In general, 
we can associate the upper sign with a high shot, the lower sign with a low 
shot, and write for f>0, 

( 5 ) 

Discussion by means of graph: draw v and u as ordinates against t 
as abscissa; both are represented by straight lines which intersect in the 
case of high shots as well as that of low shots, At the point of intersection 
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u—v pure rolling takes place. From then on the graphs of u and v run on 
in coincidence along a horizontal straight line. The abscissa of the inter¬ 
section is 


( 6 ) 


_. 5h—2a Z 

dr 17^ iigM* 


Note that for a low shot the jSrst numerator is negative since h lies between 
— a and the negative sign of the right member of (6) is therefore only 

a formal one. The increase or decrease of velocity for high and low shots 
respectively is given by Av—±,iigr. The final velocity of pure rolling 
becomes 




6 ^ 
''1 a M 


i.e., proportional to the height h+a of the point of impact above the cloth. 

Theory of the follow shot. The ball struck high meets a second ball in 
a central collision during the time interval ^<t in which u>v. Let % 
and Vo be the values of u and v at the moment of impact. Vq is transferred 
to the second baU. According to (4), the first ball is then accelerated from 
v==sO. Ikom (6), its % decreases ficom % down. A new graph shows 

that there is an intersection at which pure rolling begins to take place. 
Abscissa of the point of intersection and velocity of pure roUing are, 
respectively, 

/M\ 2 %Lq 2 

( 7 ) ’■1 “ 7 M = 7 «o- 

Theory of the d/raw shot Again the driven ball meets a second one in 
the interval t<r, where now, however, u<v. For an extremely low shot, 
which we shall presuppose, u is, as a matter of fact, negative, that is, has 
the same direction as v. Let and Vq be the values of u and v just before 
impact. Vq is again transmitted to tho second ball. From (4), the first 
ball is accelerated firom v=0 in the negative sense: it runs backward. 
Eq. (5) tolls us that u increases from its negative initial value Uq toward 
positive values, i.e., its absolute value decreases. The two straight lines 
of V and u intersect (new diagram); the abscissa of tho point of intersection 
and the final velocity of pure roUmg now become 



IV.4. The cue is no longer held horizontally as in IV.3, but forms 
an angle with the horizontal plane; evidently the cue must hit the ball 
at a point of the upper hemisphere, as in our earlier “ high shots.” Put 
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the a;-axis along the horizontal component of the impnlse and the z-axis 
along the vertical. The components of the impulse Z become {Z^, 0, 
and the components of the impulsive torque N referred to the center of the 
ball (which is also the origin of the rryz-system), 

N^=yZ^, Ny^zZ^-xZ^, N^^-yZ^. 

Here y and z are the coordinates of the point of impact of cue and ball. 
Erom the Ny we obtain the angular velocities 

6 JVaj 6 JVy 

Jfa*’ So*’ 


The associated peripheral velocities at the lowest point P of the ball are 

( 1 ) n^^-aoiy, Uy^+ao>^. 

Ng and Wg do not interest us; they do not generate any sliding at P, but 
merely a boring ” friction to be neglected. Let the sliding motion at 
the cloth have components 


( 2 ) 


Vaj— — p cos a, Vy— Uy— — p sin a. 


It creates a friction B making an angle 7r+a with the a?-axis and having 
magnitude p^gM, Its influence on the translation and rotation for ^ > 0 is 
determined by 

-jlfVjg=Pjp, ]HVy=sByf 

libg^^aBy, Imy^-aRg.. 

It follows that 

Va.= —/Lt^cosa, Vy—^pgsmcL 

and, by virtue of (1) and (2), 


W 

(5) 


6 , .6 

«x- “»= -1 (/> cos «) = - cos a, 
»= - ^ (p sin a) = - gjny sin a. 


Solution for a and p from the last two members of Eqs. (5) gives 

1 . a—0. The friction has constant direction; since it also has constant 
magnitude, the path of point P in the horizontal plane becomes a parabola. 
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The axis of the parabola is parallel to the initial direction oc of the aHding 
motion, which can he gathered from the components of Z and N. 

2 . p=—initialraagiu- 
tude of sliding velocity which can likewise be detennined from Z and N. 
For t > r the sliding and friction are permanently 0. The ball pursues a 
straight course tangent to the parabola. 

V.l. Let <l> be the instantaneous angle by which the rotating plane 
has turned with respect to the fixed plane. We put 

( 1 ) x+iy=(i+i7])e^. 

Two difierentiations with respect to t give, with <o, 

(2) aj + + 2i(o{^ + ^) + 

is the (complex) vector r as observed from the rotating plane, 
^ =r its velocity observed from the same plane, etc. Since + M 7 ) = 

a + ^v) * ^ vector perpendicular to the latter, we can write, 

(3) 2i6D(f+W7)=2a)Xr, icb(i + i7j)^a)Xr, 

where o is of course directed along the normal to the complex plane. As 
on p. 166, let us call w the velocity i + iy, as observed from the fixed plane; 
we shall, however, retain the designation of superscript dots for the time 
derivatives referred to the rotating plane, as written in Eq. (3) above. 
Eq. ( 2 ) then transforms to the following equation analogous to (29.4): 

(4) w « {r + 2Qxr+G>xr-a>*r} e^. 

If + is the force referred to the fixed plane, + that 

referred to the rotating one, we have, from ( 1 ), F=* 

( 6 ) 

In the light of (4) and (5) we then have from ww— F that 

(6) m {r + 26)Xr + <oxr-co2r} 

With this we have determined the additional forces required in the problem. 
In particular, one identifies the second term on the left with the Coriolis 
force. 

We have intentionally treated this problem in complex notation in 
order to emphasize that two-dimensional vectors are best represented by 
complex variables. 
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V^. Let us cshoose the plane in which the straight line rotates as the 
a;i/-plane; a-axis horizontal, ^-azis vertically upward. Let be the 

angle of the straight line with the rr-axis. One can reduce the problem to 
the foregoing one by associating with the rotating straight line a vertical 
fy^-plane in which the line is fixed. This ^^ly-plane must then rotate in the 
a; 2 /"plaJDL© with constant angular velocity a>. It is oonvement to put the 
^-axis along the rotating straight line. In order to keep the mass point 
on the f-axis one must exert on it a force of constraint in the 97 -direction. 
Our external force O is therefore the sum of the force of constraint, which 
we shall call mh, and the force of gravity mg. Erom Eq. (5) of the foregoing 
problem the contribution of the latter to is Summing, we 

then have 

w^sinco^—fwg^cosa)^ + 

In Eq. ( 6 ) of the previous problem one can put and, by virtue of (3) 
ibid., 2a)Xr=2iwi; further one must put ct»=0. One obtains 

(1) ^ + < 0 ^— mgsmcat + i{h—gco^ 

Its real part gives 

(2) I-0)2^ = -grsmw^, 
a differential equation with solution 

(3) r=A cosh wi + Bsinh o) i ^ sin a>f. 

If one puts the imaginary part of (1) equal to zero, one obtains the relation 
between force of constraint, gravity and Coriolis force given in the problem, 
viz., 

(4) 5=gcosa)<+ 2a)i. 

V,3. (a) Let + iy^ determine the position of 0 in the ay-plane. We 
then have 

io + iyo={‘U’ + iv)e^ 

^ + iv + iw{u + iv)}e‘^^. 

Let x + iy determine the position of (? in the ay-plane. We have 

X + iy=XQ + lyo + 

X + iy— (-24 + » V + » wa) 
x+iy=^\u+iv’^ima + ict}(u + iv)—<o^a\ 


(2) 
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In the a;^-plaae there corresponds to the external force R the complex 
quantity 

(2') F=Rie*^. 

Erom (2) and (2') the Second Law, x + leads to 

jR 

u + iv + id)a + iv)— 

or, resolved into components, 

(3) w—ci)V—a)^a~0, 

(4) i + cia + wu—^. 

In addition we have, from the law of angular momentum, 

( 6 ) Iw= —Sa, 

(b) Conditions t;=0, !)==0 simplify (3) and (4) to 

(3') u—ofia—Qf (4') 

Elimination of jR from (4') and (6) gives 

(6) 1j 

Now put I=Mb^ (6=radius of gyration) and 

(7) ]fca=l+^.>l, 

which transforms (6) into 

( 6 ") k^iha-^mu^O. 

After integration of the simultaneous Eqs. (3') and (6') JB is determined by 
(4^) or (6). 

(o) Elimination of u from (3') and (6') yields 

( 8 ) S-lj—»*. 

Adfter multiplication by ~ this equation becomes integrable and furnishes 

(9) jfcag^»=Jfc*c*-a)*, (9') 

where c is a constant of integration. One gets rid of the square root by 
putting 

( 10 ) 


CO^JCCOOB 0 . 
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With suitable choice of the sign of the square root, (9') becomes 
( 10 ') ^=coos^ 


(11) «<-ii"i±si- 

We have thus determined ^ as a function of t We can now express all 
quantities in terms of o) from (10), u and B from (6') and (4'): 


( 12 ) u=ak^CBmtlt, 


(12') = l)casin2f 


This completes the integration. 

Because of comparison of (10) and (10') finally yields the relation 
^=5Our auxiliary angle ^ is hence proportional to the angle of rotation 


since the constant of integration can be made zero by suitable choice of 
the arbitrary direction of the «-axifl. 

(d) Prom (!'), for t;=0, 

\x+iy I*=~ cu^a*, 

(14) 2 2 2 2 

Prom (10) and (12) this equals 

(16) 2'=:^aW(sin*<^+ooB»0)=OonBt. 

(e) Prom (1) and (12) 

io=aPcein ^cos^, yQ=^ak^c8m 0sin^, 
so that, by virtue of (10') and (13), 

(16) ^®=aifctan^cos^, ^=ajfctan0sin^. 


Eq. (11) tells us that 


for^= 0 , ^=0 
for ^== ± 5 , « = ± GO. 
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The whole trajectory takes place between — ^ < ^ < +?, —kZ<<t< +kZ' 

ju 2 2' 2 

At <=0 a cusp occurs; for, according to (16) with 0=0,0=0, 
$=^‘=§5“®' on the other hand, ^andgg?^0; 


tho cusp has tangents parallel to the a?-axis on both of its branches. 

For <=±00 the path becomes asymptotic, for <(> becomes stationary: 
from (16), quite generally. 


In addition (16) yields 


d<p 


± 00 . 


^=tan^ = ± tanfc^. 


so that the asymptotes are situated symmetrically with respect to the x-axis, 
with angles ± ft g as shown by Fig. 67 of p. 262 for ft= 1, 2, 3. 


VI.l. With z taken positive In the sense of fall, i.e. downward, 
V=--mgz, Initial position 25=0 for <=0 lies above the final position z=Zi 
at 

(a) For z^\gt^ we obtain 

jLdt = dt = 

(b) For 2 !=c< we must choose c in such a way that for <=<i 

z—Zi^g^^; wo therefore have c=^j • 

With this value we find 

jLdl=.p^[^{fy+mg%H]dt=lmg^^,. 

For on tho other hand, 

Whereas in Hamilton’s principle we compare paths differing only by 
infinitesimal amoimts, here the trajectories of (b) in the phase space of the 
g, q (here z,z) differ by finite amoimts from the real motion (a). Neverthe¬ 
less even now the value of Hamilton’s integral is smaller for (a) than for (b), 


5<| 




2.78 


Hints for Solving the Problems 


VI.2 


This is true here even for arbitrary lengths of path, which need not be 
the case as a general rule (cf. p. 208). 

VIJ2. As in Problem V.l, let ^ and r) be the coordinates fixed in the 
rotating plane; let u=(f, be the velocity measured with respect to this 
plane. The velocity relative to the fixed plane is then 

w==u+v, v=G>xr 

[of., for instance, the first line of the table of p. 139]. Resolution into com¬ 
ponents gives 


Ws^=r)+o)S, 

\w\^==i^+7j^ + 2o}{^-irji) + + 77 *). 

Prom this it follows, with T=?m|w|^ that 

I = TO (i - < 0 ^ - io7)) 

5 + (oi)=^m(ij+<o$ + ^S) 

|j=TO(toij + ft>*D. |^=TO(-ft>f+ a)*ij). 

Let 0^ be the components of the external force F with respect to the 
moving axes f, 77 ; we then obtain Lagrange’s equations 


m (ij -|- 2coi + a)^ — 

This is in exact agreement with Eq. ( 6 ) of Problem V.l, provided we resolve 
the latter into its components. 

In the guiding on a rotating straight rod treated in Problem V.2 we have 
— ^2 _|_ y .2 ^ (fa ^a ^aj _ mgrmicDt; 

~~=7nf, ^=mrafi—mg&ki(ot 

The Lagrange equation resulting from this is identical to Eq. ( 2 ) of V.2. 
It immediately leads to the solution (3) of that problem. With the present 
method we need not speak of Coriolis and similar forces, though, on the 
other hand, we do not learn anything about the force of constraint. 
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VL3. The terms left out in Eq. (4) of the problem and indicated by 
. . . are 

After multiplication by the factor of {} they would give, on differentiation 
■with respect to t, terms of second or higher order in the S or their 
derivatives. In connection with the differentiated equations (5) and (6) 

■we should remark that terms of second order such as tL ©tc., have, 
of course, been omitted. It is worth noting that through this omission the 
radius jR of the earth disappears from the results. In the complete Eq. (6) 
we would actually obtain, in addition to the term written down, a term 
in < 0 ^ viz,, 

i2sin(9cosd?a»^ 

which evidently represents the ^-component of the ordinary centrifugal 

Q/T| 

force ; the corresponding J-oomponent would occur in These terms must, 

however, be omitted because they have already been included in the effective 
gravitational acceleration Eq. (30.1). 

In the case of Foucault’s pendulum one should evidently use not the 
ordinary form (34.6) of Lagrange’s equations, but the mixed type (34.11)„ 
coupled with the equation of constraint (31.1). 

Incidentally, note that due to the delBnition of tj and in (1) and (2)* 
our problem belongs to the class of problems dependent on the time discussed, 
on p. 217. 


VI.4. The center of mass describes a ** curtate ” cycloid in a plane 
normal to the axis of the cylinder. Its parametric equations in terms of 
the angle of rotation ^ are obtained from Eq. (17.1) for a “ common ” 
cycloid by replacing a of Eq. (17.1) in part by s, 

-ssin^, f = (a- 5oos<^)^, 

7y=a—5008^, iy=5sin^^. 

(a) If we take the mass center as reference point 0, we have 

F=me'9j=OTflr(a-«cos^), 

Notice that < 0 =^ is originally the aaigular velocity of the cylinder about 
its axis of symmetry, but that, according to (23.8), it is also the angular 
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vdocity about a parallel axis through the mass center. Putting 
(6=radius of gyration) and we have 

(1) 7= f (c*-2a«oos^)^*-m^(a-«oos^) 

=(c*—2a«ooB^)^-f-2a«sin^^* 

mdtd^ 

Hence the equation of motion is 


( 2 ) {c^—2asoo8if))<l>+a3Bm<l>^^+g3Bm<l>^0. 

(b) If we choose the center of the cross section through the mass editor 

as reference point 0, the latter moves horizontally with velocity a^\ with 
[of. (16.8)] we have 

3"rot=f^*. 7 as above, 

but now is not 0; from Eq. (22.11) it is given by 
^ a result 

(3) +Tjjot+!rm - 7 = j (c*- 2o«cos^)^*- mg (a- soos^), 

which is in agreement with (1), so that we obtain, once more, the equation 
of motion (2). For small oscillations about ^=0 it yields 

f+’j^-o. .tekOity; 

for small oscillations about on the other hand, with ^=7r+^, 

^-|^ = 0, = (a+s)*i ± . j^Btabrnty. 


VI.5. 1. JSdations between the arigvlar velocities. The derivation of 
these relations is simplest if one remembers that at the points at which the 
bevel gears (a>) are in mesh with gear (wi) on the one hand and gear ( 0 ) 2 ) 
on the other, the peripheral velocities must, at any instant, be equal. Gears 
(a>) rotate about axle A with angular velocity o; in addition, this axle 
rotates together with (co) about the common geometrio axis of (fl), {wi) 
and ( 0 ) 2 ) with angular velocity Q. Jf r, and are the mean radii of bevel 
gears (<*>), (wj), (< 02 ), we must have at point of contact (co, cni) 
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and at point of oontaot (w, 0 ) 2 ) 

— f co+r 2 i?=r 2 a) 2 * 

With ri=ra we obtain from this the relations 


2i2 = eoi + co2 
2c*)=^(a)i—oja). 

Of course these relations can also be derived by mtroduomg virtual rotations. 

2 . Belations between the torques. The virtual work of L must always 
equal the sum of the virtual work of and i.e., 

LQht=Iji(j^iht -j-ZracoaS^. 


We now replace Q in terms of eoi and a >2 by means of (1) to arrive at 
(J-Ii) «!+ c«a= 0 . 

This is possible for arbitrary coa only if 

( 2 ) \L=L^=L^. 


It is seen that the driving torque of the engine is transferred in equal 
amounts to each rear wheel at all times, no matter what the values of 
angular velocities and coa* 

3. Equation of motion of the system. Here it wiU be found simplest to 
use Lagrange’s equations of the second kind. We have 

coj+/2 cu|++ r Q% 

We replace o) and Q by their expressions in terms of and a >2 and introduce 
abbreviations 

L 


L -J 

■^22 > 


■^12 ““ -^21 — T “ 7 r 9 • 


4r»* 


Lagrange’s equations then become 

^(Llia)i + ii2^«>2)~2”’ 

+ •£'22 ^ 2 ) — J ~ ^ 2 - 


(3) 
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Wi and W 2 are two resisting torques acting at the two rear wheels; they 
have their origin in the static friction at the ground and may, if one wishes, 
include the other resistances (air, etc.). 

1£ L, WI and are given as functions of the time, one can calculate 
the parentheses in the left members of (3) as time integrals of the right 
members, so that cd^ and 0)2 become known functions of the time. 

Averaged over the time, the right members of (3) are equal to zero, 
so that 0 )^ and 0)2 are constant. If, however, the resistance acting on one 
wheel is decreased, which happens, for instance, if the wheel jumps off a 
bump in the road and momentarily turns in the air (pr=0), this wheel 
is accelerated, whereas the other is decelerated. 

4. Analogy to dectro&yruimics. Eqs. (3) are so written that they remind 
one of the interaction of two inductively coupled currents (see the remarks 
on p. 226 concerning Boltzmann). If we identify the Lii with the coefficients 
of induction of the two circuits, and a >2 with the currents flowing in 
them, the left members of (3) are the electrodynamic induction effects. 
■J-i corresponds to the “ impressed BMP ” acting in the circuits, and 

is the total magnetic fleld energy. According to p. 197, one calls cyclic 
systems those whose Lagrangian contains only the derivatives of the 

coordinates with respect to time (here ^ 2 ^^ 2 )* They therefore 

constitute the mechanical analogue of stationary electric currents. Both 
the differential mechanism and the symmetrical top are doubly cyclic 
S3n9tems. 
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A 

Aooeleration, moment of, 35 
normal, 33, 36 
resolution along Cartesian 
coordinates, 32 
tangential, 33, 36 
Action, 181 

integral, 185, 205, 230, 238 
principle of least, 204, 230 
quantum of, 181, 229, 238 
Air resistance, 21 
d’Alembert, 53, 60 
d’Alembert’s principle, 69, 61 
Angular acceleration, 62, 142 
velocity, 62, 120, 130 
Angular momentum, definition of, 35 
conservation of, 73, 79, 114 
law of, 71 

law of, for a rigid body, 133 
of a system of particles, 71 
relation to moment of inertia, 63,131 
Anomaly, eccentric, 244 
moon, 260 
true, 39, 243 

Aruschfitz-Kaempfe, H., gyrocompass, 155 
Aphelion, 42 

Archimedes, i, 54 j 

Areal velocity, 36, 39, 72 
Atwood’s machine, 246 

B 

Baer law of river displacements, 164 
Balmer series, 239 
Boats, 108, 114 
Bernoulli, Jacques, 63 
Jean, 53 
Bicycle, 65 

gyroscopic eflfects, 157 
Billiards, theory of game, 158 
high and low shots, 158, 260 
parabolic motion of ball, 160, 251 
Block and tackle, 56 
Body, rigid, 118, 133 
Boltzmann, L., doubly cyclic systems, 225 
momontoids, 228 
Brochistoohrone, 95 
Bridge, forces of support, 65 
Buys-Ballot, law of, 164 


C 

Canonical, 220 
equations, 222 
variables, 222 
Canonically conjugate, 222 
Carath6odory, C., 174, 261 
Cardan’s suspension, 160 
Carnot energy loss, 28, 29, 241 
Centrifugal force, 59, 82, 163 
for increased rotation of the earth, 246 
Chain, falling, 241 
Chandler’s period, 144 
Circular frequency, 23, 87, 115 
Cogredient, 14, 202 
Collision, see Impact 

Conservation of a n g ul ar momentum, 73, 
79, 114 

of energy, 18, 31,168,189 
of momentum, 4, 79 
Constraint, 48, 96 
principle of least, 210 
Contact transformations, 220 
Contragredient, 202 
Contravariant, 202 
Coriolis force, 59, 162 
Corpuscular theory of light, !229 
Coulomb, Oh. A., laws of firiction, 81 
Couple, 128 

Coupled pendulums, 106, 248 
Coupling coefficient, 107 
Covariant, 14, 202 
Curvature, 213 
of a trajectory, 33, 213 
principle of least, 212 
Cyclic coordinates (variables), 197, 236 
Cycloid, parametric equations, 94, 192 
Cycloidal pendulum, 94; 192 


I) 

Damping, aperiodic (critical), 104 
factor, 104 

Decrement, logarithmic, 104 
Differential of automobhe, 254 
Differential, perfect (exact), 46 
Displacement, virtual, 50 
Dissipation of energy, 168 
Dissipative systems, 47, 168 
Double pendulum, 111, 196 
Drive mftAiia.Tiiam of a pistoxx engme , 49, 
61,67 
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Bynainios of a free partiole, 38 
of a rigid body, 133 
Dyne, 8 

£ 

Eoliptio, 39 

Einstein, A., general theoiy of relativity, 
la, 209 

Electron trajectory in tbe jBeld of an ion, 
242 

Electron, variable mass, 30 
Electron-volt, 243 

Elliptical trajectory, for a central force 
proportional to the distance, 242 
in a lEepler type problem, 41,179,237, 
242 

EUiptioity, 143 
Energy, 17, 18 

conservation of, 18, 31, 168, 189, 222 
equation (law) of, 17, 68, 222 
equation of, in relativity, 31 
free, 185 
inertia of, 31 
kinetic, 17, 122 

kinetic, for the rotation of a rigid body, 
63, 122 

kinetic, in relativity, 31 
potential, 17, 45 

potential, of harmonic binding, 23 
** English in billiards, 160 
Equations of constraint, 50, 66 
rheonomous and scleronomons, 191 
time-dependent, 68 

Equations of motion, various methods of 
integration, 16 

EquipoUence of forces in the statics of 
rigid bodies, 126 
Eig, 8 

Euler’s circle, 143 
equations, 187 

equations of motion, 139, 226 
period, 143 
theorem, 190 

theory of polar fluctuations, 142 
Eulerian angles, 196, 225 
Evolute of a cycloid, 96 

F 

Fall, fl:ee, from a great distance, 20 
free, in air, 21 
firee, near the earth, 19 
free, on rotating earth, 167, 253 


Fermat’s prmoiple of least time, 207 
Fermi, E., thermal neutrons, 260 
Flattening of the earth, 143 
Flywheel, calculation of, 245 
Force, 4 
applied, 53 
couple, 128 

derivable from a potential, 46 
ertemal, 70, 74 
flctitious, 59, 162, 192 
field, 17, 46 

generalized components of, 188, 192 

Hertz’s ideas on, 5 

internal, 70, 74 

Elirohhofl’s ideas on, 5 

lost, 61, 211 

moment of, see torgue 

of reaction, 52 

parallelogram of, 6 

polygon, 126 

principle of superposition, 6 
units of, 7, 8 

Foucault’s gyrocompass, 154 
pendulum, 171, 253 
Four-vector, 14 
Frahm stabilization tank, 154 
Freedom, degrees of, 48, 50 
of non-holonomio systems, 60 
of rigid bodies, 48, 118 
Frequency of oscillation, 23, 87, 102 
Friction, 54, 66, 81 
angle of, 82 
ooe£6cient of, 81, 83 
cone of, 81 

kinetic or lading, 54, 83, 158 
Coulomb’s laws of, 81 
on an inclined plane, 82 
static, 54, 81, 84 

G 

Galilean transformation, 11 
Galileo, law of inertia, 3,10 
principle of virtual work, 63 
Galvanometer, 247 
Gauss, K. F., 8, 210, 215 
Gauss’ principle of least constraint, 210 
Geodesics, 208, 214 

Gibbs, J. W., notation for vector products, 
38 

Grassmann, H., notation for vector 
products, 38 
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Gravitation, Newton’s law of, 20, 39 
Einstein’s theor 7 of, 16 
Gravitational constant, 20, 30 
Gravity, acceleration due to, measured 
with a reversible pendulum, 92 
center of, 91 
Gyrocompass, 154 
Gyroscope, 150 
Gyroscopic terms, 169 
Gyrostabilizer. 153 

H 

Hamel, G., 228, 261 

Hamilton, W. H., algebra of quartemions, 
120 

hodograph, 34 
Hamiltonian, 190, 217 
Hamilton-Jacobi equation, 229 
Hamilton’s equations, 217-219 
Hamilton’s principle, 181, 232, 252 
illustration, 252 
Hamilton’s theory, 217 
Heaviside, O., notation for vector pro¬ 
ducts, 38 

Helical spring, oscillating, 110 
Hertz, H., centrifugal force, 60 
concept of force, 5 

holonomic and non-holonomic con¬ 
ditions, 50,185 

principle of least curvature, 212 
Hesse’s case of the unsymmetrical heavy 
top, 138 
Hodograph, 34 

of planetary motion, 40, 242 
Holonomic conditions, 50, 66 
Huygens, C., center of oscillation of a 
pendulum, 91 
cycloidal pendulum, 94 
Hydrogen atom, 238 
Hypersurfacse 221 

1 

Impact, elastic, 24, 25, 240 
inelastic, 27 

inelastic, between an electron and an 
atom, 240 

in gomo of billiards, 159 
Impulse, 159 
Inertia, 3 
of energy, 31 
Galileo’s law of, 3, 10 


Inertia (oontd.) 

moment of, see Tnommt of inertia 
products of, 123, 246 
Inertial forces, 59, 60, 76 
systems, 10 

Integral variational principles of mecha¬ 
nics, 181 

Intrinsic coordinates, 32, 36 
Invariant, 14, 15, 16, 216, 219 
Inversion (reflection through origin) of 
coordinate systems, 121 
Isochronous pendulum, 88, 94 

J 

Jacobi’s rule, 233 
Joule, unit, 8 

K 

Kelvin, Lord, 169 
Kepler’s equation, 238, 243 
laws, 39-43, 235 
problem, 38-45, 71, 235 
Kinematics in a plane, 32 
in space, 36 
of a rigid body, 118 
Kinetic energy, see energy 
Kirchhoff, G., concept of force, 5 
Elirohner, E., nuclear disintegration of 
lithium, 242 

Kowalewdd’s case of the unsymmetrical 
heavy top, 138 

L 

Lagrange, J. L., MScanique analytiquo, 
i,53 . 

Lagrange’s case of the three-body problem, 
174 

equations of the first kind, 66 
equations of the second kind, 185 
fictitious forces, 192 
indeterminate multipliers, 67 
Lagrangian (function), 184, 209 

difGiculty in defining it for general, 
especially non-mechanical systems, 
209 

Legendre’s standard form for elliptic 
mtogreJs, 89 
transformation 226 
Lover, 54 
inverse of, 55 
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Light, corpusoiilcLr theory, 229 

independence of velocity of the refer-"' 
ence frame, 11 
wave theory, 229 
Linear momentum, see momentum 
Line element, 213 
Line of nodes, 136, 196 
advance of, 146 
Liouville’s theorem, 26 
Lorentz, H. A., deformable electron, 15 
transformation, 12 

M 

Mass, 4 

center, 26, 70 

center, velocity of, 26, 70 

gravitational, 19 

inertial, 19 

longitudinal, 30 

reduced, 28, 64, 85 

relativisitc variation, 15, 30 

rest, 15 

transverse, 30 

units, 7, 8 

variable, 28 

Maupertuis, P. L. IT. de, principle of least 
action, 204 

Mechanical system, 53 
Michelson-Morley experiment, 16 
Miiikowski, H., proper time, 14, 209 
Modulus of periodicity of an action 
integral, 238 

Moment of acceleration, 35 
of a vector, 34 
of force, see torque 

of momentum, see cvngiUar momentum 
of velocity, 35 
Momenta! ^ipsoid, 124, 132 
Moment of inertia, 62, 123 
law of parallel axes, 93 
of a compound pendulum, 91 
of a plane mass distribution, 250 
of a rigid body, 123 
of a sphere, 65 
principal, 124 
Momentum, 4 

conservation of, 4, 79 
equation of, 4, 70, 133 
equation of, for a rigid body, 133 
in a collision of two masses, 25 
in relativity theory, 14 


Momentum (contd.) 

moment of, or angular, see angular 
rnomervtum 
of a rigid body, 130 

Moon, acceleration due to earth’s attrac¬ 
tion, 241 
nodes, 146 
rocket to, 241 

Multiplication of vectors, scalar, 7 
vectorial, 34 

N 

Newton, Sir, I., Philosophiae Naturalis 
Principia Mathematica, i, 3 
unit of force, 9 

Newton’s absolute time, 9, 11 
axioms, 3 
first law, 3 
fourth law, 6 
law of acceleration, 4 
law of gravitation, 16, 20, 39 
pail experiment, 9, 20 
second law, 4 
third law, 6 

Non-holonomio conditions, 50, 244 
velocities, 141, 197, 226 

Normal modes of oscillation, 107 

Normal to a surface, 215 

North Pole, celestial, 143 
geometric, 143 

Nuclear disintegration of lithium, 242 

Nutations, 146, 200 

O 

Oscillations, 87 
aperiodic, 104 
center of, 91 
forced, damped, 104 
forced, damped, resonance peak, 105, 
247 

forced, undamped, 100 
free, damped, 103 
fme, undamped, 22 
frequency of, 23, 87 
harmonic, 22, 87 
isochronous, 88, 94 
modulated, 106, 114 
of a balance wheel, 115 
period of, 23, 87, 90, 95 
quencher of, 260 
sympathetic, 106, 248 

Osculating plane, 36, 214 
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P 

Parallelogram of forces, 6 
Path, curvature of, 33 
prescribed, 66 

principle of the shortest, 208 
variation of, 182, 205 
Pendulum, compoxmd, 49, 91 
coupled, 106, 248 
cycloidal, 94, 192 
double. 111, 195 

forced motion of the point of suspension, 
248 

Pouoault*s, 171 
isochronous, 88, 94 
reversible, 92 
seconds, 88 
simple, 49, 87 
spherical, 49, 96, 193 
spherical, for infinitesimal defiections, 
247 

Perihelion, 42 

Periodicity, modulus of, 238 

Phase difference of oscillations, 101, 105 

Phase space, 238 

Piston engine, drive mechanism of, 49, 
61, 67 

double-acting, 245 
Pitot tube, 20 

Planck’s elementary quantum of action, 
181, 229, 238 
Plane, inclined, 64 

inclined, vertically accelerated, 246 
inclined, with friction, 81 
invariable, 73, 136 
osculating, 36, 214 
rotating, 174, 251 
Planetary motion, 38, 236 
Poggendorff’s experiment, 246 
Poinsot method, 132 
Point transformation, 201, 219 
Polar coordinates, 39 
Polar fluctuations, 142, 167 
Polhode, (body cone), 143 
Position coordinates, generalized, 186, 201 
Potential, 46 

energy, see energy 
kinetic, 185 
Power, 7 

Precession of a spherical pendulum, 99 
of the equinoxes, 146 
pseudoregular, 137, 146, 200 


Precession of a spherical pendulum (contd.) 

regular, 134, 142, 200 
^ under no forces, 145 
Principal axes, transformation to, 124 
Principal moments of inertia, 124 
Principal normal, 36 214 
Principle, d’Alembert’s, 59, 61 
Hamilton’s, 181, 232 
of least action, 204, 230 
of least constraint, 210 
of least curvature, 212 
of least time, 207 
of Maupertuis, 204, 230 
of the shortest pai^, 208 
of virtual work, 51 
Products of inertia, 123, 246 
Proper time, 14, 209 

o 

Quantum numbers, 238 
theory, (old), 238 
Quaternion edgebra, 120 

R 

Radius of gyration, 91 
Reaction, principle of aotion and, 6 
application to collisions of particles, 24 
Induction of a system of forces, 126 
iReference frame or system, 9, 10 
Reference point, change of, in the theory 
ojf a rigid body, .127 
Refleotion qf coordinate system, 121 
Relative motion, difEerential equations, 
166 

in a pl^o, 251, 253 

Relativity pinciple, in olassioal mecha¬ 
nics, 11 

of electrodynamics, 14 
Relativity theory, general, 16, 209 
principle of energy, 31 
special, 6, 14, 79^^209 
Resonance, 76, 102, 107, 116 
denominator, 102 

peaks in forced damped oscillations, 
106, 247 
Rest mass, 16 
Reversible pendulum; 92, 

Rheonomous conditions of constraint^ 191 
Rigid body, 62, 118, 133 
Rolling wheel, 244 . 

Rope, falling, 241 
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Rotating straight line* 251, 253 
Rotation, about a fixed axis, 62 
addition of, 120 
basic equation of, 63 
infinitesimal, 119 
of a rigid body, 118 
of a rigid body about a fixed axis, 62* 
118 

permanent, of an unsynunetrioal top* 
146* 250 
virtual, 58, 71 
Rotational couple* 128 
velocity* 119 

Routh* E. J.* Treatise* 150, 223 
Routh*s equations* 222 
function, 223 

S 

Scalar product, 7 
Sohliok, O., naass balancing, 76 
gyrostabilizer* 153 
Schrddinger* E.* 229 
Schuler’s law, 156 

Scleronomous conditions of constraint, 191 
Screw displacement* 119, 129 
Secular equation, 109 
Separation of variables, 231, 235 
Sleigh* as an example of a non-holonomio 
system* 251 
Sliding friction* 64 
Spin* stable and unstable, 151 
Stability of the rotation of a top, 260 
of a ship, 163 
Static friction* 54 
Statics in space, 37 
of a rigid body, 126 
plane* 34 

Staude’s case of the unsymmetrical heavy 
top, 138 

System, closed, 79 
conservative, 47, 230 
cyclic* 222 

non-conservative (dissipative), 47, 231 
T 

Tautodhrone* 96 
Tensor* symnoetrical, 123 
strain, 123 
stress* 123 
surface, 123 
Three-body problem, 80 
Lagrange’s case, 174 


Tune, absolute (Newton), 9, 11 
proper, 14, 209 

Top, heavy symmetrical* 136, 196* 225 
heavy unsymmetrical, 138 
spherical, 125* 134 
symmetrical, 134, 226 
under no forces, 134, 146, 227 
unsymmetrical, 135, 146* 227 
Torque, 36 
about an axis* 37* 68 
about a point, 37 
as a vector quantity, 241 
connection with virtual work, 58 
impulsive, 159 
polygon, 126 

Trajectory* curvature of* 33 
Transformation, angle-preserving, 27 
area-preserving, 26 
Galilean, 11 
Legendre, 226 
Lorentz, 12* 13 
orthogonal, 10 
unimodular* 258 
Translation of a rigid body, 118 
Turning stool, 74 

Two-body problem of astronomy, 44* 80* 
235 

U 

Units, absolute, 7, 8 
Giorgi’s system, 8 
gravitational or practical, 7, 8 

V 

Variation of trajectory, 182, 205 
Vector, 4 
algebra, 46 
analysis, 46 
axial, 120 
moment, 34 

notation for products, 38 
polar, 120 
scalar product, 7 
vector product, 34 
Velocity, areal, 36, 39, 72 
coordinates, generalized, 186, 201 
decomposition, 32, 36 
of a rigid body in arbitrary motion* 119 
Virtual work, 51 
displacement* 50 
rotation, 58 
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Index 


W 

Water drop in saturated atmosphere, 241 
Watt, unit, 8 
Wave theory of light, 229 
Weight, units of, 7 

“ Wobbling ** of a oyliuder rolling on a 
plane support, 254 
Work, 7 

in a virtual rotation, 58 


Work, 

of the reactions, 52 
principle of virtual, 51 
units of, 8 

virtual, connection with torque, 58 
World line element, 209 
Wrench, 129 

Y 

Yo-yo, 246 
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